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Abstract:  We define the tubular Mannheim partner surfaces. We calculate the Gaussian and 
mean curvature and investigate such surfaces for singularity and necessary and sufficient 
conditions for parameter curves on this surface to be asymptotic, geodesic and line of 
curvature. In addition, the principal curvatures of the tubular Mannheim partner surface are 
determined from the Gaussian and mean curvatures. Finally, an explicit example of a 
Mannheim curve and its partner curve is given; the tubular Mannheim partner surface is 
constructed and the obtained results are analysed. 
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_______________________________________________________________________________________ 
 
INTRODUCTION  
 

Tubular surfaces, also known as pipe surfaces, are a fascinating subject of study in differential 
geometry.  These surfaces can be seen as particular cases of channel surfaces introduced by Gaspar 
Monge [1] in 1850, who described such surfaces as the envelopes of a one-parameter family of 
moving spheres with a variable radius, tubular surfaces being the case in which the radius is 
constant.  

Tubular surfaces have become an important area of research in mathematics and several 
practical areas. In engineering, for example, they are used to design and analyse pipelines, cables 
and other structural components [2]. In computer graphics tubular surfaces are employed to create 
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three-dimensional models of long, slender elements with precision and efficiency [3] and are also 
widely used in computer-aided geometric design [4].  

The study of tubular surfaces involves exploring various geometric and topological properties 
including the curvature of the central curve, torsion and how these characteristics influence the 
overall geometry of the resulting surface. In the context of three-dimensional Euclidean space, a 
tubular surface can be defined as the set of all points that are at a fixed distance from a central 
spatial curve, often referred to as the axis of the pipe. This configuration generates shapes that can 
resemble hoses, cylinders or flexible pipes, depending on the nature of the central curve and the 
radius of the pipe. Tubular surfaces have been studied from various perspectives. In the light of the 
Darboux and Bishop frames by Doğan and Yayli [5,6], necessary and sufficient conditions for the 
non-singularity of pipe surfaces were investigated by Maekawa et al. [7]. Canal surfaces and their 
principal geometric properties, such as the computation of area and Gaussian curvature, were 
examined by Xu and Feng [8]. Tubular surfaces in Galilean space were investigated by Dede [9] 
and Karacan and Tunçer [10] explored tubular surfaces of Weingarten types in Pseudo-Galilean 
space. Kızıltuğ et al. [11] examined tubular surfaces in the light of the Darboux frame in the 
Galilean 3-space.  

Beyond tubular surfaces, recent studies have also focused on surfaces generated from special 
curves or containing such curves as notable geometric elements. The central problem in this context 
is to determine when a given curve (or a curve derived from it) turns out to be a geodesic, an 
asymptotic curve, a line of curvature, or the like. One of the pioneering contributions in this area 
was presented by Wang et al. [12], who constructed a family of parametric surfaces sharing a 
prescribed curve as a common geodesic through the use of marching-scale functions. Bayram and 
Bilici [13] constructed a family of surfaces that admits the involute of a given curve as an 
asymptotic curve, establishing necessary and sufficient conditions for this property to hold. 
Furthermore, they derived geometric conditions related to the involute under which a ruled surface 
exhibits this characteristic. Bilici and Köseoğlu [14,15] investigated what they termed an tubular 
involutive  and involutive sweeping surfaces. The first is a tubular surface whose central curve is 
the involute of a regular curve with curvature function ߢ ≠ 0, and the second is obtained by 
sweeping one curve along an involute. In these studies besides determining the conditions under 
which the surface is regular, the Gaussian and mean curvatures of the surface were computed, and 
necessary and sufficient conditions were established for its coordinate curves to be asymptotic 
curves, geodesics or lines of curvature. Additional studies involving tubular, involutive and ruled 
surfaces can be found in the literature [16-24].  

Another relevant topic in differential geometry is the study of curves with special properties. 
Among these curves are the so-called Mannheim curves, introduced in 1878 by Amédée Mannheim 
[25]. If there exists a corresponding relationship between the space curves ߙ and ߙ∗such that at the 
corresponding points of the curves the principal normal lines of ߙ coincide with the binormal lines 
of ߙ∗, then ߙ is called a Mannheim curve and ߙ∗ a Mannheim partner curve of ߙ. The pair (ߙ ,  (∗ߙ
is said to be a Mannheim pair. Mannheim curves are characterised by the relation ߢ = ଶߢ)ߣ + ߬ଶ), 
where ߣ is a non-zero constant. On Mannheim curves, Liu and Wang [26] provided necessary and 
sufficient conditions for a curve to be a Mannheim partner curve in Euclidean 3-space and 
Minkowski 3-space. The Mannheim partner curves in Euclidean 3-space were studied by Orbay and 
Kasap [27], who obtained relationships between the curvatures and torsions of the curves forming a 
Mannheim pair. Slant helices that are Mannheim curves were explored by Çay and Yaylı [28]. 
Mendonça [29] analysed the correspondence between the Bishop frame of a curve in ॱଷ and its 
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Mannheim partner curve, obtaining a relationship between their respective Bishop curvatures. Tul 
and Sarioğlugil [30] and Mendonça [31] defined and studied Mannheim curves in Heisenberg 3-
spaces and in the special linear group respectively.  
     Inspired by the study carried out by Bilici and Köseoğlu [14], in this paper we study tubular 
surfaces that have the partner curve of a Mannheim curve as the central curve, and we will call such 
surfaces tubular Mannheim partner surfaces. Next, we present some geometric preliminaries on 
Mannheim curves and regular surfaces. Then we present the tubular Mannheim partner surface ܵ, 
calculate the Gaussian, the mean curvatures, the principal curvatures and show results of dealing 
with the regularity of the surface, and show a relationship similar to that found by Bilici and 
Köseoğlu [14] in Theorem 3, between the Gaussian and mean curvatures of ܵ. In addition, we give 
the conditions for the coordinate curves to be asymptotic curves, geodesics and lines of curvature. 
Finally, we present an explicit example of a Mannheim curve, its partner curve, the Frenet apparatus 
of both curves and the tubular Mannheim partner surface S∗, and we analyse this surface in light of 
the results obtained in this paper. 
 
PRELIMINARIES  
 
     Consider the Euclidean space ॱଷ with inner product 

⟨⋅,⋅⟩ = ଶݔ݀ + ଶݕ݀ +  ,ଶݖ݀
where (ݔ, ,ݕ (ݖ  ∈  ॱଷ is a rectangular coordinate system. Let ߙ: ܫ ⟶ ॱଷ be a differentiable curve in 
the Euclidean space defined on an open interval I, parametrised by arc-length and let  { ఈܶ =
,ᇱߙ ఈܰ,                                                                                                                                  ఈ} be the Frenet frame satisfying [32]ܤ

                                                      ቐ
ܶ′ఈ = ఈߢ ఈܰ,

   ܰ′ఈ = ఈߢ−  ఈܶ +  ߬ఈܤఈ,
ఈ′ܤ =  −߬ఈ ఈܰ,

                                                                (1) 

 
where ߢఈ  and ߬ఈ  are differentiable functions on ܫ  called the curvature and the torsion of ߙ 
respectively, ఈܶ  is the tangent vector, ఈܰ  is the principal normal vector and ܤఈ  is the binormal 
vector of ߙ. 
 
Definition 1. If there exists a corresponding relationship between the space curves (ݏ)ߙ   and  
∗ݏ with ,(∗ݏ)∗ߙ =  being a differentiable and injective function, such that at the corresponding (ݏ)∗ݏ
points of the curves, the principal normal lines of  ߙ coincide with the binormal lines of ߙ∗, then ߙ 
is called a Mannheim curve and ߙ∗ a Mannheim partner curve of ߙ. The pair (ߙ,  is said to be a (∗ߙ
Mannheim pair. We denote by { ఈܶ , ఈܰ, } ఈ} andܤ ఈܶ∗ , ఈܰ∗,  .ఈ∗} their respective Frenet framesܤ
 
Remark 1.  If (ߙ,  such that the ߣ is a Mannheim pair, then there exists a non-zero constant (∗ߙ
relation ߙ∗ = ߙ + ߣ ఈܰ holds [27]. 
 
      Lemma 1, obtained through straightforward calculations based on Theorems 3 and 5 of Orbay 
and Kasap [27], establishes a relationship between the Frenet apparatus of the Mannheim pair, 
which is extensively used in the subsequent calculations. 
 
Lemma 1.  Let { ఈܶ , ఈܰ, ,ఈܤ ,ߢ ߬}, { ఈܶ∗, ఈܰ∗ , ,∗ఈܤ ,∗ߢ ߬∗} be the Frenet apparatus of the Mannheim 
pair  (ߙ, ,ݏ)ߖ respectively, and (∗ߙ (∗ݏ = ∠൫ ఈܶ(ݏ), ఈܶ∗(ݏ∗)൯ . Then 
 
                                    ఈܶ = ݏ݋ܿ ߖ   ఈܶ∗ + ݊݅ݏ ߖ   ఈܰ∗,                                                                                 (2) 
 
ఈܤ                                     = − ݊݅ݏ ߖ   ఈܶ∗ + ݏ݋ܿ ߖ   ఈܰ∗,                                                                            (3) 
 
                                    ఈܶ∗ = ݏ݋ܿ ߖ   ఈܶ − ݊݅ݏ ߖ  ఈ,                                                                                   (4)ܤ 
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                                    ఈܰ∗ = ݊݅ݏ ߖ   ఈܶ + ݏ݋ܿ ߖ  ఈ,                                                                                  (5)ܤ 
 
∗ߢ                                     = − ௗఅ

ௗ௦∗ ,        ߬∗ = − ଵ
ఒ

 (6)                                                                            ,ߖ ݊ܽݐ
 
                                    ߬∗ = ఑

ఒఛ
 , ݏ݋ܿ          ߖ = ௗ௦∗

ௗ௦
,                                                                                  (7) 

 
ߢ                                     = ଵ

ఒ
,ߖଶ݊݅ݏ    ߬ = − ଵ

ఒ
݊݅ݏ ߖ  (8)                                                                ,ߖ ݏ݋ܿ 

 
                                    ߬∗ = ߢ− ݊ܽݐ ߖ  +  ߬.                                                                                                (9)  
                                           
Remark 2.  Since the angle ߖ measures the rotation between the vectors ఈܶ and  ஑ܶ∗  and it is a 
property of the geometric point of the curve, not of the parametrisation, when solving the system 
given by equations (2) and (3) (which is invertible), we obtain ߖ expressed in terms of the known 
vectors. These vectors are functions of s on the left-hand side of system and of ݏ∗ on the right-hand 
side of system. The consistency of the system forces ߖ to depend on both parameters, but thanks to 
the relation ݏ∗ = (ݏ)∗ݏ , we can write ݏ)ߖ, (∗ݏ = ,ݏ൫ߖ  ൯(ݏ)∗ݏ = (ݏ)ߠ   and also ݏ)ߖ, (∗ݏ =
,(∗ݏ)ݏ)ߖ  (∗ݏ =  .(∗ݏ)ߠ 
 
      Regular surfaces  ܵ ⊂ ॱଷ and their fundamental properties are central concepts in differential 
geometry. Locally, a regular surface ܵ can be described through a parametrisation ݏ)ߪ,  where ,(ߴ
,ݏ)  .are parameters that vary in an open region of the plane ܴଶ (ߴ
      To study the intrinsic and extrinsic properties of regular surfaces such as area, angle and length 
on a regular surface, we use the first fundamental form ܫ௣(ݓ) = ,ݓ⟩  whose coefficients at ,⟨ݓ
,ݏ)ߪ   are given by [33] (ߴ
ܧ                                              = ⟨σ௦, σ௦⟩,  ܨ = ,௦ߪ⟩ ܩ   ణ⟩   andߪ = ⟨σ஬, σ஬⟩. 
 
     To study the deviation of the regular surface from the tangent plane we use the second 
fundamental form ܫܫ௣(ݓ) = −ൻ݀ߟ௣(ݓ), ߟ ൿ, whereݓ = ఙೞ×ఙഛ

‖ఙೞ×ఙഛ‖
 is the normal vector field of the 

surface ܵ at ݏ)ߪ,   The coefficients of the second fundamental form are given by [33] . (ߴ
݁ = ,ߟ⟩ ,⟨௦௦ߪ  ݂ = ,ߟ⟩ ݃ ௦ణ⟩ andߪ = ,ߟ⟩   .⟨ణణߪ

     Important geometrical concepts that describe how a surface curves around a specific point are 
the Gaussian and mean curvatures [32]. Geometrically, the mean curvature measures the average 
tendency of the surface to curve in one direction or another, whereas Gaussian curvature describes 
how the surface curves in all possible directions around the point in question. The Gaussian 
curvature and the mean curvature of the surface S can be calculated by 
 
ܭ                                                    = ௘௚ି௙మ

ாீିிమ  and    ܪ = ா௚ିଶி௙ା௘ீ
ଶ(ாீିிమ)

,                                                 (10) 

respectively.  
     A canal surface is a surface formed as the envelope of a family of spheres whose centres lie on a 
space curve (ݏ)ߙ, its directrix or central curve. If the radius of the generated spheres are constant, 
the canal surface is called a pipe surface or tubular surface, and a parametrisation for this surface is 
given by 
,ݏ)ߪ                  (ߴ = (ݏ)ߙ + ݏ݋൫ܿݎ  ߴ ఈܰ(ݏ) + ݊݅ݏ ߴ ,൯(ݏ)ఈܤ  ݏ ∈ ߴ ݀݊ܽ ܫ ∈  (11)                     ,(ߨ0,2)
 
where ݎ ∈ ܴ, ݎ > 0 is the radius of tubular surface. 
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PROPERTIES OF TUBULAR MANNHEIM PARTNER SURFACES  
 
       In this section the geometric properties of the tubular Mannheim partner surfaces are examined. 
We assume that the angular function ߠ  is non-constant and with isolated singular points. The 
regularity conditions are established, and the points at which the Gaussian and mean curvatures 
vanish are identified. Furthermore, the conditions for a parameter curve to be a geodesic, an 
asymptotic curve and a line of curvature are investigated. 
      Using Remark 1 and equations (4) and (5), we can write 
 
,∗ݏ)∗ߪ    (ߴ      = (∗ݏ)∗ߙ + ݏ݋ܿ)ݎ  ߴ ఈܰ∗ + ݊݅ݏ ߴ   (∗ఈܤ 
                      = (ݏ)ߙ + ݎ ݏ݋ܿ ߴ ݊݅ݏ ߠ   ఈܶ + ߣ) − ݎ ݊݅ݏ  (ߴ ఈܰ + ݎ ݏ݋ܿ ߴ ݏ݋ܿ ߠ   ఈ,     (12)ܤ 
with ݏ ∈ ߴ  and ܫ ∈  .(ߨ0,2)
      If we take the partial derivatives of (12) with respect to ݏ and ߴ we get the following tangent 
vectors: 
∗ߪ   

௦∗ = ቀܿݏ݋ ߠ + ᇱߠݎ ݏ݋ܿ ߴ +
ݎ
ߣ ݊݅ݏ ߴ ݊݅ݏ ߠ ݊ܽݐ ቁߠ ఈܶ +  

ݎ
ߣ ݏ݋ܿ ߴ ݊ܽݐ ߠ  ఈܰ   

                     + ቀ−݊݅ݏ ߠ − ᇱߠݎ ݊ܽݐ ߠ ݏ݋ܿ ߴ +
ݎ
ߣ ݊݅ݏ ߴ ݊݅ݏ ቁߠ  ఈ,   (13)ܤ

∗ߪ           
ణ  = ݎ− ݊݅ݏ ߴ ݊݅ݏ ߠ ఈܶ − ݎ  ݏ݋ܿ − ఈܰ ߴ ݎ ݊݅ݏ ߴ ݏ݋ܿ ߠ  ఈ,   (14)ܤ

 
where the “ ′ ” denotes the derivative with respect to s. From (13) and (14), the coefficients of the 
first fundamental form are 
∗ܧ                                          = (1 + ᇱߠݎ ܿ݁ݏ ߠ ݏ݋ܿ ଶ(ߴ +  (௥

ఒ
݊ܽݐ  ଶ,                                                (15)(ߠ

∗ܨ                                          = − ௥మ

ఒ
݊ܽݐ ߠ ,                                                                                               (16) 

∗ܩ                                         =  ଶ.                                                                                                               (17)ݎ 
 
      By taking the vector product of ߪ∗

௦∗  and ߪ∗
ణ, we get the normal vector field of the tubular 

Mannheim partner surface ܵ as  
ߟ                                           =  − ݏ݋ܿ ߴ ݊݅ݏ ߠ ఈܶ + ݊݅ݏ  ߴ  ఈܰ − ݏ݋ܿ ߴ ݏ݋ܿ ߠ  ఈ.                             (18)ܤ
 
Thus, we can give the following result. 
 
Lemma ૛.  The tubular Mannheim partner surface ܵ∗ has singular points if and only if                                     
                                                    1 + ᇱߠݎ ܿ݁ݏ ߠ ݏ݋ܿ ߴ = 0.                                                                     (19) 
 
Proof.  The tubular Mannheim partner surface ܵ∗ has singular points if and only if ܩ∗ܧ∗ − ଶ∗ܨ  =
0. By equations (15), (16) and (17), we get  
∗ܩ∗ܧ                                                       − ଶ∗ܨ  = ଶ(1ݎ  + ᇱߠݎ ܿ݁ݏ ߠ ݏ݋ܿ  .ଶ(ߴ
Since ݎ > 0, we have  ܩ∗ܧ∗ − ଶ∗ܨ  = 0 ⇔  1 + ᇱߠݎ ܿ݁ݏ ߠ ݏ݋ܿ ߴ = 0.                                                   □ 
 
     Theorem 1 follows directly from Lemma 2:  
 
Theorem ૚.  The tubular Mannheim partner surface ܵ∗ is a regular surface if and only if 
 

1 + ᇱߠݎ ܿ݁ݏ ߠ ݏ݋ܿ ߴ ≠ 0. 
Proof.  The tubular Mannheim partner surface ܵ∗ is a regular surface if and only if ܩ∗ܧ∗ − ଶ∗ܨ ≠
0. The proof follows directly from Lemma 2.                                                                                           □ 
 
     The second-order partial derivatives of the parametrisation ߪ∗ of ܵ∗ are   
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∗ߪ
௦∗ ௦∗ = ܿ݁ݏ ߠ ൬ቂߠᇱ ݊݅ݏ ߠ ቀ

ݎ
ߣ ݊݅ݏ ߴ (1 + (ߠଶܿ݁ݏ − 1ቁ + ᇱᇱߠݎ ݏ݋ܿ ߴ −  

ݎ
ଶߣ ߠଶ݊݅ݏ ݊ܽݐ ߠ ݏ݋ܿ ቃߴ ఈܶ

+ ቂ
ݎ

ଶߣ ݊݅ݏ ߠ ݊ܽݐ ߠ ݊݅ݏ ߴ +  
ݎ
ߣ ᇱߠ ଶܿ݁ݏ ߠ ݏ݋ܿ ቃߴ ఈܰ

− ൤ݎ ݊ܽݐ ߠ ݏ݋ܿ ߴ ൬ 
1
ଶߣ ݊݅ݏ ߠ  ݏ݋ܿ ߠ ᇱᇱ൰ߠ +

− ᇱߠ ݏ݋ܿ ߠ ቀ
ݎ
ߣ ݊݅ݏ ߴ − 1ቁ + ଶ(ᇱߠ)ݎ ߠ  ଶܿ݁ݏ ݏ݋ܿ ൨ߴ  ఈ൰,                                              (20)ܤ

 
∗ߪ      

௦∗ ణ = ቂ−ߠ ݎᇱ ݊݅ݏ ߴ −  
ݎ
ߣ ݊݅ݏ ߠ ݊ܽݐ ߠ ݏ݋ܿ ቃߴ ఈܶ −

ݎ
ߣ ݊݅ݏ  ߠ ݊ܽݐ ߴ ఈܰ

+  ቂߠݎᇱ ݊ܽݐ ߠ ݊݅ݏ ߴ +
ݎ
ߣ ݊݅ݏ ߠ ݏ݋ܿ ቃߴ  ఈ,                                                                         (21)ܤ

 
∗ߪ      

ణ ణ =  − ݏ݋ܿ ݎ ߴ ݊݅ݏ ߠ ఈܶ + ݎ  ݊݅ݏ ߴ  ఈܰ − ݎ ݏ݋ܿ ߴ ݏ݋ܿ ߠ  ఈ.                                                     (22)ܤ
 
From (20), (21) and (22), the coefficients of the second fundamental form are 
 
                                           ݁∗ = ᇱߠ ܿ݁ݏ ߠ ݏ݋ܿ ߴ (1 + ᇱߠݎ ܿ݁ݏ ߠ ݏ݋ܿ (ߴ + ௥

ఒమ  (23)                         ,ߠଶ݊ܽݐ

                                          ݂∗ =  − ௥
ఒ

݊ܽݐ  (24)                                                                                               ,ߠ
                                         ݃∗ =  (25)                                                                                                                 .ݎ
 
      At points where the surface is regular, we can give the following Theorem. 
 
Theorem ૛.  The Gaussian and mean curvatures of the tubular Mannheim partner surface ܵ∗ at 
,∗ݏ)∗ߪ  ,are, respectively (ߴ

∗ܭ                                                       =  ఏᇲ ௦௘௖ ఏ ௖௢௦ ణ
௥(ଵା௥ఏᇲ ௦௘௖ ఏ ௖௢௦ ణ)

 ,                                                                   (26) 
 
∗ܪ                                                       =  ଵାଶ௥ఏᇲ ௦௘௖ ఏ ௖௢௦ ణ

ଶ௥(ଵା௥ఏᇲ ௦௘௖ ఏ ௖௢௦ ణ)
 .                                                                 (27) 

 
Proof.   Replacing (15), (16), (17), (23), (24) and (25) in (10), the Gaussian and mean curvatures 
of the tubular Mannheim partner surface are obtained through a direct calculation. □  
 
Corollary ૚.  The Gaussian and mean curvatures of the tubular Mannheim partner surface ܵ∗ 
satisfy the relation 

∗ܪ                                                                =  ଵ
ଶ

 ቀݎ ∗ܭ +  ଵ
௥
ቁ.                                                               (28) 

 
In particular, ܵ∗ is a linear Weingarten surface (ܭ∗  and ܪ∗ satisfy ܽܭ∗  + ∗ܪܾ   =  ܿ, where ܽ, ܾ 
and ܿ are constants). 
 
Corollary ૛.  The principal curvatures of the tubular Mannheim partner surface ܵ∗ are given by 
 
∗ߢ                                                       

ଵ = ∗ߢ       and         ݎ ∗ܭ
ଶ =  ଵ

௥
 .                                                 (29) 

 
Proof.  Since the principal curvatures are given by   
∗ߢ                         

ଵ = ∗ܪ +  ඥܪ∗ଶ − ∗ߢ             and             ∗ܭ
ଶ = ∗ܪ −  ඥܪ∗ଶ −   ,  ∗ܭ

using (28) we obtain ߢ∗
ଵ = ∗ܪ and from ݎ ∗ܭ =  ఑∗

భା ఑∗
మ

ଶ
  it follows that ߢ∗

ଶ =  ଵ
௥

.                         □  
 
Corollary ૜. The set of points on the tubular Mannheim partner surface ܵ∗ where the Gaussian 
curvature vanishes is given by ݏ-parameter curves  ߴ =  గ

ଶ
 and ߴ =  ଷగ

ଶ
. 
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Corollary ૝.  The set of points on the tubular Mannheim partner surface ܵ∗  where the mean 
curvature vanishes are ݏ)∗ߪ∗, ,ݏ) where ,(ߴ   satisfies the equation (ߴ
                                                    1 + (ݏ)ᇱߠݎ2 ܿ݁ݏ ߠ (ݏ) ݏ݋ܿ ߴ = 0.                                                      (30) 
 
Theorem ૜.  Let ܵ∗ be tubular Mannheim partner surface in ॱଷ. 

(i) The s-parameter curve of ܵ∗ is an asymptotic curve if and only if ߴ =  ଴ satisfies theߴ 
equation 
(ݏ)ᇱߠ             ܿ݁ݏ (ݏ)ߠ ݏ݋ܿ ߴ (1 + (ݏ)ᇱߠݎ ܿ݁ݏ ߠ (ݏ) ݏ݋ܿ (ߴ + ௥

ఒమ (ݏ)ߠଶ݊ܽݐ = 0.           (31) 
(ii) None of the ߴ-parameter curves of ܵ∗ can be an asymptotic curve. 

 
Proof. (i)  The s-parameter curve of ܵ∗ is an asymptotic curve if and only if, at ݏ)∗ߪ∗ ,    ,(଴ߴ
,ߟ〉                                                            ∗ߪ

௦∗ ௦∗〉 = 0     ⇔        ݁∗ = 0. 
The proof follows from (23). 
(ii) The ߴ-parameter curve of ܵ∗ is an asymptotic curve if and only if, at ݏ)∗ߪ∗

଴,   ,(ߴ
,ߟ〉 ∗ߪ

ణ ణ  〉 = 0     ⇔        ݃∗ = 0. 
Since ݃∗ = ݎ > 0, we obtain (ii).                                                                                                         □          
 
Theorem ૝.  Let ܵ∗ be a tubular Mannheim partner surface in ॱଷ. 

(i) None of the s-parameter curves of ܵ∗ are geodesics. 
(ii) Any ߴ-parameter curve of ܵ∗ is a geodesic. 
 

Proof.  (i) A necessary and sufficient condition for an s-parameter curve of ܵ∗ to be a geodesic is 
that, at ݏ)∗ߪ∗,  ,(଴ߴ

∗ߪ ₓ ߟ                                           
௦∗ ௦∗ = 0    ⇔ ∗ߪ)      

௦∗ ₓ ߪ∗
ణ) ₓ ߪ∗

௦∗ ௦∗ = 0, 
which implies  

∗ܧ                                                            
௦∗ = 0                                                                                  (32)  

and 
∗ܧ                                                            

ణ = ∗ܨ2
௦∗.                                                                          (33) 

 
The equations (32) and (33) are equivalent, respectively, to   

                  (1 + ᇱߠݎ ܿ݁ݏ ߠ ݏ݋ܿ ݎ(ߴ ݏ݋ܿ ᇱߠ) ߴ ܿ݁ݏ ᇱ(ߠ +  ௥మ

ఒమ ᇱߠ  ܿ݁ݏ ߠ ݊ܽݐ ߠ = 0,                       (34) 

݊݅ݏ                   ߴ (1 + ᇱߠݎ ܿ݁ݏ ߠ ݏ݋ܿ ( ߴ =  ௥
ఒ

 (35)                                                                       .ߠ ଶܿ݁ݏ 
 

Differentiating (35) with respect to s and substituting in (34), we obtain  
                                                 1 + ᇱߠݎ ܿ݁ݏ ߠ ݏ݋ܿ = ߴ  − ௥

ଶఒ
݊݅ݏ   (36)                                              .ߴ

 
Using (36) in (35), we get ߠ = constant. Since ߠ is not constant, the proof is completed.   
(ii) A necessary and sufficient condition for a ߴ-parameter curve of ܵ∗ to be a geodesic 
is that, at ݏ)∗ߪ∗

଴,  ,(ߴ
∗ߪ ₓ ߟ                                                            

ణ ణ = 0. 
From equations (18) and (22), we have  

∗ߪ ₓ ߟ                                                   
ణ ణ = (ߟ ݎ) ₓ ߟ  = 0.  

The proof follows.                                                                                                                                □              
 
Theorem ૞. The parameter curves of the tubular Mannheim partner surface ܵ∗ in  ॱଷ cannot be 
lines of curvature.  
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Proof.  A necessary and sufficient condition for a parameter curve of ܵ∗ to be a line of curvature is 
that  

∗ܨ                                                                         = ݂∗ = 0. 
From equations (16) and (24), at an arbitrary point ݏ)∗ߪ∗ ,  we have ,(ߴ

∗ܨ                                                        ≠ 0      and       ݂∗  ≠ 0. 
The proof follows.                                                                                                                                □      
                                                                                                                                                                                    
EXAMPLE   
 
      The parametrisation of slant helices that are Mannheim curves, together with an explicit 
example, was intrinsically presented by Çay and Yaylı [28]. Since a slant helix is a Mannheim 
curve if and only if its Mannheim partner is a general helix [34], we present in this section an 
example of a Mannheim pair of this type. The tubular surface is constructed around the partner 
curve and the results established are applied to make explicit some important curves on this surface. 
The tubular Mannheim partner surface and the corresponding curves are illustrated using the 
Mathematica software with ݎ =  ଵ

ହ
 . 

 
Example ૚.  Let (ݏ)ߙ be a Slant-Mannheim curve (Figure 1) given by the parametric equation:  
 
(ݏ)ߙ              = ଵ

ଶ
ቀ݈݊(ܿ݁ݏℎ (ݏ − ,ݏ ℎଶ݊ܽݐ ℎܿ݁ݏ)݊݅ݏܿݎܽ (ݏ + ℎܿ݁ݏ ݏ ℎ݊ܽݐ ݏ , √3 ℎܿ݁ݏ)݈݊ (ݏ +  √ଷ

ଷ
ቁ,    

    
with Frenet apparatus  

      ఈܶ =  
1
2

൫2 ݊ܽݐℎଷ ݏ − 3 ℎ݊ܽݐ ݏ , ,ݏ ℎଷܿ݁ݏ 2 −√3 ℎ݊ܽݐ  ,൯ݏ

                                     ఈܰ =  ଵ
ଶ

൫√3 (2 ݊ܽݐℎଶ ݏ − 1), −2 √3 ℎܿ݁ݏ ݏ ℎ݊ܽݐ ,ݏ −1൯, 

= ఈܤ                                       ଵ
ଶ

൫2 ܿ݁ݏℎଷ ݏ − 3 ℎܿ݁ݏ ݏ , ,ݏ ℎଷ݊ܽݐ 2− √3 ℎܿ݁ݏ  ,൯ݏ

ߢ                                       = ߬            ,ݏ ℎଶܿ݁ݏ 3√  =  − √3 ℎ݊ܽݐ ݏ ℎܿ݁ݏ   ,ݏ
where ݏ < 0.  Its Mannheim partner curve (Figure 1) is the general helix given by  
 

(∗ݏ) ∗ߙ =  
1
∗ݏ) 2 −  ݁ଶ௦∗, ݁௦∗ ඥ1 −  ݁ଶ௦∗ + ൫݁௦∗൯݊݅ݏܿݎܽ ,  ,(∗ݏ 3√

with Frenet apparatus 
                                  ఈܶ∗ =  ଵ

ଶ
൫1 − 2 ݁ଶ௦∗, 2 ݁௦∗ √1 −  ݁ଶ௦∗ , √3൯, 

                                  ఈܰ∗ =   ଵ
ଶ

൫−4݁௦∗ √1 −  ݁ଶ௦∗, 2 − 4 ݁ଶ௦∗ , 0൯, 

= ∗ఈܤ                                    ଵ
ଶ

൫−√3 ൫1 − 2 ݁ଶ௦∗൯, −2 √3 ݁௦∗ √1 −  ݁ଶ௦∗ , 1൯, 

∗ߢ =
݁௦∗

√1 − ݁ଶ௦∗ ,  ߬∗ =
√3 ݁௦∗

√1 − ݁ଶ௦∗ . 
 
Here,  ݏ∗ < 0, with (ݏ)∗ݏ = ݈݊൫ܿ݁ݏℎ(ݏ)൯. 
      Using equation (2), we get the theta function of the pair (ߙ,   given by (∗ߙ
(ݏ)ߠ                                                   = ℎܿݏܿ)݊ܽݐܿݎܽ (ݏ ݏ ∀  , < 0.                                              (37)     
         
The distance between ߙ and ߙ∗ is ߣ = √ଷ

ଷ
. 

     
      Using equation (12), a parametrisation of the tubular surface ܵ with central curve ߙ and that of 
the tubular Mannheim partner surface ܵ∗ with central curve ߙ∗ (Figures 2 and 3 respectively) are 
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,ݏ)ߪ  (ߴ

=  
1
2 ൦

(ݏ ℎܿ݁ݏ)݈݊ − ݏℎଶ݊ܽݐ  + ݏ ℎଶ݊ܽݐ 2) 3√ ݎ  − ߴ ݏ݋ܿ(1 + ݏℎଶܿ݁ݏ 2)ݏ ℎܿ݁ݏ ݎ − 3) ݊݅ݏ ߴ
(ݏ ℎܿ݁ݏ)݊݅ݏܿݎܽ + ൫1ݏ ℎ݊ܽݐ ݏ ℎܿ݁ݏ − ൯ߴ ݏ݋ܿ ݎ 3√2  − ݊݅ݏ ݏ ℎଷ݊ܽݐ ݎ 2 ߴ

(ݏ ℎܿ݁ݏ)3݈݊√ − ߴ ݏ݋ܿ ݎ + ݎ 3√ ℎܿ݁ݏ ݏ ߴ ݊݅ݏ

൪ 

and 

,∗ݏ)∗ߪ  (ߴ =  
1
2 ൦

(ݏ ℎܿ݁ݏ)݈݊ − ݏℎଶܿ݁ݏ  + ߴ ݏ݋ܿ ݏ ℎ݊ܽݐ ݏ ℎܿ݁ݏ ݎ4  + ݏℎଶܿ݁ݏ 2)ݎ3√  − 1) ݊݅ݏ ߴ
(ݏ ℎܿ݁ݏ)݊݅ݏܿݎܽ − ݏℎଶܿ݁ݏ2)ݎ2  − ߴ ݏ݋ܿ(1 + ൫2√3 ߴ ݊݅ݏ ݎ − 1൯ܿ݁ݏℎ ݊ܽݐ ݏℎ ݏ

(ݏ ℎܿ݁ݏ)3݈݊√ + ߴ ݊݅ݏݎ 

൪, 

 
where ݎ > 0 is constant,  ݏ < 0 and ߴ ∈  .(ߨ0,2)
 
      Calculating the coefficients of the first and second fundamental forms of ܵ∗, we obtain 

∗ܧ = ߴݏ݋ܿݎ)] + ଶ(ݏ ℎ݊݅ݏ + ∗ܨ ,ݏ ℎଶܿݏܿ [ଶݎ3 = ∗ܩ ,ݏ ℎܿݏܿ ଶݎ 3√− =  ,ଶݎ
݁∗ = ߴݏ݋ܿݎ) ߴݏ݋ܿ] + (ݏ ℎ݊݅ݏ + ∗݂ ,ݏ ℎଶܿݏܿ [ݎ3 = ∗݃ ,ݏ ℎܿݏܿ ݎ 3√− =  .ݎ

 
The Gaussian and mean curvatures are given by 

∗ܭ =
ߴݏ݋ܿ

ߴݏ݋ܿݎ) ݎ + (ݏ ℎ݊݅ݏ   and ܪ∗ =
ߴݏ݋ܿݎ2 + ݏ ℎ݊݅ݏ

ߴݏ݋ܿݎ) ݎ2 +  . (ݏ ℎ݊݅ݏ
 
     In light of the results found previously, we obtain the following: 
i) Using (19), we show that the singular points of ܵ∗ are the points of the curve (Figure 4),  

s(ϑ) = ln൫√1 + rଶcosଶϑ − rcosϑ൯, where (0, (2/ߨ ∪    .is its domain (ߨ2,2/ߨ3)
ii) From Corollary 3, we show that the flat points on the surface are the ݏ-parameter curves given by 
(Figure 5) 

∗ߪ ቀݏ∗,
ߨ
2ቁ =  

1
2 ൦

(ݏ ℎܿ݁ݏ) ݈݊     + − ݎ 3√2)  − ݏ ℎ²ܿ݁ݏ(1   ݎ 3√ 
(ݏ ℎܿ݁ݏ)݊݅ݏܿݎܽ +  ൫2√3ݎ −  1൯ܿ݁ݏℎ ݊ܽݐ ݏℎ ݏ

(ݏ ℎܿ݁ݏ)3݈݊√ +  ݎ 
൪, 

∗ߪ ൬ݏ∗,
ߨ3
2 ൰ =  

1
2 ൦

ℎܿ݁ݏ)݈݊   (ݏ −  ൫2√3 ݎ +  1൯ܿ݁ݏℎଶݏ +  ݎ 3√ 
(ݏ ℎܿ݁ݏ)݊݅ݏܿݎܽ −  ൫2√3 ݎ +  1൯ܿ݁ݏℎ ݊ܽݐ ݏℎ ݏ

(ݏ ℎܿ݁ݏ)3݈݊√ −  ݎ 

൪. 

iii) Using (37) in (30), we find that the points that nullify the mean curvature lie on the curve given 
by the equations (Figure 6):  
 

(ߴ)ݏ = ݈݊(√1 + ߴ ଶݏ݋ܿ ଶݎ4  − ݎ2 ݏ݋ܿ ߴ   where   ,(ߴ ∈ (0, (2/ߨ ∪  ,(ߨ2,2/ߨ3)

∗ݏ)∗ߪ , (ߴ =  
1
2 

⎣
⎢
⎢
⎢
⎢
⎢
⎡−

1
2 ݈݊(1 + (ߴ ଶݏ݋ܿ ଶݎ4 + 

(1 − ൫2(ߴ ଶݏ݋ܿ ଶݎ4 + ݎ 3√ ݊݅ݏ ൯ߴ − 3
1 + ߴ ଶݏ݋ܿ ଶݎ4  

݊݅ݏܿݎܽ ൬
1

√1 + ߴ ଶݏ݋ܿ ଶݎ4
൰ +  

ߴ ଷݏ݋ܿ ଷݎ8 − ଶݎ3√2 (ߴ2)݊݅ݏ
1 + ߴ ଶݏ݋ܿ ଶݎ4

−
√3
2 ݈݊(1 + (ߴ ଶݏ݋ܿ ଶݎ4 + ݎ  ݊݅ݏ ⎦ ߴ

⎥
⎥
⎥
⎥
⎥
⎤

. 
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iv) Substituting (37) in (31), we show that an s-parameter curve is an asymptotic if and only if there 
exists ߴ =    constant satisfying the equation ₀ߴ 
 
ݏ݋ܿ                                  1) ߴ + ݎ ℎܿݏܿ ݏ ݏ݋ܿ (ߴ + ݎ 3 ℎܿݏܿ ݏ = ݏ ∀       ,0 < 0.                               (38)   
        
Note that (38) is a quadratic equation in ܿߴ ݏ݋  that has no solution for ߴ = > ݏ ∀  and ₀ߴ   0. 
Therefore, none of the s-parameter curves of ܵ∗ is an asymptotic curve.  
v) Consider ݏ = ₀ݏ =  ݈݊(√2 −  1)  in the surface parametrisation. Thus, we obtain a geodesic 
given by the ߴ-parameter curve with equation (Figure 7)  
 

∗ݏ)∗ߪ
଴, (ߴ =  

1
2 

⎣
⎢
⎢
⎢
⎢
⎡  −

1
2 ݈݊ 2 −  

1
2 − ݎ 2 ݏ݋ܿ  ߴ

ߨ
4 +  

1
2 −  √3 ݊݅ݏ ݎ ߴ

−
√3
2  ݈݊ 2 + ݎ ݊݅ݏ ߴ ⎦

⎥
⎥
⎥
⎥
⎤

∋ ߴ    , (0,  .(ߨ2

 
 

                                     
           Figure 1.  Mannheim pair (ߙ,                                                                                                                                                              Figure 2.  Tubular surface S                                 (∗ߙ

                                                     
          Figure 3.  Tubular Mannheim partner surface ܵ∗                  Figure 4.  Singular points 
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        Figure 5.  Flat points ߴ =  గ

ଶ
ߴ ݀݊ܽ  =  ଷ గ

ଶ
                       Figure 6.  Points where mean  

                                                                                                 curvature vanishes 
                    

                                                      
                                                Figure 7.  Geodesic at ݏ଴ = ݈݊൫√2 − 1൯ 

 
CONCLUSIONS  
     
      Motivated by the study presented by Bilici and Köseoğlu [14], we investigate tubular surfaces 
whose central curve is a Mannheim partner curve, referred to as tubular Mannheim partner surfaces. 
Using the properties and relationships between a Mannheim curve and its partner described by 
Orbay and Kasap [27], we calculate the coefficients of the first and second fundamental forms in 
terms of the arc-length parameter of a Mannheim curve and the radial parameter of the tube. We 
analyse the regularity of the surface and compute its Gaussian, mean and principal curvatures. 
Moreover, we demonstrate that these surfaces are Weingarten surfaces, as shown in Corollary 1. We 
also investigate the conditions under which the coordinate curves of this surface can be asymptotic 
lines, geodesics or lines of curvature. Finally, we present an explicit example of a Mannheim pair 
with their respective Frenet apparatus and the tubular surface constructed around the partner curve, 
analysing this surface in light of the results obtained.  
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