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Abstract: The aim of the present numerical study is to investigate the convective flow and 
heat transfer behaviour of nanofluids with different nano-particles in a square cavity. The hot 
left wall temperature of the cavity is varied linearly with height whereas the cold right wall 
temperature is kept constant.  The finite volume method is used to discretise the transport 
equations, which are solved by iterative method.  Numerical simulations are carried out for 
different combinations of pertinent parameters involved in the study. It is found that the heat 
transfer rate increases on increasing the volume fraction of the nanofluid for all types of 
nanoparticles considered.  The increment in average Nusselt number is strongly dependent on 
the nanoparticle chosen. 
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_________________________________________________________________________________________ 
 
Nomenclature 
cp   specific heat, J/(kgK)  
Fo   dimensionless time 
g   acceleration due to gravity, m/s2 
h  heat transfer coefficient  
k    thermal conductivity, W/(mK) 
L   size of enclosure, m  
Nu    local Nusselt number   
Nu  average Nusselt number   
Pr    Prandtl number, f f   

― 
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p   Pressure, Pa  

Ra   Rayleigh number, 
ff

chf Lg

 3)( 

 

T   dimensionless temperature   
t    time, s  
u, v   velocity components, m/s  
U, V   dimensionless velocity components   
x, y   Cartesian coordinates 
X, Y  dimensionless coordinates 
 
Greek symbols 
α  thermal diffusivity, m2/s   
β   volumetric coefficient of thermal expansion, 1/K 
  heat transfer coefficient ratio  
  volume fraction of nanofluid     
μ  dynamic viscosity, Pas 
ν   kinematic viscosity, μf / ρf 
ρ   density, kg/m3 
θ   temperature,  K 
  dimensionless stream function  
 
Subscripts       
c   cold wall      
e   effective      
h   hot wall     
f   base fluid 
n  nanofluid   
p  nanoparticle 
 
Superscript   
*  property ratio 

 
INTRODUCTION 
 

Convective heat-transfer cooling enhancement technique has been a major problem in 
engineering and technological applications due to thermal management of small devices. The efficacy of 
such cooling process is restricted by poor thermal properties of the working medium. A better heat 
transfer medium is needed for the convective heat transfer technique to overcome this limitation. 
Recently, fluids with nanometre-sized particles suspended in them, called nanofluids, first termed by 
Choi and Eastman [1], have been considered. Much work has been conducted to study the physical 
properties of nano-particles but little studied is the convective heat transfer of nanofluids in enclosures 
[2-5]. Before using nanofluids in practical applications, an investigation on convective heat transfer 
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technique is needed in detail. In the present work, a numerical study is conducted to investigate the heat 
transfer and fluid flow characteristics of nanofluids inside an enclosure.   

Some researchers analysed the convective heat transfer of nanofluids by considering different 
models of nanofluid properties in an enclosure. Khanafer et al. [6] numerically investigated the 
buoyancy-driven convection in a two-dimensional enclosure filled with nanofluids. They found that the 
heat transfer rate increases with an increase in the nanoparticle volume fraction.  Jou and Tzeng [7] 
performed a numerical study on the effect of small aspect ratio on the natural convection of nanofluids 
in a rectangular enclosure. They found that the average Nusselt number at the hot wall increases as the 
aspect ratio decreases. Wen and Ding [8] made an experimental study on heat transfer using titanium- 
dioxide-based nanofluid.  The results showed that the presence of the nanoparticles decreases the 
convective heat transfer rate. Hwang et al. [9] studied theoretically the thermal characteristics of natural 
convective heat transfer of water-based Al2O3 nanofluid in a rectangular cavity.  They used two 
different models to calculate the effective viscosity of the nanofluid and compare the results obtained 
from these models.  They showed that the ratio of the heat transfer coefficient of the nanofluid to that of 
the base fluid decreases as the size of the nanoparticles increases.  

Ho et al. [10] numerically studied the effects of uncertainty in the effective viscosity and thermal 
conductivity of nanofluids on convection in an enclosure. They concluded that the effective dynamic 
viscosity should be taken into account when studying the heat transfer efficacy of natural convection in 
enclosures. Abu-Nada et al. [11] studied natural convection in horizontal concentric annuli filled with 
nanofluids containing various nanoparticles. Similar investigation in a partially heated rectangular 
enclosure was numerically studied by Oztop and Abu-Nada [12]. They found that the enhancement of 
the heat transfer is more pronounced at low aspect ratio than at high aspect one. Santra et al. [13] 
numerically studied natural convection of nanofluids in a differentially heated square cavity. They 
treated the nanofluids as non-Newtonian. Ghasemi and Aminossadati [14] showed that the heat transfer 
rate is maximised at a specific inclination angle depending on the Rayleigh number and the volume 
fraction of nanoparticles when studying the convection in an inclined enclosure filled with water-CuO 
nanofluid.   

In most of the numerical or experimental studies on convective heat transfer of nanofluids, 
researchers have considered the cavity with either isothermal or isoflux thermal boundary conditions for 
vertical walls. However, these thermal boundary conditions are not suitable in many applications such as 
heat exchangers, injection moldings and solidification processes. We need the knowledge of the effect 
of variable wall temperature for some applications.  Hossain and Wilson [15] performed a numerical 
study to investigate the natural convection in a porous enclosure with internal heat generation under 
linearly varying temperature boundary condition. Laminar natural convection in a two-dimensional 
square cavity with non-uniform side-wall temperature was studied numerically by Saeid and Yaacob 
[16]. They found that the average Nusselt number varies based on the hot-wall temperature. 
Sathiyamoorthy et al. [17] numerically investigated natural convection flow in a square cavity with 
linearly heated vertical walls and uniformly heated bottom wall.  Dare and Petinrin [18] studied the 
natural convective flow along isothermal plates and in channels using diffusion velocity method. They 
found that as the wall temperature increases while keeping the mainstream fluid temperature constant, 
the thermal boundary layer thickness increases.   
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The above-mentioned studies are concerned with convection in enclosures with fluids or fluid- 
saturated porous medium with variable boundary conditions. No work seems to have been carried out 
on convective flow of nanofluids for such thermal boundary conditions. Therefore, the present study 
aims to investigate the effect of natural convective heat transfer and fluid flow characteristics in a square 
cavity with linearly varying hot-wall temperature utilising nanofluids.   
 
MATHEMATICAL ANALYSIS 
 

Consider a two-dimensional square cavity of size L filled with water-based nanofluid containing 
nanoparticles as shown in Figure 1. The left vertical wall of the cavity is heated linearly with height 
while the right vertical wall is cooled at a constant temperature and the horizontal walls are insulated. 
The nanofluid in the enclosure is a solid-liquid mixture with uniform volume fraction , shape and size 
of nanoparticles dispersed in base fluid water. Various nanoparticles, viz. Al2O3, Cu, Ag and TiO2, are 
used in the study.  The flow is assumed to be incompressible and laminar.  It is also assumed that both 
the nanoparticles and the base fluid are in thermally equilibrium. The Boussinesq approximation is valid 
for the buoyancy term and all other thermophysical properties are assumed to be constant. In addition, 
the viscous dissipation is assumed to be negligible.    

 

  
 

Figure 1.  Physical configuration and coordinate system of a two-dimensional square cavity 
 

 
The mathematical model for fluid flow and heat transfer for the above-mentioned geometrical 

and physical conditions and assumptions in non-dimensional form can be written as follows.   
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The physical property ratios present in equations (2-4) are as follows: * n
nf

f

kk
k

 , * e
en

n
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* n
nf
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p n
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nf
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  and * n

nf
f





 , where the subscripts n and f denote, respectively, 

the nanofluid and the base fluid.  Moreover, ke denotes the effective thermal conductivity associated 
with possible heat transfer enhancement mechanisms of the nanofluid such as Brownian motion, liquid 
layering at liquid/particle interface, and phonon movement in nanoparticles. 
The effective thermophysical properties of a nanofluid can be evaluated using various formulae available 
in the literature.   The formulae selected for the thermophysical properties of the nanofluid in the 
present study are as follows [10], and the thermophysical properties of the base fluid (water) and 
various nanoparticles are presented in Table 1.   

 
Density:     (1 )n f p                                          

 (5) 

Thermal expansion coefficient:  1 (1 )n f f p p
n

     


                   (6) 

Specific heat:    , , ,(1 )p n p f p pc c c         (7) 

Thermal conductivity:  This is evaluated from the well-known Maxwell formula [10] as  

       
* *

* *

2 2 ( 1)
2 ( 1)

pf pf
n f

pf pf

k k
k k

k k



   
  

    
             (8)  

with * p
pf

f

k
k

k
 .    

Dynamic viscosity:  The Brinkman's formula [19] is used for the effective dynamic viscosity of a 
nanofluid, which is expressed as   

     2.5(1 )n f                                   (9)

  
 

The initial and boundary conditions in the dimensionless form are:   
Fo= 0;  U=V = T =0    at  0 ≤ X ≤ 1 and  0 ≤ Y ≤ 1 

Fo> 0;  U=V = 0, 0


Y
T    at Y = 0 and 1 

  U=V = 0, T = Y   at  X = 0 and 0 ≤ Y ≤ 1 
  U=V = 0, T = 0   at  X = 1 and 0 ≤ Y ≤ 1 
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Table 1.  Thermophysical properties of base fluid (water) and various nanoparticles [10-11] 
 

Property 
Base fluid Nanoparticles 

Water Alumina 
(Al2O3) 

Copper 
(Cu) 

Silver 
(Ag) 

Titanium oxide 
(TiO2) 

Density ()  997.1 3970 8933 10500 4250 
Specific heat (Cp)  4179 765 385 235 686.2 
Thermal conductivity (k) 0.613 40 401 429 8.9538 
Coefficient of thermal 
expansion (10-5) 21 0.85 1.67 1.89 0.9 

Thermal diffusivity (107) 1.47 131.7 1163.1 1738.6 30.7 
 

The following non-dimensional variables are used: (X, Y) = (x, y)/L, (U, V) = (u, v)L/αn,    Fo = 
tαn/L2, P = pL2/(ρnα2

n) and T = ( - c)/(h - c). The non-dimensional numbers appearing in the above 

equations are: Ra (Rayleigh number) =
ff

chf Lg

 3)( 

  and Pr (Prandtl number) = f f  . The stream 

function is calculated using 
Y

U



   and 
X

V



 .  The heat transfer rate at the hot wall of the 

cavity is presented by means of the Nusselt number, which is evaluated as follows: 

0

*




X
nf

f

n
h Y

Tk
k

LhNu
.
 The average Nusselt number along the hot wall is obtained by integrating 

the local Nusselt number over the hot wall: 

    .
1

0

dYNuNu h
      

     (10) 

  In addition, it is also important to quantify the heat transfer efficacy of the nanofluid compared 
to that of the base fluid. The ratio of the average heat transfer coefficient of the nanofluid at the hot wall 
to that of the base fluid, h,  is calculated as  

f

n
h h

h
.           (11) 

 
 
 

METHOD OF SOLUTION 
 
Numerical Method   

The non-dimensional governing equations, together with boundary conditions, are discretised by 
implicit finite volume method, which is explained by Patankar [20].  The QUICK scheme is used for the 
convection terms and the central difference scheme is used for diffusion terms. The velocity and 
pressure are coupled by SIMPLE algorithm [20]. The solution domain is discretised with non-uniform 
mesh in both X and Y directions [10]. The grids are clustering towards the walls of the cavity. The 
effect of grid size is tested to select the appropriate grid density among a range from 4141 to 161161 
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for Ra =106, Pr = 6.7 and constant fluid properties; see Figure 2. It is observed from the grid 
independence test that an 8181 grid is enough to investigate the problem. The time step is chosen to 
be uniform, F0=10-5. The resulting algebraic equations are solved by iterative method. The iterations 

are stopped when the convergence criterion ( 1) ( ) 6

( 1)

( , ) ( , )
10

( , )
n n

n

i j i j
i j

 


 




  is met for all variables φ(=U, 

V, T). 
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Figure 2.  Grid independent test 

 
Code Validation 
  

The validation of present computational code for this study is verified against the existing results 
available in the literature. Simulations are carried out for natural convection in a differentially heated 
square cavity with isothermal walls for Rayleigh number ranging from 103 to 106 to validate the present 
code. The results obtained from the present code are compared with those by Khanafer et al. [6], Ho et 
al. [10], de Vahl Davis [21], Hadjisophocleous et al. [22], Fusegi et al. [23] and Barakos et al. [24] 
(Table 2).  It is clearly seen from the table that the computed results are good agreement with the 
solutions available in the literature. 

 
  Table 2.  Comparison of present results (average Nusselt number) with existing ones available 
   in the  literature 
 
 
 
Ra 

Nu  
Present Khanafer 

et al. [6] 
Ho et al. 

[10] 
 Davis 
[21] 

Hadjisophocleous 
et al. [22] 

Fusegi et al. 
[23] 

Barakos et al. 
[24] 

103 
104 
105 
106 

1.118 
2.281 
4.728 
8.959 

1.118 
2.245 
4.522 
8.826 

1.118 
2.246 
4.522 
8.825 

1.118 
2.238 
4.509 
8.817 

1.141 
2.290 
4.964 

10.390 

1.106 
2.302 
4.646 
9.012 

1.114 
2.245 
4.510 
8.806 
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RESULTS AND DISCUSSION 
 

A numerical study is performed to investigate the natural convective flow and heat transfer 
characteristics of water-based nanofluids with various nanoparticles of different volume fractions in a 
cavity. The value of Prandtl number for the base fluid (water) is taken to be 6.7. Computations are 
carried out for the Rayleigh number ranging from 103 to 106, and the volume fraction  of nanoparticles 
between 0-4%.  The results obtained are discussed under different combinations of pertinent parameters 
involved in the study.  Figure 3 shows a comparison of average Nusselt number of isothermal and 
linearly varying hot walls using pure fluid and Al2O3 nanofluid with volume fraction =0.04. It is clearly 
seen from the figure that there is much difference in the heat transfer rate of the linearly varying hot wall 
and the isothermal wall. The difference in the average Nusselt number between the two boundary 
conditions increases with increasing Rayleigh number.  
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Figure 3.  Average Nusselt number of isothermal wall and linearly varying hot wall using pure fluid 
                 and Al2O3 nanofluid with = 0.04 

 
Though four types of nanoparticles are used, the illustrated figures for isotherms and streamlines 

with different values of Rayleigh number are provided only for Al2O3  nanofluid for brevity of the paper. 
Figure 4 shows fluid flow and heat transfer characteristics of Al2O3 nanofluid and pure fluid (water) for 
different values of Rayleigh number. The flow pattern consists of a single cell occupying the whole 
cavity. The core region of the cell is at the middle of the enclosure when 410Ra . The isotherms are 
distributed almost equally throughout the enclosure. Here, convection is weakened and conduction is 
the dominant mode of heat transfer. The core region of the nanofluid is reduced compared to pure fluid 
for all values of Rayleigh number.  When the Rayleigh number increases, the core region of the cell 
moves towards the cold wall and elongates. The corresponding isotherms show a vertical temperature 
stratification in the core region of the cavity. The core region moves towards the top-right corner of the 
enclosure when 510Ra . The isotherms cluster along the thermally active walls and form thermal 
boundary layers. 
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Figure 4.  Streamlines (left) and isotherms (right) for different values of Rayleigh number (solid lines 
                 for pure fluid; dash lines for Al2O3 nanofluid:) with = 0.04 
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The fluid flow pattern for different nanofluids are depicted in Figure 5 for Ra=106.  It is clearly 
seen from these figures that nanofluids with oxide nanoparticles have similar behaviour and nanofluids 
with metal particles have very similar flow patterns. Figure 6 shows the isotherm contours for different 
nanofluids with Ra=106 and =4%. The isotherms cluster near the thermally active walls and resemble 
the convection-dominated mode of heat transfer. On further scrutiny of these figures, there is not much 
difference in the heat distribution among the different nanofluids. The mid-height velocity profiles for 
different nanofluids are displayed in Figure 7 with Ra=106 and =4%. The velocity profiles show almost 
the same pattern for all type of nanofluids.  

The effects of different nanofluids on the heat transfer rate are displayed in Figure 8. The figure 
obviously shows that the nanofluids provide higher rates of heat transfer than the pure fluid for all 
values of Rayleigh number. It is also observed that a better heat transfer rate is obtained upon using Ag 
nanofluid. A further scrutiny of the curves in Figure 8 reveals that the highest values of local Nusselt 
number are attained at Y=0.75 for Ra=106, i.e. ¾ from the bottom of the hot wall. In comparing 
isothermal wall and wall with linearly varying temperature, very different behaviour is observed. The 
highest local heat transfer rate is attained at the bottom portion of the hot wall for isothermal wall. 
However, the highest value of local Nusselt number is not attained at the bottom of the wall for wall 
with linearly varying temperature.  

 
 

   
(a) Al2O3   (b) Cu 

      
(c) Ag    (d) TiO2 

 
Figure 5.  Streamlines for pure fluid and different nanofluids (solid lines for pure fluid; dash lines for 
                 nanofluid) with Ra=106 
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Figure 6.  Isotherms for pure fluid and different nanofluids (solid lines for pure fluid; dash lines for 
                 nanofluid) with Ra=106 
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Figure 7.  Mid-height velocity profiles for different nanofluids with Ra=106 and =4% 

Horizontal coordinate X (= x/L) 
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Figure 8.  Local Nusselt number for different nanofluids with =4% 

     
In order to find the effect of total heat transfer rate across the cavity among the different 

nanofluids, the average Nusselt number is plotted against the volume fraction of the nanoparticles for 
different values of Rayleigh number in Figure 9. The beneficial effects of the particle fraction on the 
average Nusselt number can be seen evidently with increasing the particle fraction. An increase in the 
average Nusselt number can be seen for all values of Rayleigh number. It is found that a maximum heat 
transfer rate is observed with Ag nanoparticles. When increasing the volume fraction of nanofluids, the 
difference in the heat transfer rate among the various nanofluids also increases.  The difference among 
various nanoparticles provides a major effect on the convective heat transfer rate, which is clearly seen 
in Figure 9. 
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Figure 9. Average Nusselt number for different nanofluids and volume fractions  

Vertical coordinate Y (= y/L) 
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Figure 10, which plots the heat transfer coefficient ratio (h) against the Rayleigh number for 
different volume fractions of the nanoparticles, demonstrates the heat transfer efficacy of the nanofluids 
at different volume fractions of the nanoparticles. The  heat transfer coefficient ratios of the oxide 
nanofluids (Al2O3 and TiO2) reach a minimum when Ra=104. However, the opposite behaviour is 
observed when using metal particles (Cu and Ag)__a maximum heat transfer ratio is attained at Ra=104.  
It is also found that the heat transfer coefficient ratio is always above unity.  The highest values of the 
heat transfer coefficient ratio for the oxide nanofluids are obtained for Ra=103, whereas those for the 
metal nanofluids are obtained for Ra=104.    
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Figure 10.  Heat transfer coefficient ratio for different nanofluids 

 

From the simulation results obtained for various parameters involved in this study, the following 
sets of figures can be enumerated. The average Nusselt number of nanofluids at 1% volume 
concentration of Al2O3, Cu, Ag and TiO2 particles increases 2.4%, 3.2%, 3.4% and 2.1% respectively 
for Ra=103 compared with the base fluid.  The heat transfer rate of nanofluids with 4% volume 
concentration of Al2O3, Cu, Ag and TiO2 particles increases 9.8%, 12.6%, 13.4% and 8.4% respectively 
for Ra=103 compared with the base fluid. The average Nusselt number of nanofluids with 1% volume 
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concentration of Al2O3, Cu, Ag and TiO2 particles increases 1.8%, 3.3%, 3.7% and 1.6% respectively 
for Ra=106 compared with the base fluid.  Heat transfer rate of nanofluids with 4% volume 
concentration of Al2O3, Cu, Ag and TiO2 particles increases 7.0%, 12.7%, 14.3% and 6.1% respectively 
for Ra=106 compared with the base fluid. When increasing the Rayleigh number for a given volume 
fraction of nanoparticles, the average Nusselt number is constant for Cu nanofluid, while for Ag 
nanofluid a small amount of variation in the average Nusselt number is found. On the other hand, 
variation in the average Nusselt number is high for the nanofluids with Al2O3 and TiO2 particles on the 
same conditions. Therefore, the  choice of nanoparticles is very important in the convective heat 
transfer application. 
 
CONCLUSIONS 
 

The present study numerically examines the heat transfer enhancement of water-based 
nanofluids containing various nanoparticles in a square cavity with linearly varying wall temperature.  
Simulation results from a comparative study of four different nanoparticles (Al2O3, Cu, Ag and TiO2) 
have been presented in detail.  The heat transfer capacity of the base fluid can be increased by 
suspending the nanoparticles in it and the effect is more pronounced as the volume fraction of the 
particles increases. However, the incremental change in the average Nusselt number is strongly 
depending on the nanoparticles chosen. The linearly varying wall temperature changes the flow pattern 
and results in a higher heat transfer rate when compared to the isothermal wall. The heat transfer 
coefficient ratios of Al2O3 and TiO2  nanofluids are minimum when Ra=104 while they are maximum for 
Cu and Ag nanofluids. Results clearly show that the type of nanoparticles considered is very important 
on the convective heat transfer application. A significant difference on the average Nusselt number is 
found for different nanoparticles. 
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