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Abstract: The unique continuation property for solutions of second-order elliptic equations
has been widely studied owing to its fundamental role in partial differential equations and
related fields. While extensive results are available for strictly elliptic operators,
comparatively little is known in the degenerate setting. In this paper we establish a strong
unique continuation property for a class of degenerate elliptic operators involving potentials
in the Kato class. The analysis is carried out under minimal regularity assumptions and the
results extend several known contributions in the literature. In particular, we show that
solutions that vanish in a neighbourhood, or satisfy appropriate vanishing conditions, must be
identically zero. The theoretical findings are further supported by an illustrative example,
highlighting the behaviour of solutions and confirming the robustness of the unique
continuation property even in the presence of degeneracy and singular potentials.
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INTRODUCTION

In his work “Schrodinger semigroups”, Simon [1] conjectured that the operator L = —A +V
satisfies the unique continuation property when the potential ¥V belongs locally to the Kato class
Kj5.. More precisely, if Q € R" is a connected open set, then any solution u of Lu = 0 in () that
vanishes on a non-empty open subset {1, € () must be identically zero. This conjecture was
positively resolved by Fabes et al. [2] in the case where V € K., n = 3, is a radial function.

In the present work we extend the result of Ling [3] for the class of operators

Lu = —div(Ju|P~2Vu) + V|ulP~?u + f(x,u, Vu),p = 2, (D
where u: 0 = R®, s > 1 under the following assumptions:
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(i) V € K. is a radial function,
(i) | fx,u, Vu) ISIb(xX) 1l u P72 Vu |,
(iii) for every x, € Q, there exists ry > 0 and an increasing function h: (0,75) = R*such

that
Toh
jﬂdr<oo
) T
and
h — Xg |
by 1= cPUX %D o
[ x—x¢ |

Here, By, (xo) denotes the ball centred at x, with radius 7;.
The first work addressing the unique continuation property for such operators is by Ling [3],
who proved that if u € Wlf)cz (Q) is a solution of
—div(lu P2V +V | ulP?2u=0
with V € L (), and if

j | u [20-D= 0(rN), VN > 0,
0By (xo)

then u = 0 in Q.
Since L € K™, our results generalise those of Ling [3]. We recall that a measurable
function V belongs to the Kato class K™ (Q)), n > 3, if

j V()|
|

lim sup
_ v [n-2
x—y|<rI x=Yy |

720 xeQ

dy = 0.

Moreover, V € K. (Q) if this condition holds locally. It is well known that L} . c K for p > n/2
while the two classes are generally incomparable when 1 < p < n/2. We also note that Aizenman
and Simon [4] showed that the natural functional setting ensuring the continuity of solutions to the
equation
Lu=Au+Vu=20

is given by the Kato class. This result was later extended by Chiarenza et al. [5] to more general
operators of the form

Lu = —div(A(x)Vu) + Vu,
where A(x) is a uniformly elliptic matrix with bounded measurable coefficients. Several related
results have been obtained in the literature [5-13].

In what follows, we assume that n = 3. Due to the local nature of the problem, we restrict
our analysis to a fixed ball centred at the origin, namely the unit ball B,. More generally, we denote
by B, the open ball centred at the origin with radius 0 < r < 1. We assume that the potential V €
K™(B,) is radial, i.e. V(x) = V(| x |) for all x € B;. According to Proposition 4.10 of Aizenman
and Simon [4], the condition V € K™(B,) is equivalent to

To
e(ry) = j r g(r)dr < o, Vry € (0,1),
0

where g(r) =V (r) I.
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STATEMENT OF RESULTS

In this section we consider solutions of the operator
Lu=—div(lu P 2Vuw)+V Iu P2 u+ f(x,uVu),p = 2
under the assumptions (1), (i1) and (iii).

Theorem 1. Letu € Wlf)cz (B;) be a continuous solution of the above equation in B;. Then there
exists 1y > 0, depending only on the local properties of V and b, such that if there exist constants
A, a > 0 satisfying
A
2(p-1) = _
jB [ul dx =0 (exp [ raE(To)]) asr — 0.

Thenu =0 in B,,,.

To prove this theorem, we follow the approach of Fabes et al. [2], which is based on
geometric and variational techniques [14,15]. The main idea is to derive quantitative estimates for
the solutions of the operator L, which provide detailed information about the behaviour of their
zeros. More precisely, we obtain the following result.

Theorem 2. Letu € Wlf)cz (B,) be a continuous solution of equation (1) in B;. Then there exist
1o > 0 depending on the local norm of V, a constant ¢ = c¢(n) > 0, a constant B > 0 depending on
u, r, and the local properties of V and b, and a constant § > 0 depending on n and the local
properties of V and b, such that if u = 0 in B, for all r € (0,7y/2), then

B
20-1) dy < [_]j 20-1) (.
jB [ul X < Cexp |- gees BTI u | X

2r

Theorem 3. Let u € W,>*(B;) be a solution of (1) in By, with V € L®(B,) and f = 0. Then there

C
exists ry > 0, depending on the L*-norm of V, such that if

| u [?®=D dx = 0(rV), VN > 0,
By
asr — 0,thenu = 0in B, .
The proof of Theorem 3 is based, among other arguments, on quantitative estimates of the
solutions of the operator L, which provide information about the structure of their zero sets. More
precisely, we have the following result.

Theorem 4. Letu € Wlf)cz (B;) be a solution of (1) in By, with V € L*(B;). Then there exists 1y >
0, sufficiently small and depending on the L*-norm of V, such that

j lu PP Ddx <c| [ul?PDdx, VR € (0,7,/2),
B3R BR
where the constant ¢ does not depend on R.

Remark. Observe that the continuity assumption on the solution u is no longer required in

Theorem 3.

PROOF OF RESULTS

Letu € Wlf)cz (B;) be a solution of
Lu=—div(lulP2VW) +V IulP 2 u+ f(x,u,Vu),p = 2.

For a ball B, centred at the origin with radius 0 < r < %, we define
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H(r) = j w?u?do,
dB,

D(r)=(p—-1)| w?|Vul|?dx,

By

IN=(mE-1 WZIVuIde+j

By By

Vuzwzdx+j wuf (x, u, Vu)dx,

By
where w =| u |P~2.

Proposition 1. Letu € Wlf)cz (B;) be a continuous solution of equation (1). Then there exists ry >
0, which is sufficiently small and depends on the local properties of V and b such that either

H(r)+0 vre(0,r)

or
u=0inB,,.
The proof of this proposition relies on the following well-known inequality:
u? 1
jB de <c, [;faBruz do+ fBr | Vu |2 dx], 2)

which is valid for all u € C*(R™) and r > 0, as well as on the following lemma.

Lemma 1 [2]. LetV € K™. Then there exists a constant c,, > 0, depending only on n, such that for
allu € C*(R™) and all r > 0,

fBr |V lu?dx < c,n(r) EfaBruz do+ fBr | Vu |2 dx], €))

V() |
77(r)=supj| | Ldy
x=yI<r

where

xER™ lx—yn=2""
Proof of Proposition 1.

Assume that H(r,) = 0 for some sufficiently small r, > 0. Since u is continuous, it follows
that
u=0on 0B,,.
By the divergence theorem, we have

w2uVu-vdo =(p—1) w? | Vu |? dx + Vw?u?dx + wuf (x,u, Vu)dx, (4)
0By, By, By, By,
0 0 0 0

X
where v = —.
[x|

Since u = 0 on 9B, the left-hand side of (4) vanishes. Hence

-1 WZIVuIde+j

Br, B

Vw?u?dx +j wuf (x,u, Vu)dx = 0.

7o BTO

Using the assumptions on V and b, together with the inequalities (2) and (3), we obtain the
estimates

I | wuf(x,u,Vu)dx | < C;(n,p)h(ry) | w?|Vul?dx
By, By,
and

j Vw2uldx < C,(n,p)n(ry) | w? | Vu |? dx.
By, By,

Therefore,
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j w2 | Vu |2 dx < C3(n,p)8(ry) | w? | Vu |? dx,
B

7o BTO

where

6(r) =h(r) +n().
Since lim,_,, §(r) = 0, it follows that
j w2 | Vul?dx=0
B.

To
for sufficiently small .

Hence u is constant in B, . Since u = 0 on 0B, , we conclude that

u = 0in By,.

We now introduce the frequency function
N = ri(r)
(T) - H(T)

and define
Qy, ={r € (0,15): N(r) > max(1, N(7y))}.

Corollary 1 [16]. The function r = N(r)is absolutely continuous on (0,7,) and therefore
differentiable almost everywhere. Consequently, (), is an open subset of R and can be written as

e}

o = J@b)  @b)ca,

j=1
Lemma 2. Let u and 1y be as in Proposition 1. Then there exists a constant ¢ > 0, depending only
on the local norm of V' such that
D(r) < cI(r), vr € Q,,.
Proof. We have
V w?u?dx + j wuf (x, u, Vu)dx,

By

I((r)=D(r)+ j
B,
which implies

|V Iw?u?dx +j | wuf(x,u, Vu) | dx.

By

D(r) < I(r) +j

By

As in the proof of Proposition 1, we obtain
H(r
D(r) < I(r) + C(n p)8(r) [¥ + D(r)].

On the other hand, since r € Q, , we have N(r) > 1. Hence

@ < I(7).

Therefore,
D(r)<I(r)+C(n,p)d(r)(U(r) + D(1)).

Choosing r < 1, sufficiently small, we obtain
D(r) < cl(r).

Lemma 3. We have

H' (r) = nTH(r) +2(p = DI

Proof. Letv = lz—l By the divergence theorem,
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2,,2
wiu
H(r) =j W2u2d0=j V(w?u?)-vdx + (n—1) dx.
0B, By A | x|
Expanding the gradient term yields
w2u?
Hr) =2(p—1) | w?uVu-vdx+ (n—1) ] dx.
By

By
Differentiating with respect to r, we obtain

T — _ 2 ) n 2,2
H@r) =2(p-1) w uVu-vdo + w*u”do.
9B, r  Jas,

Using again the divergence theorem,
j w2 uVu -vdo = I(r),
0B,

hence

H' () = 2(p — DI(F) + nTH(r).

Lemma 4. We have

I'(r) = nTI(r) +2(p-1) | wh(Fu-v)ido

+j szuzda+j wuf (x,u, Vu)do
0Br 0By

2(p—1
j V w?u?dx —M
B

r r B,

j 2(p—1)
wuf(x,u, Vu)dx — - (Vu - x)wf(x,u, Vu)dx.

T By

n—2

" (Vu - x)V w?udx

n—2

Proof. From the definition,

IMN=(mE-1)] w?|Vul?dx +j V w?u?dx +j wuf (x, u, Vu)dx,
By By By
differentiating, we obtain

I'n=mE-1 WZIVu|2d0+j

0Br 0By

Vw?u?do + j wuf (x,u, Vu)do.
0B,
Using the identity

1 n
j WZIVu|2d0=—j V(WZIVuIZ)-xdx+—j w? | Vu |? dx,
0B, rJp, T Jp,

and applying the divergence theorem together with standard computations, we obtain

n—2
j WZIVu|2d0=—j W2|\7u|2dx+2j w2 (Vu-v)?do
8B, r Jp, a

By

2
—;j w(Vu - x)div(wVu)dx.
B,

Using the identity
diviwVu) = Vwu + f(x,u, Vu),
and substituting into the above expression, we obtain the desired formula for I’ (7).
Lemma 5. Let N(r) be defined by
ri(r)

N(r) = H(r)
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Then there exist constants ¢ > 0, depending only on the local properties of Vand b, and L > 0,

depending on u and the local properties of V and b, such that

N(r) < vr € (0,1,).

ree(ro)’

Proof. We first observe that
j Vu?w2do < cg(r) H(r)
4B,

and, forr € Q,,
H(r) <rl(r).
Hence

j Vu?w?do < crg(r) I(r).
0B,
On the other hand,

|V IuPw2dx + | | wuf(x,u,Vu) | dx < c6(r) (£+D( ))

By By

Using Lemma 2, we deduce

n—2 6(r)
— [V | ulw?dx + | |wuf(x,u,Vu) | dx C—I( ).
By By
Define
Iy =D()+ | |V Iu*w?dx + | | wuf(x,u,Vu) | dx.
By By
Then
Ir) <I(r) <CI(r), VreQ,.

Moreover,

1(r) =j w2 uVu - vdo.
9B,

We estimate the term involving V:

2(p—1) (p

| B(Vu-x)Vudexl< ) j pe(@Iydp <2F =Dy j pg()dp.
Thus, '

|| (Vu-x)Vuw?dx |< CQI(T)

By

2p—1)

We now estimate the terms involving f (x, u, Vu). For this, we use the inequality
j w2 | Vu |?do < Cj w? (Vu - v)3do.
0By [i):

Furthermore, by the Cauchy-Schwarz inequality,

1/2 1/2
Ir)<C (j w2 (Vu - v)2d0> (j w? u2d0> :
0B, 0B,

Using H(r) < rl(r), we obtain
I(r) < er w? (Vu - v)3do.

9B,

Case 1: Assume that
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2
j Wz(Vu-v)zj W2u2S2<j qu(Vu-v)> :
0B, 0B, 0B,

| wuf (x,u,Vu)do | < CQI(T)

9B,

Then

Using Lemma 4, we obtain
I -2 2(p-1
Q) S22, -1
I1(r) r I(r)  Jag,
Combining this with Lemma 3, we deduce

NI
N((:)) > —C (rg(r) +?)

w2 (Vu-v)2-C (rg(r) + Q)

Case 2: Assume that

2
j Wz(Vu-v)zj W2u222<j qu(Vu-v)> :
0B, 0B, 0B,

| wuf (x,u,Vu)do | < Ch(r )( ) j w? (Vu-v)2>.

9B,

Then

Proceeding as before, we obtain

IIVV’((T)) >—C (rg(r) + ﬂ)

Conclusion: Let (a;, b;) < Q, . Integrating over (r, bj), we obtain

N(b: To b:
n N((r])) > —c (jo pg(p)dp + e(ro)ln%)

Thus,

\ €&(ro)
N(r) < N(b;) ecsr) (7’> :
Since N (b;) < max(1,N(r,)), we conclude

N(r) Sm

for some constant L > 0.

Proof of Theorem 2. From Lemma 3 and the definition of N(r), we have

d ( Hr)\ H(@) n-1 I(r) N(r)
E(l r”‘l)_H(r)_ e _1)11()‘2( p=D——

Integrating the above identity between R and 2R, with 0 < 2R < rO, we obtain

In (21 i H((R))) 2(p - DJZR

Using Lemma 5, we deduce

1-n_* ‘7)< - < ————R~¢e0),
In (2 H(R) ) <2(p DJR rl+ce(ro) dr < ce(ry)

Therefore,

B
H(2R) < 2" Texp (R_ﬁ) H(R), VR € (0,75/2),
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where
2(p — 1)L
B - -1
ce(ry)

,B = ce(ry).

Since

w?u?do = j | u |2(P~1) dg,
0B

H(R) = j

dBR
we obtain, by integration,

)

Proof of Theorem 1. Let 1) be as in Theorem 2 and let r € (0,7y/2). Assume that

B
| u 12D dx < Cexp (R_ﬁ)j | u [?®=D dx, VR € (0,75/2).
Br

2R

u=0in B,.
Using the estimate from Theorem 2 iteratively, with ry = %0, we obtain
B
j | u 2P~V dx < Ckexp [—ﬁ 1428+ 4+ Zkﬁ)]j | u 2P~ dx.
BT1 rl BT12_k

We rewrite this as

j | |2?~D dx < Ckexp[
B

r1

B
- -k
m(1+2 '8++2 '[g):llBrlz—k |y

7
X— | u |2~V dy,
| Brlz_k " B 2k

where y > 0 is to be chosen.
Choose y such that 2™ = C. Then

B’ 1
| u [2P~D dx <| B, " ex j | u |2®=D dy.
-[B n P (r27K)8 ]| B, ok 1 Jg Sk
1

r1

Assume that

A
2(p—1) — —
e ofen]- )
with A = B and a > .
Letting k — oo, we conclude that

u=0imnB,.

To prove Theorem 3, we will need an additional result. Note that in Theorem 3 we do not assume
that the solutions of
Lu=—div(lu P 2Vu)+V lu P2 u+ f(x,u,Vu)
are continuous. The following result allows us to remove the continuity assumption.
Proposition 2. Letu € ngf (B;) be a solution of
Lu=—div(lulP2VW) +V IulP 2 u+ f(x,u,Vu),p = 2.
Then there exists 0 < 1y < %, depending only on n,p and || V' [[; such that
j utw? < rj u?w?,  vre (0,r).
B.

. 0B,

Proof. We adapt the argument of Garofalo and Lin [14, p.261]. By the divergence theorem,
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div(w?uVu)(r?—| x |?) = —j

By

w2uVu -V(r?—|x |?) = 2] w2 uVu - x.
By By
It is straightforward to verify that
V(w?u?) = 2(p — DHw?uVu,
and hence
(p—1) | div(w?uVu)(r?—|x |?) = j V(w?u?) - x.
By By
Applying again the divergence theorem, we obtain

XX
jV(quz)-x=j quz——nj W2u2=rj quz—nj w2 u?,
B 9B, | x| By 9B, B

T T

Thus,
-1 | div(w?uvu)(ri—| x |?) = rj w2u? — nj w2 u?,
B, B

By .
On the other hand, since u is a solution, we have
diviwVu) = Vwu,
which implies
diviw?uVu) = (p — Dw? | Vu |2+ Vw2u?.
Combining the above identities yields
rj w2 u? —nj w2u? = (p— l)zj w2 Vul2(?=lx1)+@-1)| Vw2u?@?*—lx1?).
0By B

r By By

Therefore,

T-LBTWZ u? > jB w2u?ln+ (p— V(2= x 1?)].

Let I V llpo=Il V ll (g, ,) and choose 1 € (O,%) such that
5 n—1
ry < :
@=D IVl

Then for all r € (0,7p9) and | x |< T,
n+(@-DVEi-lx1)=2n—p-DIVier?2=2n—>(p-DIVl~ri=>1
This completes the proof.

Corollary 2. There exists 1y > 0, sufficiently small and depending only on || V |[;~, such that
either
H(r) # 0, vr € (0,1y),
or
u = 0in By,.

Proof. Assume that H(ry) = 0 for some sufficiently small r, > 0. Then by Proposition 2,

w?u? <ryH(ry) =0,

Br,

which implies u = 0 in B,,,.

Proof of Theorem 4. Let I(r), N(r) and {,, be defined as before. By Corollary 2,

o, = Jea b
j=1

and
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N'(r)
N(r)

= A(r) + B(r).
Using the identity
I(r) = j w2uVu - v
0B,

and the Cauchy—Schwarz inequality, we obtain

I(r) < (LB w? u2>1/2 (LB w2 (Vu - v)2>1/2.

Hence
A(r) =0,
and therefore
N L
NGy = B

A careful estimation of the terms involving V shows that there exists a constant
K= K(n,p; ” V ”LOO,T()) > O

such that
B(r) = —K.
Thus,
NI
(r) >k
N(r)

148

which implies that N (r)eX" is increasing on each interval (a, b). Consequently, N (7) is bounded on

(0,79).
From this, we deduce
H'(r) _n- 1 2(p—1)N(r) <€
H(r) r r - r
for some constant ¢ > 0. Integrating over (R, 2R) < (0,1,), we obtain

H(2R) < H(R),

and therefore

j | u |2P-D< g | | ul?2e-D,
B2r BR

Proof of Theorem 3. By iterating the previous inequality, we obtain

j | u |2(P—1)S 5kj | u |2(P—1)_
B

2R BRZ_k
Assume that

| u [2P-D=0(N),vN > 0,asr = 0.
By

Let @ > 0 be such that ¢27"% = 1. Then
j | u |2P-D< (wan)a;j | u |2(@-D),
B |BR2—k |a BR

2R 2k
Letting k — oo, we conclude that

u = 01n Byg.
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APPLICATION: EXAMPLE WITH DEGENERATE ELLIPTIC EQUATION

In this section we present an example illustrating the applicability of the unique continuation
results established in this paper. Let us consider the following degenerate elliptic problem in the
unit ball B; € R*, n > 3:

—div(lu IP2Vu) +V(x) lulP"2u=0in By,

where p = 2 and the potential IV belongs to the Kato class K,, and is radial, i.e. V(x) = V(I x |).

Sample Problem. Assume that
e V(x)= | ! with € > 0 sufficiently small so that V' € K,,,

x|21n1+£(x)
e UE W}ﬁf (B,) is a weak solution,
o there exists ry > 0 such that

u(x) = 0 for all x € B,

Claim. Under these assumptions, the unique continuation property implies that
u=0inB,.

Proof. Since V(x) = belongs to the Kato class for sufficiently small € > 0, all the

__r
[x2In1+€(x)
assumptions of Theorem 1 are satisfied. Moreover, the condition u = 0 in B, implies that for any
r<ry,
lu 2@~ dx =0,
By
which satisfies the vanishing condition required in Theorem 1. Therefore, by applying Theorem 1,
we conclude that
u = 0 in a neighbourhood of the origin.
By the connectedness of B; and standard continuation arguments, this implies
u = 0 in the whole domain B;.
We note also, by using the inequality in Proposition 1,

2
f |§cl|2 dx < cy | [, u? do+ [, 1Vu 2 dx],
B.

r

we obtain the same results in Theorem 1 by taking V(x) = # ¢ K,.

Interpretation. This example shows that even in the presence of a singular potential such as
V(x) = m € K,,, € > 0, the strong unique continuation property still holds. In practical

terms, this means that if a solution vanishes in a small region, then it must vanish everywhere
despite the degeneracy and singularity of the operator.

Such results are particularly important in inverse problems (uniqueness of recovered
potentials), control theory (propagation of influence), and mathematical physics (models with
singular potentials). This example clearly demonstrates the strength and applicability of the
theoretical results obtained in this paper.
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NUMERICAL ILLUSTRATION AND INTERPRETATION FOR MORE SINGULAR

POTENTIAL : V(x) = —

%12

In order to further illustrate the theoretical results, we consider a simple radial example and
analyse the qualitative behaviour of solutions. As shown in Figure 1, the behaviour of the solutions
differs significantly depending on the exponent.

1750 — ol =pa

) =5
1500 -

1250 4

1000 -

uin

750 1

200 4

230 -

Figure 1. Qualitative behaviour of radial solutions

The figure illustrates the qualitative behaviour of solutions of the equation

n—1
—u”(r) _ -

u'(r) + j—zu(r) =0 (5)

for different values of the exponent . The curve u(r) = r%+(solid line) represents a regular
solution that smoothly vanishes at r = 0. The curve u(r) = r%-(dash line) represents a singular
solution that blows up near the origin. This figure highlights the fact that any solution that is zero in
a neighbourhood must correspond to the trivial case u = 0, confirming the strong unique
continuation property. (Note: The graph can be generated by plotting r*+ and r*- for r € (0,1).)

Model Problem. Let us consider the equation:

—div(l u IP72 Vu) + |ul”"?2u=0inB, c R",

| x |2
with p = 2 (linear case for simplicity) and A > 0. Assuming radial symmetry, i.e. u(x) = u(r),r =
| x |, the equation reduces to the ordinary differential equation:

n—1
—u”(r) _ -

u'(r) + izu(r) =0.
r

Explicit Solution Behaviour. We look for solutions of the form:
u(r) =r<.
Substituting into (5) gives
—a(a—1Dr* 2?2 —(n—Dar* 2+ 1r® 2 =0.
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Dividing by r*72, we obtain
ala+n—-2)=A
Thus, the exponents satisfy

—(n—-2)+(n—2)2+441
a = ) .

Interpretation of Solutions. If 1> 0, then two real solutions exist. One solution behaves like
r%+(regular near the origin) while the other behaves like r*-(singular near the origin).

Graphical Insight (Qualitative). The function u(r) = r%+ approaches zero as r — 0, whereas
u(r) = r% becomes unbounded near r = 0. Now suppose that
u(r) = 0 forr < 7.
From the representation u(r) = Cr¢, it follows that C = 0. Hence
u(r) =0.

Connection with Unique Continuation. This explicit computation confirms the theoretical result:
. . . 1 . . .
Even in the presence of a singular coefficient = 2 solution cannot vanish in an open subset unless

it is identically zero.

Numerical Perspective. If one approximates the solution numerically (for example using a finite
difference method), any non-zero initial condition leads to a non-zero solution throughout the
domain, whereas only the trivial initial condition yields the zero solution. Thus, numerical
observation also supports the strong unique continuation property.

Conclusion of Example. This example demonstrates that the theoretical results are consistent with
explicit solutions. Moreover, the behaviour can be visualised and approximated numerically, and
the unique continuation property remains valid even in the presence of degeneracy and singularity.

CONCLUSIONS

We have established strong unique continuation properties for a class of degenerate elliptic
operators involving non-linear structures and potentials belonging to the Kato class. The results
extend and generalise several known contributions in the literature, particularly under weak
regularity assumptions. The main contribution is to show that solutions vanishing on a non-trivial
subset must vanish identically, even in the presence of singular potentials. The illustrative example
confirms that the theoretical findings are consistent with explicit and qualitative solution behaviour.
The numerical interpretation further supports the analytical results.

Future research directions include extending these results to more general non-linear
operators, investigating time-dependent problems, studying quantitative unique continuation
estimates, and developing numerical simulations. Applications to inverse problems also represent a
promising direction for further study.
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