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Abstract: This study addresses the challenge of outliers in sample surveys, a common issue
that can distort results and lead to inaccurate conclusions. To tackle this problem, researchers
have developed various robust regression techniques including least trimmed squares, least
median of squares, least absolute deviations, Huber’s, Hample’s and Tukey’s maximum
likelihood estimators, and Huber’s maximum likelihood estimator for location and scale
estimators. We propose a new approach: minimum covariance determinant-based ratio
estimators for estimating the population mean in sample surveys. To assess the performance
of the proposed minimum covariance determinant-based estimators, we derive their mean
square error expressions and determine the conditions under which they surpass existing
estimators in efficiency. To validate our theoretical findings, we conduct a numerical
illustration using real-world data and perform simulations with R-Programme software. The
results demonstrate that our method effectively handles outliers and improves the overall
accuracy of survey-based estimations, making it a valuable tool for researchers working with
sample survey data.

Keywords: ratio estimators, robust regression, minimum covariance determinant estimate,
mean sqaure error

INTRODUCTION

Many researchers assume that the error term in regression analysis follows a Gaussian
(normal) distribution and use the least squares estimation (LSE) method to estimate regression
parameters. However, in practice even if the normality assumption is accepted, residuals often do
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not follow a normal distribution. In particular, outlier observations or observations suspected of
being outliers tend to violate the normality assumption, leading to biased (incorrect) parameter
estimates when using the LSE method. To address such issues, researchers increasingly rely on
robust methods, which have been widely used in recent years. Maximum likelihood estimators are
called M-estimators in the literature and these M-estimators are commonly used robust methods.
The M-estimator is a generalised version of the maximum likelihood estimation, and the LSE
method itself is also known as an M-estimator. The M-estimator method iteratively obtains
parameter estimates by minimising an appropriate objective function for the given data set.
Specifically, when there are outlier observations in the dependent variable Y, the Huber-M and
Tukey-M estimation methods often provide better results than the LSE method [1]. Outliers and
data contamination can substantially affect the accuracy of classical estimation methods, making
robust statistical techniques essential in practical applications. Robust regression techniques have
been extensively studied in the literature to address the influence of outliers. Notably, Mitra et al.
[2] provided a comprehensive treatment of key methods and their theoretical foundations. Over the
years, various robust regression methods including M-estimators, scale (S)-estimator and minimum
covariance determinant (MCD)-based approaches have been developed to improve efficiency and
reliability under contamination. These studies highlight the importance of robust methods in
mitigating the impact of atypical observations while maintaining desirable statistical properties.
Building on this foundation, the present study proposes multivariate MCD-based estimators using
two auxiliary variables under simple random sampling, providing a novel extension of existing
robust estimation frameworks. In multiple linear regression analysis based on the LSE method, a
high correlation between independent or predictor variables can lead to the issue of multi-
collinearity [3]. It has been reported that this multicolinearity problem reduces the reliability of
estimates by increasing the standard errors of the regression coefficients [3, 4]. As a result, although
LSE estimates remain unbiased in a model affected by multicolinearity, interpreting the effects of
predictor variables becomes challenging.

Robust regression techniques are designed to minimise the influence of outliers when
estimating model parameters. By reducing the effect of extreme data points, these methods help the
model better identify underlying patterns, leading to less bias and more trustworthy parameter
estimates. This makes them especially useful in research where data might be affected by
measurement errors or inconsistencies.

In sampling theory outliers negatively affect the estimators. Recently robust regression
methods and robust covariance estimates have been frequently used to reduce the negative effect
caused by outliers. For example, Kadilar and Cing1 [5] proposed ratio estimators using Huber-M
estimates. Zaman and Bulut [6] proposed ratio estimators using various robust regression methods.
Shahzad et al. [7] provided a class of ratio estimators in the case of missing data using robust
regression and covariance estimates. Bulut and Zaman [8] extended the estimators provided by
Zaman and Bulut [6] by utilising MCD robust covariance estimation. Yadav and Prasad [9]
presented exponential estimators using robust regression methods in the presence of outliers.

Zaman et al. [10] proposed the estimators by considering least trimmed squares (LTS), scale
(S), least median of squares (LMS), and Huber-M estimators in two auxiliary variables. Shahzad et
al. [11] provided an MCD estimate with quantile regression to develop quantile-regression-type
mean estimators and demonstrated that these estimators outperform existing alternatives in both
simulation studies and real-data applications. Durrani et al. [12] introduced robust exponential ratio-
type variance estimators using MCD and minimum volume ellipsoid techniques, consistently
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showing lower mean squared errors across theoretical, simulation-based and empirical evaluations.
Kalina [13] presented a minimum-weighted covariance determinant estimator and proposed
stronger multivariate adaptations. Subzar et al. [14] proposed robust ratio estimators based on
Huber’s M-estimation for simple random sampling. Rather et al. [15] introduced a ratio-type
estimator that employs the undesceding kernel redescending M-estimator, which demonstrates
strong performance even in the presence of extreme contamination in the data. Ahmed et al. [16]
proposed robust ratio estimators designed to improve efficiency under skewed or contaminated
distributions. Shahzad et al. [17] presented robust ratio estimators for mean estimation under
missing data conditions. Subzar et al. [18] suggested that robust regression approaches such as least
absolute deviations (LAD) and M-estimators can substantially improve the efficiency of ratio
estimators in contaminated data sets. Zaman [19] presented ratio estimators based on robust
regression, outperforming earlier robust designs. Raza et al. [20] provided regression-based ratio
estimators using redescending M-estimators, demonstrating that these robust approaches yield more
reliable population parameter estimates in the presence of outliers.

Zaman and Bulut [21] proposed a family of ratio estimators to estimate population means
using robust regression methods such as Huber’s maximum likelihood estimator for location, LTS
and LMS in double sampling. Zaman and Bulut [22] presented efficient robust-type estimators for
population variance under simple and stratified random sampling. Grover and Kaur [23] introduced
an estimator, which is enhanced in this paper by applying Searls' technique to develop a more
robust population mean estimator in simple random sampling without replacement. Gulzar et al.
[24] proposed two new classes of exponential-cum-ratio estimators for estimating finite population
mean using dual auxiliary variables, demonstrating their superior efficiency over existing estimators
through mean squared error (MSE) comparisons, simulation, robustness studies and empirical
analysis with real data sets. Anas et al. [25] presented a modified class of ratio-type regression
estimators for estimating the population mean under simple random sampling in the presence of
missing data, incorporating quantile regression to address extreme observations and improve the
efficiency of estimators.

Zaman et al. [26] proposed ratio estimators which incorporate robust techniques to enhance
the use of auxiliary variables for estimating the population mean in simple random sampling. Audu
et al. [27] provided a robust modified class of estimators using non-conventional dispersion
measures, which are less sensitive to outliers. Pandey et al. [28] suggested robust estimators for
population mean estimation in ranked set sampling scenarios. Yadav and Prasad [29] presented a
novel exponential estimator for estimating the finite population mean, utilising robust regression
techniques, specifically Huber M-estimation, to effectively handle outliers, with theoretical MSE
comparisons showing superior performance over ordinary least squares in the presence of outliers.
Abid et al. [30] introduced a robust dual auxiliary variables-based exponential-cum-ratio class of
estimators to enhance the efficiency of ratio-type estimators for estimating the population mean,
particularly in the presence of extreme observations, by integrating both conventional and non-
conventional measures under simple random sampling without replacement.

Zaman and Bulut [31] proposed a class of robust estimators based on the MCD and the
minimum volume ellipsoid robust covariance estimates for estimating population variance in the
presence of outliers in simple random sampling. Hashem et al. [32] provided a family of robust
estimators based on the orthogonalised Gnanadesikan-Kettenring covariance matrix, offering a
computationally feasible and reliable alternative to the MCD estimator in survey sampling,
especially in the presence of outliers. The efficiency of finite population mean estimation has been
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substantially improved through modified ratio-type estimators that use auxiliary information [33,
34]. To address the adverse effects of outliers and non-normality, robust covariance-based
approaches, particularly those relying on the MCD, have gained prominence in survey sampling
[35]. Recent contributions have extended MCD-based calibration and mean estimation procedures
to systematic sampling, showing improvements in bias and efficiency compared to classical
estimators [36]. While the MCD methodology has previously been applied to robust mean
estimation under systematic sampling with a single auxiliary variable [36], the present study
extends this approach in several important ways. Specifically, we develop a new class of MCD-
based estimators under simple random sampling that simultaneously incorporates two auxiliary
variables. This extension requires multivariate covariance estimation, introduces additional cross-
covariance terms, and results in distinct bias and MSE structures. The theoretical derivations,
optimality conditions and efficiency analyses for the dual-auxiliary case are therefore
fundamentally different. By addressing the multivariate auxiliary setting under simple random
sampling, our methodology provides new insights into robustness and efficiency gains, highlighting
the methodological contribution and practical relevance of using multiple auxiliary variables in
population mean estimation. Another line of research has applied MCD-based methods to median
ranked set sampling, demonstrating notable efficiency gains over traditional approaches [37].

Moreover, the use of dual auxiliary information has been shown to significantly enhance
estimator performance in both the ranked set sampling and simple random sampling contexts [38,
39]. Parallel to these developments, neutrosophic frameworks have recently been introduced to
accommodate indeterminacy and uncertainty in auxiliary information, offering a flexible extension
to classical estimation theory [40].

Collectively, these studies highlight the continued relevance of robust, auxiliary-based and
hybrid estimation strategies for efficient population mean estimation. The MCD-based ratio
estimators are less sensitive to extreme values and offer superior efficiency in scenarios where data
contain a high proportion of outliers. We highlight the primary advantages of MCD-based
estimators, which are their higher degree of robustness and their ability to efficiently handle the data
sets with a high proportion of outliers. Unlike methods such as LTS and Huber-M, which may still
be influenced by extreme values in certain scenarios, MCD estimators are less sensitive to outliers,
making them more reliable in cases where data are contaminated by extreme observations.

REVIEW OF EXISTING ESTIMATORS

Zaman et al. [10] proposed the following estimators by considering LTS, S, LMS and
Huber-M estimations in two auxiliary variables:
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where by(irs), bi(s)> P1ims)> binubm) are coefficients of slope obtained from LTS, S, LMS and
Huber-M methods respectively.

The MSE expressions of the estimators proposed by Zaman et al. [10] are given as

1 —
MSE () = Tf |53 + (aRy + Birongo) SZ, + (@3Ra + Baronao) 52
— 2(@;Ry + Birob(io))Syx, — 2(@3R2 + Baron(icy)Syx,
+ 2(aiR; + Biron(i) (@3 R,
+ BZrob(k))lexz] ’ (5)

where f = (n/N) denotes the sampling fraction. Here Bi,opk) and Barop(ky are obtained from

robust regression methods, namely LTS, S, LMS and Huber-M estimators (with k =
LTS,S,LMS, Huber — M). The quantities R; = (Y/X;) and R, = (Y/X,) are ratio parameters
while the optimal coefficients aj and o are defined as

_ (Sypxlxz)(pyxlpxlxz - pyxz) x _ (Spr1Xz)(pYX2 pX1X2 B pyX1).

o = (R1$X1 (1- p§1x2)) & (RZSXZ(l — p§1x2))

In addition, B; = (SyX L/ S)%l) and B, = (Syx2 / S)%Z) are the classical least square estimators. The
quantities S2 , and 59?2 denote the population variances of x; and Xy; respectively, while S, and
Syx, Tepresent the population covariances between y;, xq; and between y;, x,; respectively. S2 , and
59?2 are the variances of population of x;; and x,; respectively, and S, and S, are the covariance
of population between y;, x;; and between y;, x,; respectively. The robust regression methods used
by Zaman et al. [10] can be explained as follows. The LTS estimation method works by first sorting
the squared error terms in ascending order. Instead of considering all error terms, LTS focuses only
on the smallest ¢ values, summing them up to create a more robust estimation process. The
objective is to minimise this sum, ensuring that the estimation is less influenced by extreme outliers.
Mathematically, the function to be minimised is expressed as

minX?_; (v; — Bo — Bix:)? (6)
where ¢ = % + 1 and 7 is the number of observations.

Rousseeuw and Yohai [41] introduced S estimation, a robust regression method that builds
on M-estimation by incorporating M-scales to improve resistance to outliers. Unlike traditional
methods, which may be overly sensitive to extreme values, S estimation relies on the residual scale
of M estimation to achieve better robustness. The key idea behind S estimation is to use the residual
standard deviation instead of the median to address some of the median’s limitations in robust
regression. This approach ensures more stable estimates while maintaining robustness against
outliers. The function to be minimised in S estimation is expressed as
Yi—2?=1xijﬁ)

gs

min}., p( (7)

where \[(l/nL) > wie? , 1L=0.199 and w; = (p(u;)/u?) [42].

Rousseeuw and Leroy [43] improved the LMS estimation, a robust regression method
designed to handle outliers effectively. Unlike traditional regression approaches, LMS focuses on
minimising the median of the squared errors rather than the sum. By using the median instead of the
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mean, LMS provides higher resistance to extreme values, ensuring that some outliers do not
disproportionately influence the estimation. The objective of LMS is to minimise the following:

min(median(e?)) (8)

The LMS estimator is highly robust to unusual observations that deviate significantly in both
the x and y directions. One of its key strengths is its high breakdown point of 0.5, meaning it can
tolerate up to 50% of the data being outliers without compromising the accuracy of the estimation.

Huber [44] presented Huber-M estimation, a robust regression method that minimises the
influence of outliers by using a different function instead of directly minimising the sum of squared
errors. Unlike traditional least squares estimation, which treats all errors equally, Huber-M
estimation applies a weighted approach treating small errors similarly to least squares while
reducing the impact of larger errors (outliers). The objective function of the M-estimation is
presented as

min Y7, p(e;) €))
and is a symmetric function of outliers.
Huber’s function p, is designed as
2
=~ lel <m,
ple) = 2 (10)
mlel ——, |el>m

The derivative of the function given in equation (10) is expressed as

o) =1 (an

e, le| < m,}
msgn(e), lel>m

In the Huber-M estimation method the sign function (denoted as sgn(.)) plays a key role in
determining how residuals are handled. The function is defined as

-1 ifx<m
Sgn(x)3 0 if |lx|<m (12)
1 ifx>m

Here, m is a threshold value and for Huber’s estimate, it is set to 1.345 as a constant. This threshold
determines how residuals are treated. If the residual is smaller than m, the error is treated normally
(with a linear weight), but if it is larger, the influence of that residual is reduced to prevent it from
having an excessive impact on the estimation process. This makes Huber’s estimate robust to
outliers while still being efficient for the majority of the data points [45]. For a more detailed
discussion on robust regression techniques, the work of Zaman and Bulut [6] and Zaman et al. [10]
provide valuable insights and can be consulted for further exploration.

In this study we generalise the estimators presented by Zaman et al. [10] by considering MCD
robust covariance estimation in addition to LTS, S, LMS and Huber-M regression coefficients in
simple random sampling.

PROPOSED CLASS OF ESTIMATOR

We provide the proposed MCD-based estimators as given below:
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— ) + bl(HubM) (XlMCD — X1mcp)
X2McD

+ bZ(HubM) ()?ZMCD — Xomcp) (16)

where Vuycp, Ximenr Xamep» Ximcps X2mcp are computed from the MCD estimation. The MSE of
the estimators given in equations (13-16) consists of variance and covariance components based on
robust MCD measures, and is given as
_ 1-f
MSE(Fpri) = — [

. 2
S;(MCD) + (al(MCD)Rl(MCD) + Blrob(k)) Safl(MCD)

i 2
+ (aZ(MCD)RZ(MCD) + BZTob(k)) SJ?Z(MCD)

— 2(@5mepyRimepy + Birobo))Syx, ey — 2(3Rame) + Barob(i))Syxpme)

+ Z(a;(MCD)Rl(MCD) + Blrob(k))(a;(MCD)Rz(MCD) + BZTob(k))lexz(MCD)] 17)

where Rymepy = (Yomepy/Xivep))s  Raevepy = (Yomepy/Xzmepy)s

aimepy = (SyMep) Pxyxo (Mep)) (Pyxy (MeD)Pxyx,(McD) — Pyxsmep))/Rimep)Sx, (mepy(1-

P>2<1x2 (MCD)))a

mep) = (SyMep) Pxyxs (M) (Pyx, (MeD) Pxyxa (McD) — Pyxy(mcp))/Ramep) Sx, (mepy(1-

P>2<1x2 (MCD)))-

We remark that the MSE equations of the proposed MCD-based estimators are in the same
form as the MSE equations given in equation (5), but it 1is apparent that
Ri,R2,5%,,8%,,Sx,x, Syxy»Syx,» Sp» @1 and o in equation (5) should be replaced by Rjmcp).,

Romcpys St mcpy> Seymcpys Sxyxpcpys Syx,cpys Syxamcpys Syuepy @rmepy and @ yep)
whose values are computed MCD covariance estmation.

The MCD estimation for the location parameter of multivariate data was introduced by
Rousseeuw [46]. It is defined as the mean of the 4 points from the data set X, where the determinant
of the covariance matrix is minimised. The trimming ratio, denoted by a, determines the number of
points considered for the estimation, with /4 being equal to n(1 — a), where # is the total number
of data points. The covariance matrix of this subset is then used as the MCD estimator for the
scatter parameter, where T'(X) represents the mean vector of the subset of size h from the data set X
whose covariance matrix has the smallest determinant.

One of the key features of the MCD estimation is its breakdown point, which is equal to the
trimming ratio a. When # is set to 0.5 n, the estimator reaches its maximum breakdown point of
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50%. However, to achieve a balance between robustness and efficiency, it is typically set to 4 =
0.75 n, which results in a breakdown point of 25% [47, 48, 49]. In simpler terms, the MCD
estimation focuses on identifying the most representative subset of data by trimming away outliers,
ensuring that the estimate is robust (resistant to outliers) and efficient (providing accurate results
with minimal data loss).

The proposed estimator y,,; is said to be more efficient than the estimator y,; by Zaman et
al. [10] if its MSE 1s smaller. Accordingly, the condition for superiority is obtained as follows:

MSE (¥,ri) < MSE (7))

S2 ey = S% + (@imepy Ruqmeny + Blrob(k))zsfl(Mcu) — (aiR, + Blrob(k))25£1
+ (@3 mepy Requeny + me(k))zsfz(mu) — (a3R, + me(k))zsfz
- Z(a;(MCD)Rl(MCD) + Blrob(k))Syxl(MCD) + 2(ajR, + Blrob(k))Syx1
- Z(a;RZ(MCD) + BZrob(k))Syxz(MCD) +2(a3R, + BZTOb(k))Syxz

+ Z(a;(MCD)Rl(MCD) + Blrob(k))(a;(MCD)RZ(MCD) + BZTob(k))lexz(MCD)
- 2(“;R1 + Blrob(k))(a;RZ + BZrob(k))Sx1x2 <0 (18)

When condition (18) is satisfied, the proposed MCD-based estimators given in (13)-(16) are
more efficient than the estimators given in (1)-(4) [10].

RESULTS AND DISCUSSION
Population 1: Practical Study

We use the epilepsy data set from Zaman et al. [10] to compare the efficiencies between the
proposed estimators and those by Zaman et al. [10] based on MSE equations in simple random
sampling. The data set consists of observations n = 59 and is publicly available in the R statistical
software (package: robustbase, data: epilepsy), ensuring full reproducibility of the analysis [50].
The data originate from a clinical study on epileptic patients and include one study variable and two
auxiliary variables. The study variable y represents the number of epileptic seizures recorded during
the observation period while the auxiliary variables are x,, the baseline number of seizures prior to
randomisation and Xx,, the age of patients. These auxiliary variables are expected to be correlated
with the study variables and are therefore incorporated to improve estimation efficiency. It is worth
noting that the variables in this data set are primarily count-based and may exhibit skewness and
potential outliers, which makes the data particularly suitable for evaluating the robustness and
efficiency of the proposed estimators. The definitions of the variables in the data set are shown in
Table 1. The data set contains two auxiliary variables and one study variable. The statistics of the
data for real data set are indicated in Table 2.

Table 1. Description of auxiliary and study variables for data set

Data set Variable Description
Epilepsy X1 Total number of epilepsy attacks
Xy Age values of patients

y Number of epileptic attacks recorded prior to randomisation
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Table 2. Data statistics

Statistic  Classical MCD
Y 33.051 16.182
X, 28.339  28.795
X, 31.220 19.841
Sy 2077.911 107.125
52, -15.724  42.309
S2, 1018.730 126.732
Tyx1 -0.055 0.004
Tyx2 0.831 0.698
Tyixz  -0.189 -0.076
R, 1.166 0.562
R, 1.059 0.816
a, 0.103 0.056
a, 0.003 0.002

Table 3 introduces the robust regression coefficients obtained using the LTS, S, LMS and

Huber-M. We have calculated the MSE values of our proposed MCD-based estimators and Zaman
et al. [10] estimators, as defined in Sections 2 and 3.

Table 3. Robust regression coefficients

Model B, B,
LTS -0.1479567 0.6002718
S 0.1262206 0.6653604
LMS -0.1545064 0.695279
Huber-M 0.4919941 1.0793328

Figure 1 indicates the scatter graph of the auxiliary and study variables; it is clear that the
data have outliers according to the Figure. We assume n = 10, 20, 30, 40, and outlier ratios T = 0.10,
0.20, 0.30 by considering simple random sampling.

Table 4 denotes the MSE values of our proposed MCD-based estimators and those in Zaman
et al. [10]. When Table 4 is examined, it is seen that MSE values of the estimators decrease as
sample size increases.

Table 5 presents the numerical results of the efficiency conditions obtained theoretically in
equation 18. Based on these outcomes, the proposed estimators can be considered highly robust and
effective. These results are also illustrated in Figure 2.

The proposed MCD-based estimator based on S estimates produces the lowest MSE values
for the epilepsy data set. The proposed MCD-based estimators have the highest MSE values when
compared with those by Zaman et al. [10] estimators in the data sets. These results are not
surprising because the condition (19) is satisfied. This situation is clearly presented in Table 4.
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Figure 1. Scatter graph of auxiliary and study variables

Table 4. MSE values of Zaman et al. [10] and proposed MCD-based estimators

. . Zaman et Proposed
Sample size Regression  al. [10] .
(n) methods  estimators es(tli/[ngt)o)rs
(Classic)
LTS 92.3497  4.6939
10 S 86.2496  4.5496
LMS 85.3814  5.0346
Huber-M  59.0219  7.0075
LTS 36.7514  1.8680
20 S 34.3238  1.8105
LMS 35.8069  1.8509
Huber-M  23.4883  2.7887
LTS 18.2187  0.9260
30 S 17.0152  0.8975
LMS 15.5738  0.9591
Huber-M  11.6438  1.3824
LTS 8.9523 0.4550
40 S 8.3609 0.4410

LMS 8.1152 0.4584
Huber-M  5.7215 0.6793
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Table 5. Results of the condition in Equation (18)

Sample size Regression

Efficiency comparison

(n) method ~ C0sSie MOD e nee (Eq.18)  Decision
LTS 923497 4.6939 11055.448 TRUE
0 S 86.2496  4.5496 -983.735 TRUE
LMS 853814  5.0346 1967.441 TRUE
Huber-M  59.0219  7.0075 -626.296 TRUE
LTS 367514 1.8680 11055448 TRUE
2 S 343238 1.8105 -983.735 TRUE
LMS 358069  1.8509 -1027.388 TRUE
Huber-M  23.4883  2.7887 626297 TRUE
LTS 182187  0.9260 11055448 TRUE
%0 S 17.0152  0.8975 -983.735 TRUE
LMS 155738  0.9591 -892.001 TRUE
Huber-M  11.6438  1.3824 -626.296 TRUE
LTS 89523 0.4550 11055448 TRUE
20 S 83609  0.4410 -983.735 TRUE
LMS 8.1152  0.4584 -951.045 TRUE
Huber-M 57215 0.6793 626297 TRUE

Mean Squared Error (MSE)

Huber M

MSE Comparisons

100 100
10 \ 10

“®- Classic == MCD

40 10
Sample Size (n)

LMS

Figure 2. MSE comparisons of classical and proposed estimators for population-1
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Population 2: Simulation Study

A simulation study was conducted to evaluate the performance of the proposed MCD-based
estimators. We used the same data set as that used by Zaman et al. [10] in this simulation study. The
sample size was taken as n = 10, 20, 30, 40. Random samples were generated so that each time
there would be an outlier rate of T = 0.10, 0.20, 0.30 in the data. The estimated values were
calculated using the sample data. Details of the data generation mechanism and outlier structure are
provided by Zaman et al. [10]. This process was repeated 1000 times for each case and the MSE
values were calculated according to equation (19):

1 1000
- Y. — V)2 1
MSE 1000;(1/1 )2, (19)

where 71 shows the estimators for i = 1,2, ...,999,1000 and Y was calculated from the remaining
data after the observations with outliers were removed.

Table 6 and Figure 3 show the simulation results. According to the results, the proposed
MCD-based estimators outperform those given by Zaman et al. [10] in all sample sizes. The
proposed MCD-based estimators have the lowest MSE values. Under all conditions, the proposed
MCD-based estimators perform better than those by Zaman et al. [10]. The MSE of the proposed
estimators using MCD in both real data and simulation decreases while efficiency increases.

Table 6. Simulation results of MSE values by Zaman et al. [10] and proposed MCD-based
estimators

Outlier ratio 0.10 Outlier ratio 0.20 Outlier ratio 0.30

Zaman et Zaman et Zaman et
. Proposed Proposed Proposed
Sample Regression al. . al. . al. .
. Estimators Estimators Estimators
size (n) methods [10] (MCD) [10] (MCD) [10] (MCD)
(Classic) (Classic) (Classic)
LTS 127583.9 322.4619 239541.6 33.63198 328693 25186.33
10.00 S 128658.5 426.86095 235327.7 24.84621 326607.9 25673.32

LMS 140896.5 12.58267 247014.3 0.803325 331176.4 27294.1

Huber-M  195239.3 192.51561 227550.2 364.8209 240900.6 7362.121

LTS 103657.3 2051.107 210187 194891 299373.5 34.37133

20.00 S 114897.8 2186.049 213484.5 2022.126 299854 5.479167
LMS 98239.4 1896.501 208101.5 1726.059 301338.1 26.38234

Huber-M 156511.8 3023.96 220910.1 503236 240381.1 5079.87

LTS 103816.7 2460.3 203706.9 3015.017 294844.5 541.9844

30.00 S 117064.6 2889.34 207651.5 3331.969 293611 621.7268
LMS 101791.6 2463.819 201975.7 2924.21 296508.5 463.2565

Huber-M  153227.7 3680.696 224269.6 6193.818 251084.8 6062.222

LTS 105125  3503.19 200896.9 3056.733 304437.6 653.7693

40.00 S 122315.5 4100.051 204523.4 3608.595 303058.8 709.8339
LMS 108050.4 3621.717 200960.9 3240.945 303567.8 692.0687

Huber-M  156093.2 4871.581 219579.7 5995.623 258219.9 6480.672
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MSE Comparisons for Simulation
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Figure 3. MSE comparisons of classical and proposed estimators for population-1 at outlier ratios
01 0.10, 0.20 and 0.30

In practical applications MCD-based estimators are particularly effective in several
situations. They are most useful when data sets contain a high proportion of outliers, as traditional
methods like least squares can be heavily influenced by extreme values, leading to inaccurate
results. Additionally, MCD estimators perform well when data distributions deviate from normality,
offering more robust and reliable estimates in such cases. Furthermore, these estimators are
particularly advantageous in handling complex survey data with error structures that cannot be
adequately modelled using standard regression techniques. Thus, MCD-based estimators are
recommended when robustness to outliers, non-normal distributions, or complex survey designs is
critical for obtaining accurate population estimates.

CONCLUSIONS

We have presented MCD-based estimators using LTS, S, LMS and Huber-M robust
regression techniques to handle the robustness task for the estimator given by Zaman et al. [10]. The
results demonsrate that the proposed MCD-based estimators for estimating the population mean of
the study variables using outlier data for simple random sampling are more efficient. The proposed
MCD-based estimators provide lower MSEs than those of Zaman et al. [10]. These results have
been demonstrated theoretically and supported by empirical and simulation results.
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