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Abstract: In this article deferred density is employed to introduce new generalisations of
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INTRODUCTION

Zygmund [ 1] introduced the definition of statistical convergence in 1935. Although this method
as a particular generalisation of sequential convergence has been studied mainly in recent years, it
was formally introduced by Fast [2] in 1951, who also provided an alternative proof of a theorem
initially established by Steinhaus [3]. In addition to its connection to summability, it has been studied
under different names in various fields, such as trigonometric series [1], number theory [4], Banach
spaces [5], measure theory [6], turnpike theory [7], Fourier analysis [8], approximation theory [9] and
ergodic theory [10]. Schoenberg [11] investigated the notion from a summability perspective while
Salat [12] explored some topological aspects of statistical convergence. Attention to statistical
convergence increased significantly after Fridy's well-known article On Statistical Convergence [13]
in 1985. Connor [14] also made a major contribution to the theory of summability by proving in 1988
that any strongly p-Cesaro summable sequence must be statistically convergent. Over the past couple
of decades, many generalisations of the original notion have been introduced by various authors [15-
20]. The definition of the statistical limit of a real or complex-valued sequence is based on the density
of subsets of N. In this note, for A € N, we let
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H

1
D(A) == ) xa(m)
m=1
and call D(A) = lim,,_,, D,,(A4) the density of A, provided the limit exists where y,(m) means the
characteristic sequence of A.
It can be said that a real valued sequence x = (x,,,) statistically converges to € R, provided that

D(4.) =0,

where A, = {m € N:|x,, — l| = &} for each ¢ > 0. This is expressed by S — limx,, = [ in the
sequel. We call x statistically null in the case [ = 0. The space of all statistically convergent
sequences is denoted by S.

Deferred Cesaro mean for real (or complex) valued sequences was introduced by Agnew [21] as
follows: For a given sequence x = (x,,,), the deferred Cesaro mean of x is

Xapn+1tXan+2+Xp
DC,(x) =—"2——= nn=123..,
bp—an

where a = (a,) and b = (b,,) are sequences of non-negative integers satisfying the conditions

lim b, = o and a,, < b,, foralln € N. (D

n—-oo

Throughout the text, sequences of non-negative integers (a,) and (b,,) holding the conditions in (1)
are used. We write () for the set of all such (a, b) pairs. Some restrictions on {a, b) are imposed if
necessary.

Agnew's perspective inspired Kiiglikaslan and Yilmaztiirk [22] to introduce deferred statistical

convergence of sequences as follows: Let A € N and (a, b) € (1 be given. Deferred density of A is
defined to be

by
1
lim D" (A) = lim E Xa(m)
n—oo n n—-oo bn —a,
m=an+1

and denoted by D2(A), provided that the limit exists. Throughout the text, subsets of N having
deferred density 0 and 1 are called deferred null and deferred dense respectively. A real valued
sequence x = (x;) is called deferred statistically convergent to a number [ if D2(A,) = 0, where
A, ={m € N:|x,, — | > &} for each £ > 0. S2 represents the set of deferred statistically
convergent sequences in the paper.

A Riesz space, first defined by Riesz [23] in 1928, is in brief an ordered vector space that is also
a lattice. It may be recalled that a real vector space R is called an ordered vector space, provided that
it has a partial ordering relation < such that
()u Ssvimpliesu+w Sv+wforallu,v,w € R;

(i) u S v impliesnu < nv foralln > 0.

A Riesz space R is an ordered vector space that includes u Vv =sup{u,v} and u Av =
inf{u, v} for all u, v € R. Riesz spaces have been applied in measure theory, operator theory and
economics [24-28].

Recently, Kiigiikaslan and Aydin [29] applied the concept of deferred density to extend the
notion of statistical order convergence in Riesz spaces. Their approach emphasises a generalised form
of order convergence, independent of any topological framework, whereas our motivation lies in
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providing a topological interpretation through deferred density in a locally solid Riesz space, which
extends the concept of a Riesz space.
Some other notions in a Riesz space are reminded here. For any vector u in a Riesz space R,
u* = u V0 is called the positive part of u,
u~ = (—u) V 0 is called the negative part of u where 8 denotes the zero in R and
|u| = u Vv (—u) is called the absolute value of u.
A subset @ of a Riesz space R is called solid whenever v € Q and |u| < |v| imply u € Q.
Now some notions on topological vector spaces are mentioned. A topology T on a vector space
R is said to be a linear topology, provided that the vector maps

RXR->R
(w,v)-u+v
and
RXR—->R
(mu) - nu

are both continuous. In this case (R, 7) is called a topological vector space. By N;(8), we mean the
family of all neighborhoods of 8, the zero vector, in (R, 7).

It is recalled that each topological vector space (R, 7) has a base B for V;(8) that holds the
following properties:

(i) Each G € B is balanced, i.e. ng € G forall g € G and eachn € [—1,1];
(ii) Each G € B is absorbing, i.e. for every u € R there is an n € R*such that nu € G;
(ii1) For each G € B there exists some F € B such that F + F C G.

A locally solid topology 7 on a Riesz space R is defined as a linear topology where the
aforementioned base B for NV (8) is composed of solid sets (cf. [27, 30]). (R, 7) is said to be a locally
solid Riesz space if R is a Riesz space endowed with a locally solid topology 7. By B4, we denote
the base for V;(0) in an (R, 7) locally solid Riesz space. For convenience, the term 'locally solid
Riesz' is abbreviated as LSR throughout the remainder of the paper.

Topological generalisations of statistical convergence have interested many researchers [31-40].
For instance, one of these studies was provided by Albayrak and Pehlivan [33] as follows:

In an (R, 7) LSR space, a sequence x = (x,,) is called statistically T-convergent to ¢ € R if
D({m € N: (x,, — o) € U}) = 0 for each U € N;(6). This is written as S; — limx,,, = o.

Using lacunary sequences, another point of view was provided by Mohiuddine and Alghamdi
[34]:

Inan (R, t) LSR space, a sequence x = (x,,) is called lacunary statistically t-convergentto o €
R if

. I{m € (kn—li kn]: (xm - O-) ¢ U}I
lim =

n-o ky —kn—1

0

for each U € NV, (0), where (k,,) is a lacunary sequence [41], i.e. an increasing sequence of integers
such that ky = 0 and k,, — k,,_; = @ asn — oo.

Subsequently, Mohiuddine et al. [35] utilised the Vallée-Poussin mean to extend the initial
concept to what they termed generalised statistical T-convergence, defined as follows:

In an (R, 7) LSR space, a sequence x = (x,,) is said to be generalised statistically T-convergent
toog € R if
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. I{mEIn:(xm_O-) $ U}I
lim =

n—»oo A_n

0

for each U € NV, (6), where (4,,) is a non-decreasing sequence of positive numbers tending to o such
that A,,, <A, + 1,4, =0and I, = [n— A, + 1,n].

In this note the notions of statistical T-convergence and lacunary statistical T-convergence are
extended to deferred statistical 7-convergence in LSR spaces. Additionally, the following are
introduced and examined: deferred statistical T-boundedness, deferred statistical T-Cauchiness of
sequences, and deferred statistical continuity of functions in LSR spaces.

Before proceeding to main results, some basic properties of deferred density that are used
throughout the paper are presented. The proofs are omitted since they are straightforward.

Proposition 1. Let (a,b) € Q and T, T, and T, be subsets of N. Then
(i) IfT; € T,, then D2(T,) < DE(T,);

(ii) T; € T, and D2(T,) = 0 imply D2(T,) = 0;

(iii) DL (T,) = DE(T,) = 1 implies DE(T, N T,) = 1;

(iv) If T is finite, then D2(T) = 0.

Proposition 2. If T S N such that D2(T) exists, then D2(T) + DE(TC) = 1 where T€ is the
complement of T in N.

MAIN RESULTS

The main results of this work are presented in three subsections. The first subsection begins with
deferred statistical 7-convergence in LSR spaces, which harbours several fundamental definitions,
theorems and examples. The second subsection compares the sets of deferred statistically 7 -
convergent sequences corresponding to distinct pairs of (a, b) from (). Finally, the third subsection
introduces and examines the deferred statistical continuity of functions between LSR spaces.

Deferred Statistical T-Convergence in LSR Spaces

This subsection presents the essential definitions and examples central to this work. Inclusion
theorems that highlight the relationships among the newly introduced notions are also proved.
Furthermore, fundamental and practical properties of deferred statistical T-convergence in an LSR
space are provided.

Definition 1. Let (a, b) € Q be given. In an (R, 7) LSR space, a sequence x = (x,,) is named to be
deferred statistically T-convergent to a point g € R if DZ(M;) = 0 for each U € N, (0), where
My, ={m e N: (x,, — o) ¢ U}, i.e.

bn
1
lim z Xmy (m) = 0.

e bn ~ n m=an+1
—-—“n

This is signified by Sﬁa’b) — limx,, = 0. Sﬁa’b)(R) symbolises the set of all deferred statistically z-
convergent sequences in (R, 7).

In the following examples two sequences are presented: one that is deferred statistically t-
convergent and another that is not, within the same LSR space. In order to do this let us consider the
topological vector space (cg, To,) Where ¢, is the Riesz space of all real valued null sequences and 7,
is the linear topology generated by the supremum norm ||+||.. It follows that 7, is locally solid by
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Theorem 2.28 [27]. Therefore, (cy, Too) is an LSR space. One can observe that the base Byy for
Nz, (8), where 6 denotes the zero sequence in ¢y, consists of the open neighborhoods

B, ={x € cy: ||x]|o < €}
of 8 where ¢ is any positive number.

Example 1. Let (a, b) € Q and the sequence (x,,,) in (cy, T) be given so that x,, is the sequence

with # in place of m and 0 elsewhere, that is

1
Xy = (o,o,o, 0,500, )

Take any U € N;_(8). Then there is some B, € By4 such that B, € U. It is clear that we have some

m, € N so that mi < &. Thus, it follows that B 1 < B,. Moreover, we have
0 mo

Tz{mEN:xmﬁBi}z{meN:mzSmo}

mo

implying that D2(T) = 0 since T is finite. This and the inclusion
fmeNx,,¢U}c{meN:x,, ¢ B.}JST

lead to D2({m € N:x,,, € U}) = 0. Hence Sifo’b) —limx,,, = 6.

Example 2. Let (a, b) € Q and (e,,) be the sequence of unit vectors in (cy, T, ). For each m € N we
denote, by e,,, = (0,0,0, ...,0,1,0,0, ...), the m™ unit vector in ¢, so that e,, is the sequence with 1 in
place of m and 0 elsewhere. It is claimed that (e,,) can not deferred statistically T-converge to any
sequence g = (a(m)) € ¢o. Indeed, it is observed that for each o € ¢, one can find an &, > 0 which
leads to the set

T = {m EN: (e, —0) ¢ Bg,,} ={meN:|le, —0lle = &},
which is cofinite, where B, € Byq € N;_ (6). This means D5 (T) = 1 and so Sﬁi’b) — lime,,, # 0.

Remark 1. Let (a,b) € Q) be given. In an (R,7) LSR space, deferred statistical t-convergence
reduces to:

(1) statistical T-convergence if b, = n and a,, = 0 foralln € N,

(ii) lacunary statistical T-convergence if b,, = k,, and a,, = k,,_, where (k,,) is a lacunary sequence.

Definition 2. Let (a, b) € Q be given. In an (R, 7) LSR space, a sequence x = (x,,) is named to be
deferred statistically T-bounded if for each U € IV, (), there is an n € Rtsuch that D2(L,) = 0,
where

Ly ={m € N:nx,, & U}.

SBT(a’b)(R) stands for the set of all deferred statistically 7-bounded sequences in (R, t) in the
remainder.

Definition 3. Let (a,b) € Q. In an (R,7) LSR space, a sequence x = (x,,) is called deferred
statistically t-Cauchy if there is a t € N such that

DE(fm e N: (xp —x,) € UD =0
holds for every U € N;(6).
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In the next theorem some basic and useful properties of deferred statistically T-convergent
sequences in an LSR space are proved.
Theorem 1. Let (a,b) € Q. In an (R, 7) LSR space, we have what follows:
(i) Every (x,,) € Sﬁa’b)(R) has a unique deferred statistically 7 -limit, provided that (R,7) is
Hausdorff;
(ii) Let (x,,) € Sﬁa’b)(R) with Sﬁa’b) —limx,,, = 0. Then Sﬁa’b) — limnx,, = no for each n € R;
(i) Let (xp), () € SSP(R) with $Y*” —limx,, = ¢ and S{*” —limy,, = ¢. Then S{*” —
lim(x,, + ym) =0 +¢.
Proof. Before proving the assertions, it is reminded that for every U € N (0) there exists some G €
Bgq so that G © U. Moreover, we have some F € By satisfying F + F € G.
(i) Suppose that Sﬁa’b) — limx,,, = 0; and Sﬁa’b) — limx,,, = g,. For every U € N,(60), let us define
the sets
T, ={m€eN:(x,, —gy) € F}
and
T,={meN:(x,, —0,) €EF}.
Then we have D2 (T;) = DE(T,) = 1 due to the supposition. Thus, D2(T; N T,) = 1, which yields
T,NT, #@. Then
oo—0, =00 —x)+xp—0,) EF+FCSGCSU

follows for every m € T; N T,. Therefore, o, — 0, belongs to every U € N;(8). Since (R, T) is
Hausdorff, we have NU = {6}. Hence g, — 0, = 0, i.e. 0; = 05.
UEN(6)

(i1) Let Sﬁa’b) —limx,,, = 0 and an arbitrary U € N;(0) be given. Choose an n € R with |n| < 1.
The inclusions
{meN:(x,, — o) € G} € {m € N:(nx,, —no) € G} < {m € N: (nx,, —no) € U}

are confirmed to hold since G is balanced. Also, we have D2({m € N: (x,, — 0) € G}) = 1 due to
Sﬁa’b) — limx,, = 0. Hence D2({m € N: (nx,,, — no) € U}) = 1 for every U € N,(6).

Now let |[n] > 1 and [|n]] denote the ceiling of |n|. We know that there exists some H € Bgy so
that [|n]]H < G. Since S**”) — limx,, = o, we get D2(T) = 1 where T = {m € N: (x,, — o) € H}.
Then we can write [|n]|]|x,, — ol € [[n|]|H S G < U for every m € T. This and the relation

[nxm —nol = [nllxm = ol < [Inlllxpm — o
imply that (nx,, —no) € G € U for every m € T since G is solid. We obtain
{meN: (x,, — o) € H} € {m € N: (nx,,, —no) € U}
which yields D2 ({m € N: (nx,, —no) € U}) = 1 for every U € N;(6). Consequently, Sﬁa’b) -
lim nx,, = no for eachn € R.
(iii) Let U € IV;(0) be arbitrarily given. By the hypothesis, we have DE(T;) = DE(T,) = 1, where

T,={meN:(x,, —0) EF}
and
T, ={m € N: (y, —¢) € F}.

Consider T = T; N T,. Then T is non-empty due to DE(T) = 1. This implies that
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(xm+ym)_(0-+§) :(xm_o-)‘}'(ym_C) EF+FCGCU
holds for each m € T. Thus, we get
T < {m€N:[(xyn +ym) — (@ +¢)] €U},
which yields D2 ({m € N: [(x,, + yim) — (0 + ¢)] € U}) = 1. Hence S'*”" —lim(x,, + ym) = 0 +
G.
(a,b) (a,b)
Theorem 2. S;”"'(R) € SB; " '(R) holds for an (R, t) LSR space.

Proof. Let (a,b) € Q) and o0 € R. Suppose Sﬁa’b) —limx,, = o and let us pick an arbitrary U €

N;(6). Then there are some F,G € Byy such that F + F € G < U. Since Sﬁa’b) — limx,,, = 0, the
set T ={m € N: (x,,, —0) € F} is deferred null. Then we have no € F holds for some n >0
because F is absorbing. We choose a u € R*such that u < 1 and u <. Then the relation |uo| <
|na| implies uo € F since F is solid. On the other hand, (x,, — o) € F implies u(x,, —o0) € F
because F is balanced. Now we have ux,, € U since u(x,, — o) + uo € F + F holds for every m €
T¢. Therefore, we obtain the inclusion
{meN:ux,, ¢ Uy T,

which yields D2 ({m € N: ux,,  U}) = 0. Consequently, (x,,,) is deferred statistically T-bounded.
Theorem 3. Let (a, b) € Q be given and (x,,,), (¥m), (z,,) be sequences in an (R, T) LSR space such
that x,,, S Yy S z,, for all m € N. Then St(a’b) — limx,,, = Sﬁa’b) —limz,, = o implies Sﬁa’b) —
limy,, = o.
Proof. Let U € N, (0) be arbitrarily given. Then we have some F,G € Bgq implying F + F € G S
U. By Sﬁa’b) — limx,,, = Sﬁa’b) — limz,, = ¢ we get the sets

T,={meN:(x,, —0) EF}

and
T,={meN:(z,, —0) EF},

which hold DE(T;) = DE(T,) = 1. If we let T =Ty N T, then DE(T) = 1 holds. Moreover, the
relation x,,, S Y, S Z,, iImplies x,, —0 S Yy, — 0 S zZ,,, — o for allm € N. It follows that
[V — 0l S |xpp —0l + |z, —0| EF+F CSG

for all m € T. Therefore, we obtain (y,, — o) € G € U for allm € T due to the solidness of G. This
yields
DE{meN:(y,—0)eU}) =1

for every U € IN;(0). Hence Sﬁa’b) — limy,, = 0.

Theorem 4. Every deferred statistically T-convergent sequence is deferred statistically 7-Cauchy in
an (R, 7) LSR space.

Proof. Let (a,b) € Q) and o0 € R. Suppose Sﬁa’b) —limx,, = o and let us pick an arbitrary U €

N;(0). Then there are some F, G € Byy suchthat F + F € G < U. Since Sﬁa’b) —lim(x,,) = o, the
set T = {m € N: (x,,, — 0) & F} is deferred null. We obtain

X — Xt =(xXp—0)+(c—x)EF+F

for all m, t € T€. Then we can confirm that the inclusion
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fmeN:(x,,—x,)@U}CST
is true. Thus, there is some t € N such that D2({m € N: (x,,, — x,) € U}) = 0 is satisfied for every
U € N;(0) , which gives the desired result.

In the following theorem a sufficient condition is presented for a sequence in an (R, ) LSR space
to be deferred statistically T-convergent.

Theorem 5. Let (a,b) € Q. In an (R, 1) LSR space, Sﬁa’b) — limx,, = o if there exists an index
set T={m}2; €N , which is deferred dense, so that limx, =0

i—oo

Proof. Choose an arbitrary U € N;(0). Since limx,, = o, we have some m, = my(U) € N such
L—>00

that (x,, — o) € U holds for allm € {m € T:m > m,}. Then the inclusion
fmeN:(x,,—0) U} S N\ {meT:m=my}
implies
D{meN:(x,, —0) € U}) = 0.

Hence Sﬁa’b) —lim(x,,) = 0.

Inclusion Theorems Regarding (a, b) € Q
In this subsection the inclusions Sﬁa’b)(R) c Sﬁc’d)(R) and Sﬁc’d)(R) c Sﬁa’b)(R) are studied

under certain restrictions on (a, b) and (c, d) € Q.

Theorem 6. Let (a,b) € Q1 so that lim 1nf ——= >0 holds. In an (R,t) LSR space, if S; —

(a,b)

limx,, = o, then S;" —limx,, = o.

Proof. LetS; —limx,, = ¢ and take an arbitrary U € N;(8). Then since b,, > © asn — oo, it is
convenient to write

lim L3P, g, (m) =0,

where My ={m € N: (x,, —0) € U} . Furthermore, the inequality Zfr’;an 1 Xy (M) <

o Xm, (m) implies the following:

bp—a 1 b
%EZW’: ap+1 Xy (M) < —Zm 1 Xmy (M),

which yields Sﬁa’b) — limx,,, = o upon taking limit as n — oo.

In the next results a comparison between the spaces Sﬁa’b)(R) and Sﬁc’d)(R) is made under the

following condition:
a, <c, <d,<b,,VneN (2)
where (a, b) and (c, d) € Q.
Theorem 7. Let (a, b), (c,d) € Q be given such that the sets
N n (a,,c,] and N n (d,, b,]

are finite for all n € N. Then in an (R, t) LSR space, Sﬁc’d) —limx,, = o implies Sﬁa’b) —
limx,, = g, where ¢ € R.

Proof. Let Sﬁc’d) — limx,,, = 0. In this case for each U € NV, (60),
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,ILLI?O a Z Xmy(m) =0

m cntl

holds, where M;; = {m € N: (x,,, — 0) € U}. On the other hand, it can be easily verified that the
identity

bn Cn dn bn
D = ) A D, D, (m)
m=an+1 m=an+1 m=cp+1 m=dn+1

is true and gives rise to the inequality

dn
(m) < M)+ = ) 2y (m)
().

M= dn+1

We get the desired result, which is Sﬁa’b) — limx,,, = o, upon taking limit as n — oo.

Theorem 8. Let (a, b), (c,d) € Q be given such that

b, —a
0 < lim = i

n—oo n —Cn

< oo

holds. In this case in an (R, 7) LSR space, Sﬁa’b) —limx,,, = o implies Sﬁc’d) — limx,,, = g, where
o €ER.

Proof. Let Sﬁa’b) —limx,, = 0. Then

,ll‘i{}ob Z Xmy(m) =0

m an+1

for every U € NV, (0), where My = {m € N: (x,,, — o) € U}. By the inequalities in (2), it is clear that

Zf,f cp 1 XMy (m)<),.- an +1Xm, (M) holds and so we have the inequality
dn by,
1 z b,—a, 1
— Xy (M) < — Z X, (M)
dn Cn m=cp+1 dn Cn bn an m=an+1

This yields Sﬁc’d) — limx,,, = o upon taking limit as n — oo.

Deferred Statistical Continuity in LSR Spaces

In this section the concept of statistical continuity of functions between LSR spaces is extended
to deferred statistical continuity. The relationship between uniform continuity and deferred statistical
continuity of functions is explored. Additionally, it is demonstrated that lattice operators in an LSR
space are deferred statistically continuous.

Let (R, 7,) and (R,, T,) be topological vector sapaces. A function f: (Ry, 7;) = (R, T2) is said
to be uniformly continuous if for each G € IV, (6,) there exists some F € N;, (8,) such that (x —
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y) € F implies (f(x) — f(y)) € G. We define the notion of deferred statistical continuity in the
following.

Definition 4. Let {(a, b) € Q, LSR spaces (R, 7;), (R3, T;) and a function f: R; = R, be given. We
call f deferred statistically continuous at a point o € R, if any sequence (x,,) in R, such that
S —limx,, = o implies S\* —limf(x,,) = f(0). The function f:R, - R, is said to be
deferred statistically continuous in the case that it is deferred statistically continuous at every o € R;.
Theorem 9. Uniform continuity implies deferred statistical continuity between LSR spaces.

Proof. Let (a,b) € Q and LSR spaces (R;,7;), (R,, T;) be given. Suppose a function f : R; = R, is
uniformly continuous and a sequence (x,,) in R; is deferred statistically T-convergent to a point o €
R;. Since f is uniformly continuous, for each G € N, (6,) there exists some F € N, (6;) such that

(x —y) € F implies (f(x) — f(¥)) € G. Moreover, the set T = {m € N: (x,,, — o) € F} is deferred
dense due to Sif’b) — limx,, = 0. Then we obtain (f(x,,) — f(0)) € G for each m € T, which
implies T € {m € N: (f(x,,) — f(0)) € G}. Therefore, D2({m € N: (f(x,,,) — f(0)) €G}) =1

and Sg’b) — limf (x,,) = f(0). Thus, f is deferred statistically continuous.

Theorem 10. In an (R, t) LSR space, the following lattice mappings are all deferred statistically
continuous for any (a, b) € (1.:

RXR—->R RXR—-R R—->R R—R R—-R
Ve -»xvy D@y sany Vxopxp Vyox Oy o xr
Proof. Let (a,b) € Q be given.
a) Suppose that a sequence (x,,, ¥,) is deferred statistically T X T-convergent to (x,y) in R X R,
ie. Sii’f ! —lim(x,p, Ym) = (x,y). For an arbitrary U € N, (0), there are some F, G € By such that

F+F < G < U. Weobserve that the set T = {m € N: (x,,, — x, ¥, —¥) € F X F} is deferred
dense due to S'%”" — lim(x,,, ym) = (x, y). We also see that

TXT
X VYm —xVY| S|y —x|+|lym—VIEF+FCSG
holds for every m € T [28, Theorem 1.9 (2)]. This implies, G being solid, (x,, V ¥,, — x V y) € G for
every € T , which gives the following:
Tc{meN:(x,,Vyn, —xVy) €U}
and
DEmeN: (x,,Vy, —xVy) €U} = 1.

Thus, Sﬁa’b) — limx,, V y,, = x V y and the sup mapping is deferred statistically continuous.

b) The proof can be obtained in a similar manner with that of a) so it is omitted.

c) Let Sﬁa’b) — limx,, = x in R and U € N;(0). We have some F,G € By suchthat F+ F € G S

U. Itis clear that T = {m € N: (x,,, — x) € F} is deferred dense. Also, it can be verified that

||xm| - |x|| = I[xm \% (_xm)] - [XV (—X)]I 5 Ixm - XI + I(_xm) - (—X)I EF+FCG

is true for all m € T. Therefore, since G is solid, (|x,,| — |x|) € G for all m € T. Then we have
Di({m € N: (Jxm| — [xD €UD =1

and so Sﬁa’b) — lim|x,,| = |x|.
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d) Let us pick an arbitrary U € N;(60). There exists some G € By suchthat G € U. Let Sﬁa’b) —
limx,, = x in R. Then the set T = {m € N: (x,,, — x) € G} is deferred dense. Furthermore, we
observe that

[ — x| = [(=2x) VO] = [(=2) VO] S [(—=x) = ()| + |6 — O] =[x —x;n| €G
for every m € T. It follows that (x,, —x~) € G for allm € T because G is solid. Then the inclusion
T < {m € N: (x;;, — x~) € U} implies

DE{meN:(x,,—x)eU}D =1

which yields Sﬁa’b) — limx,, = x~. This completes the proof.
e) The proof is analogous to that of d) so it is omitted.

CONCLUSIONS

Statistical convergence and its various generalisations have been investigated in LSR spaces over
the past few decades. However, deferred density has not been utilised to offer a broader perspective
on these concepts in LSR spaces. In this paper, the author attempts to address this gap in the literature.
Specifically, the author extends the notions of statistical T-convergence and lacunary statistical 7-
convergence to that of deferred statistical T-convergence. The author also proves that uniform
continuity implies deferred statistical continuity of functions between LSR spaces. The findings in
this note may inspire researchers to explore new and broader concepts related to deferred density and
other types of densities in future work.
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