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Abstract: We define Sylvester-Padovan-Jacobsthal-type sequences of the first and second
kinds via the Sylvester matrices which are obtained from the characteristic polynomials of
Padovan and Jacobsthal sequences, and then we give miscellaneous properties of these
sequences. Also, we obtain cyclic groups and semigroups from the multiplicative order of
the generator matrices of the Sylvester-Padovan-Jacobsthal-type sequences of the first-kind
and second-kind modulo m. Then we derive relationships between the orders of the cyclic
groups obtained and the periods of these sequences modulo m .
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INTRODUCTION

Number-theoretic properties such as those obtained from homogeneous linear recurrence
relations relevant to this article have been studied by many authors [1-6]. The study of recurrence
sequences in groups began with the earlier work of Wall [7], who investigated the ordinary
Fibonacci sequences in cyclic groups. The concept involved was extended to some special linear
recurrence sequences by some authors [8-12]. Recently, several authors have obtained the cyclic
groups via some special matrices [1, 12-16]. In the present article we define Sylvester-Padovan-
Jacobsthal-type sequences of the first and second kinds via Sylvester matrices which are obtained
from the characteristic polynomials of Padovan and Jacobsthal sequences. Then we derive the
generating functions, the generating matrices, the Binet formulas, the perrmanental and
determinantal representations, and the sums of these sequences. Also, we study the Sylvester-
Padovan-Jacobsthal-type sequences of the first-kind and second-kind modulo m. Furthermore, we
consider the cyclic groups and the semigroups which are generated by the generating matrices of
the recurrence sequences defined, and then we obtain relationships between the orders of the cyclic
groups obtained and the periods of these sequences modulo m .



237
Maejo Int. J. Sci. Technol. 2017, 11(03), 236-248

METHODS

Let f and g be polynomials of degree (k)’h and (m)’h respectively and let these polynomials be
given by
f=ax"+a_x"+-+ax+a,
and
g=b x"+b, x""+--+bx+bh,.

The Sylvester matrix S, , = [SU.J( associated with the polynomials f and g is defined

kerm x(k+m)
as:

a, a, a, a a 0 O 0]
0 a a a, a a, 0 0
0 0 a aq a, a, a, 0
0 0 a, a., a, a a,
b, b, b, b b 0 0
0 b, b, b, b b 0
0 0 b, b,, b, b b, 0

|0 0 0 b, b, b, b b ]

The Padovan sequence is the sequence of integers defined by the initial values
p(0)= p(1)= p(2)=1 and recurrence relation

P(n)=P(n—2)+P(n-3).

It is easy to see that the characteristic polynomial of the Padovan sequence is

flx)=x>—x—1.
It is known that the Jacobsthal sequence {J n} is defined recursively by the equation
J,=J, ,+2J, ,
for n>0, where J, =0 and J, =1. The characteristic polynomial of the Jacobsthal sequence is
flx)=x*-x-2.

Suppose that the (n +k)th term of a sequence is defined recursively by a linear combination of
the preceding k terms:
A = Col, TCQ,  + o+ 60,
where c,,c,,...,c,_, are real constants. Kalman [17] derived a number of closed-form formulas for
the generalised sequence by the companion matrix method as follows. Let the matrix 4 be defined
by
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_ 0 0
0 1 0
0 0 0
A - [ai’j }kxk -
0O 0 O 0 1
G0 G G Croa Cpy |
Then
aO an
An a.l _ an+l
A A,k
for n>0.
RESULTS AND DISCUSSION

Sylvester-Padovan-Jacobsthal-Type Numbers

The Sylvester matrix S,, = [si’j Jst for the characteristic polynomials of the Padovan sequence
and the Jacobsthal sequence is

1 0 -1 -1 0]
0 0 -1 -1
1 -1 2 0 0
0 -1 22 0
0o 0 1 -1 -2

Now we consider sequences which are defined by using the diagonal elements of the matrix
S,, and are called the Sylvester-Padovan-Jacobsthal-type sequences of the first and second kinds.

The Sylvester-Padovan-Jacobsthal-type sequence of the first kind is defined by integer constants
x; =---=x, =0 and x} =1 and the recurrence relation

1 _ 1 1 1 1 1
Xips = Xppa + Xp3 = 20,5 = 2%, — 2%, (1)
for £ >1. The Sylvester-Padovan-Jacobsthal-type sequence of the second kind is defined by integer
constants x7 =---=x; =0 and x =1 and the recurrence relation
2 _ 2 2 2 2 2
Xiys = 240 = 2X3 = 2X0,, + Xy T X (2)
for k>1.

We obtain that the generating functions of the Sylvester-Padovan-Jacobsthal-type sequences of
the first and second kinds are, respectively,

and

" ()

B 1+2x? +2(x2)2 +2(xz)3 —(x2)4 —(xz)s .
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By (1) and (2), we can write the following companion matrices:

(1 1 =2 =2 -=2]

10 0 0 0

M(”:[mf”] =lo01 0 0 o
B 5%5

00 1 0 0

00 0 1 0]

and

2 2 =21 1]

1 0 0 0 0

M”):[mm] =lo 1 0 0 0
5%5

0 0 1 00

0 0 0 1 0]

The matrices M" and M@ are said to be the Sylvester-Padovan-Jacobsthal-type matrices of the
first and second kinds respectively. By induction on n, we derive

_xll+5 _2( Xppz T xn+2 X n+l ) + ‘xn+4 _2( Xpa T xn+3 + xn+2 ) _2( ;l1+4 + xn+3 ) _2‘xrlt+4 |
Xy _2(x711+2 + Xy X, ) + %4 _2( Xy Xy X, ) _2( Xz X, ) -2x,.,
(M(l) )” =%, 2 (x}m + 2, X, ) + %, _2( Xy + Xy X, ) —2 (X:H»Z + %X, ) -2x,.,
Xy 2 (xi + X, X, ) + X, _2( Xy HX, X, ) _2( Ky T X ) 2x,,,
_xi+1 —2()@11_1 +x X, ) +x —2(x,11 +X X, ) —2( X, +x, ) -2x, |
and
_x;is —2 (xj+4 + X ) + (x;iz + X ) “2X F X X, Xt X X |
x5+4 2(x5+3 + x5+2 ) + (xj+l + xj ) 2xn+3 n+2 + xn+l n+3 + xn+2 x5+3
(M(Z) )” =| % _2(xj+2 + X, ) + (xj +X, ) 2, F X H X X, X, X,
Xo.2 —2()65“ +x, ) + (xj—l +, ) 2, H X X XX X
_xiﬂ —2(x3 +x2, ) + (xj_2 +x ) 22X+ X X, XX, X |

for n>4. Also, we easily derive that det(M(l) )n =(-2)" and det (M(z) )n =1.

It is clear that each of the eigenvalues of the matrices M ™ and M is distinct. Let
{ﬁf, B, By Bis ,851} and {ﬁf, ,822, BB, ﬁsz} be the sets of the eigenvalues of the matrices M and

Mm% respectively and let ¥“) be 5x5 Vandermonde matrices as follows:
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() (m)

where @ =1,2. Let

B n+5—i |
B)

za )n+5—i

30: )n+5—1

o )n+5—i
)

g
B
g
J

n+5-i
a

(
(
w (i, j) = (
(
(

and let V(“)( ) be a 5x5 matrix obtained from V* by replacing the ;' " column of V) by
w (i, j) for a=12.

Theorem 1. For n>4 and ¢ =1,2,

L,J

where (M(“) )n = [m.(“.)’”].

Proof. Since {ﬂf, ﬂ;,ﬂ;,ﬂj,ﬂ;} and {,812, B, B B B } are distinct, the matrices M" and M"
are diagonalisable. Thus, we easily see that M “y®) =@ p©) and @) = (ﬂl By By B Be )

for @ =1,2. Since det?V" =0 and detV® =0, the matrices V" and V@ are invertible. Then we
-1
obtain (V(“)) M@ = D\ for ¢ =1,2. Thus, the matrices MY and M? are similar to D,

and (M () )n y@ =y (D(“) )n for n>4 and «=12. Then we can write the following linear

system of equations:

a)n a n+5-i
ml(l) (ﬂs ) +m12 (/85 ) + +m (ﬂs )
for n>4 and « =1,2. Therefore, for each i, j =1,2,...,5, we obtain

etV (i, j)
" det )
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Then we can give the Binet formulas for the Sylvester-Padovan-Jacobsthal-type sequences of
the first and second kinds by the following corollary.
Corollary 1. Let x! and x? be the n™ Sylvester-Padovan-Jacobsthal-type numbers of the first and

second kinds respectively. Then

1

detV! (5,5)
2det "

n

and
detV?(5,5)
detv?®

2
xn

Now we consider the permanental representations of the Sylvester-Padovan-Jacobsthal-type
sequences of the first and second kinds.

u

Definition 1. Let M Z[m ] be a uxv real matrix and let #',7*,...,r* and c',c%,...,c" be the

ivj
row and column vectors of M respectively. If »“ contains exactly two non-zero entries, then M is
contractible on row « . Similarly, M is contractible on column £ provided that ¢’ contains exactly
two non-zero entries. O
Suppose that x,,x,,...,x, are row vectors of the matrix M. If M is contractible in the k"
column such that m,, #0, m,, #0 and i # j, then the (—1)x(v—1) matrix M, is obtained from
M by replacing the ;" row with m, x; +m, x, and deleting the ;" row. The k" column is called
the contraction in the & column relative to the i™ row and the ;™ row. Brualdi and Gibson [18]
obtained that per(M)= per(N) if M is a real matrix of order  >1 and N is a contraction of M.

Let SV (u)= [sf}}’"] be the uxu super-diagonal matrix withsi’i(l)’” = Si’m(l)’u = S,,rl,i(l)’u =1,
sl.,Hz(])’" = Si,i+3(1)’” = si’i+4(1)’" =-2, and let S? (u)= [sl(zl)"] be the uxu super-diagonal matrix
with s, =5, =5, P =1, 5, =P =, =2 forall i,j and 0 otherwise.
Clearly,

11 2 2 =2 0 0 0 |
11 1 =2 2 2 0 0
01 1 1 =2 -2 -2 0 0
0 0 1 1 =2 =2 2 0
st (u) =

0 0 o 1 1 1 2 -2 =2
0 0 o 1 1 1 =2
0 0 0 I 1
0 0 0 0 1 1

and
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(2 2 =2 1 1 0 - 0 0
1 2 2 =2 1 1 0 - 0
0 1 -2 -2 -2 1 1 0

s (u)=| *
0 0 o 1 -2 =2 =2 1
0 0 o 1 -2 =2 =2 1
0 0 0 o 1 -2 =2 =2
O o o0 o0 o o0 o 1 =2

Then we have the following Theorem.

Theorem 2. (i) For u >1,

perS(l) (u) =x
where perS" (1)=1.
(ii) For u >1,

perS(z) (u) =x
where perS®? (1)=-2.

Proof. (i) First we start with considering the case u <5. The matrices S (2),5" (3) and S" (4)
are reduced to the following forms:
1 1
sV (2)= :
@)

1 1 -2
) =
sY(3)=[1 1 1
0 1 1
and
I 1 -2 =2
I 1 1 =2
S(l)(4)=

0 1 1 1
0 0 1 1

It is easy to see that perS" (2)=2, perS"(3)=1 and perS" (4)=—1. From definition of
the Sylvester-Padovan-Jacobsthal-type number of the first kind, it is clear that x) =2, x; =1 and
x5 =—1. So we have the conclusion for u <5. Let the equation hold for u >35; then we show that
the equation holds for u+1. If we expand perS(l) (u) by the Laplace expansion of permanent

according to the first row, then we obtain

pers" (u+1)= pers") (u)+perS(1) (u—l)—2perS(1) (u—2)—2perS(1) (u—3)—2perS(1) (u—4).
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u+52 u+4 >

Since perS(l) (u) =y perS(l) (u - 1) = x! perS(I) (u - 2) = x;+3 , perS(I) (u - 3) = x:Hz and

perS(l) (u — 4) = x!

u+l?

we easily obtain that perS" (u+1)=1x,

u+6 *

So the proof is complete.

(ii) The proof is similar to the above and is omitted. 0

Let u>5 and let PV (u)Z[ pl(lj)”} and P” (u)Z[ pfj)’“] be the uxu matrices, defined
respectively by
if i=kand j=k forl1<k<u,
i=kand j=k+1 forl<k<u-2
and
i=k+landj=k forl<k<u-3,

i = if i=kand j=k+2 forl<k<u-—4,
5 i=kandj=k+3 forl<k<u-4
and

i=kandj=k+4 forl<k<u-4,

0 otherwise.

and

ifi=kand j=k+3 forl<k<u-3,
i=kandj=k+4 forl<k<u-4,
i=k+landj=k forl<k<u-3,
i=u-land j=u-1, j=u
and
i=uandj=u,
(2 _
ifi=kand j=k forl<k<u-2,
i=kandj=k+1 forl<k<u-2

-2
and
i=kandj=k+2 forl<k<u-2,
0 otherwise.

Assume that the uxu matrices Z'* (u) = [z(“.)’"] are defined by

L]
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(u —2)th
N
1 1 0 e 0]
1
AR (u) =0 ple) (u —1)
_0 -

where #>6 and «=1,2. Then we can give more general results by using permanental
representations other than the above.
Theorem 3. (i) For u>5 and ¢ =1,2,

perP'” (u)=x¢

u+3*

(ii) For u>6 and a =1,2,

u+2

perZ'® (u) =D x;.
k=1

Proof. (i) Let us consider the matrix p? (u) and let the equation hold for #>5. Then we show

that the equation holds for u+1. If we expand perP(z) by the Laplace expansion of permanent
according to the first row, then we obtain
perP(z) (u + 1) = —2perP(2) (u) - ZperP(z) (u - l) - 2perP(2) (u - 2) + perP(z) (u - 3) + perP(z) (u - 4)
Also, since
perP(z) (u) =x ., perP(z) (u - 1) =x2,, perP(z) (u —2) =x, perP(z) (u —3) =x, perP(z) (u —4) =x,,
it is clear that
perP(Z) (u + 1) =x

u+4 -

So we have the conclusion. The proof for the matrix P! (u)is similar.
(ii) If we extend perZ'® (u) with respect to the first row, we write
perZ(a) (u)= perZ(a) (u—1)+ perP(“) (u—1)
for ¢ =1,2. By induction on u, taking into consideration the results of Theorem 2 and part (i) in
Theorem 3, the conclusion is easily seen. 0
Let the notation M o K denote the Hadamard product of M and K. A matrix M is called
convertible if there is a uxu (1, -1)-matrix K such that perM = det(M oK ) Let u>5 and let T

be the uxu matrix defined by
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111 11
-1 1 1 11
ro| 11 11
I 1 -1 11
I EITEN T R B

It is easy to see that perS"” (u)= det(S("’) (u)o T) ., perP" (u)= det(P(“) (u)o T) and
perZ') (u) = det(Z “(u)oT ) for u>5 and a =1,2. Then we have the following useful results.

Corollary 2. For u>5 and o =1,2,
det(S(“) (u)oT) = x“

u+52

det(P(“) (u)o T) =x*

u+3

and

u+2

det(Z(a)(u)oT)=fo‘. 0
=1

Now we consider the sums of the Sylvester-Padovan-Jacobsthal-type sequences of the first and
second kinds. Let

n
— a
G, = E X,
k=1

for n>1and & =1,2. Suppose that 4'*) and A4“"" are the 6x6 matrices such that

1 00 0 00
1
Aéa)= ° (@)
0 M
0
_0 .
and
1 00 0 0 0]
Gn+4
A(E“)’”= Gn+3 )
G, (M)
G
_G .

n+l
Then it can be shown by induction that (Aé(“) )n = A4\,
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Cyclic Groups and Semigroups via Matrices A" and M ?

For a given matrix D = [dl.jJ with d,’s being integers, D(modm) means that each element
of D is a reduced modulo m, i.e. D(modm) = (dg./ (modm)). Let us consider the set
(D), = {D'(modm i 0. 1 ged(m,detD)=1, then (D) is a cyclic group; if ged(m.detD)#1,
then the set <D>m is a semigroup. Since det M '=_2 it is clear that the set <M (1)> is a cyclic

m

group when m is a positive odd integer; otherwise <M (1)> is a semigroup. Since det M @ =1, itis

clear that the set <M (2)> is a cyclic group for every positive integer m .

Theorem 4. Let r be a prime and let <G>rf be any of the cyclic groups <M 0 > , and <M (2)> - If

%

v—u

u 1s the largest positive integer such that KGM = ‘<G>r" =r™.

(G),|#G) . then [(G) .| = [(G) |

Proof. Let us consider the cyclic group <M (1)> .- Then gcd(r,—2)= 1; that is, » is an odd prime.

, then ‘<G>rv

<G>r‘. In particular, if

rV

is denoted by P(r’). If

Suppose that b is a positive integer and KM (1)> .
b+l b+l
(M(l) )P( | =] (mod P! ), then (M(l) )P( | =] (mod r”), where [ is a 5x5 identity matrix.

P(r
Thus, we obtain that P(rb ) divides P(rb “). On the other hand, writing (M (1)) ( ) =1+ (mi(].b) N ) ,
by the binomial theorem we have

(M(l) )P(rb)'r = (] + (mi(/.”) ot ))r = lzro:[rj(my) 7’ )i =1 (mod P! )

So we have that P(rb”) divides P(rb)-r. Thus, P(rh“)z P(r”) or P(rb”): P(rb)-r. It is
clear that P(rb +1): P(rb ) r holds if and only if there exists an integer m"®) which is not divisible by

i

r. Since u 1is the largest positive integer such thatP(r) = P(r“ ), we have P(r“);t P(r““). Then,
(1) \which is not divisible by r. So we have that P(+*')= P(+***). To

there exists an integer m;
complete the proof we may use an inductive method on u . 0

It is well known that a sequence is periodic if, after a certain point, it consists only of
repetitions of a fixed subsequence. The number of elements in the shortest repeating subsequence is
called the period of the sequence. In particular, if the first £ elements in the sequence form a
repeating subsequence, then the sequence is simply periodic and its period is k.

Reducing the Sylvester-Padovan-Jacobsthal-type sequences of the first and second kinds by
a modulus m , we get the repeating sequences respectively denoted by

Im {_ 1,m 1,m 1,m
()= gt

and

where x;” =x, (modm) and x" = x; (modm). They have the same recurrence relations as in (1)

and (2) respectively.
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a,m

Theorem 5. For o =1,2, the sequences {xk } are periodic. In particular, the sequence {x,f”"} is
simply periodic.

Proof. Let Q= {(ql,qz,q3,q4,q5) | g.'s, being integers such that 0 < g, <m - 1} . Since there are
m’ distinct 5-tuples of elements of Z, , at least one of the 5-tuples appears twice in the sequences

{xk“””}. Thus, the subsequence following this 5-tuple repeats; hence the sequences {x,i’”} and
{x,f’”} are periodic. Let

2,m _ _2m 2m _ _2.m 2m _ _2m 2m __ _2.m 2m _ _2m
Xigt X0 Yo S X500, X3 X3, Xy X4, X X505

such that i > j ; then i = j(mod 5). From the definition, we can easily obtain

2m _ _2.m 2m _ _2m 2m  _ 2m
X = xj X =X, X = xl 5

i > Vi F S EXRRE A

which implies that the sequence {x,f”"} is simply periodic. 0

We next denote the period of the sequences {x,f'”} by Px;".

Theorem 6. If m has the prime factorisation m = H( D; )r’ , (u>1), then Px{"" is equal to the

bk

least common multiple of Px;”

Proof. It is clear that the sequences {xZ’(pi Fi } repeats only after blocks of length /- Px:’(p" ! , Where

a,m

[ is a natural number. Since Px,”" is a period of the sequences {x,f"’” }, the sequences {x,f’(pi )rl}

a|

repeats after Px;”" terms for all values i. Therefore, Px;”" is of the form /- Px,

a,m

of i, and since any such number gives a period of Px,”", we can conclude that

Px" = Icm[PxZ’(p1 fi . ..,PxZ’(p“ Fi } 0

i for all values

CONCLUSIONS

We have defined Sylvester-Padovan-Jacobsthal-type sequences of the first and second kinds.
Firstly, we gave the generating functions, the generating matrices, the Binet formulas, the
perrmanental and determinantal representations, and the sums of the Sylvester-Padovan-Jacobsthal-
type numbers of the first and second kinds. Furthermore, we studied the Sylvester-Padovan-
Jacobsthal-type sequences of the first-kind and second-kind modulo m and obtained the cyclic
groups and semigroups from generating matrices of the sequences of the first and second kinds.
Finally, we produced relationships between the orders of the cyclic groups obtained and the periods
of these sequences modulo m .
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