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Abstract: This paper defines Gaussian fuzzy Fibonacci numbers and derives the Binet
formula as well as the generating function for these numbers. Further, this note deals with
Vajda’s identity, Catalan’s identity, Cassini’s identity and d’Ocagne’s identity in the context
of these numbers.
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INTRODUCTION

After its introduction by Zadeh [1], fuzzy logic has appeared in many fields such as
mathematics, engineering and medicine. A fuzzy set is a generalisation of the concept of classical
sets based on the degrees of membership of elements. In other words, with the help of membership
functions, an element can be a certain proportion of the fuzzy set. If a fuzzy set is defined by real
numbers with convex, normalised and bounded-continuous membership functions, it is called a
fuzzy number. After Dubois and Prade [2] defined fuzzy numbers as fuzzy subsets on the real
number line in 1978, various approaches to fuzzy numbers and their arithmetic operations have
been developed throughout history.

Let (F,) be the sequence of Fibonacci numbers given by

Fn+2 = Fn+1 + FTl fOI‘Tl 2 O

with Fy = 0 and F; = 1 [3]. Irmak and Demirtas [4] defined fuzzy Fibonacci numbers and fuzzy
Lucas numbers and studied some properties of these numbers. Later, Duman [5] showed some
identities related to fuzzy Fibonacci numbers.

In 1832 Gauss [6] introduced Gaussian numbers. The set of these numbers is denoted by

Z[i] ={a+ bi: a,b€Z}.
In 1963 Gaussian Fibonacci numbers were defined as

GFpyy = GFpyy + GE, forn >0
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with the initial conditions GF, = i and GF; = 1 by Horadam [7]. It is easy to see that
GE,=F,+iF,_;, forn>=0. (1)

Later, many studies on Gaussian Fibonacci numbers, Gaussian Pell numbers, Gaussian balancing
numbers and others were carried out by many researchers [8-16].

In this study Gaussian fuzzy Fibonacci numbers are defined and Binet formula and the
generating function for these numbers are found. After, Vajda, Catalan, Cassini and d'Ocagne
identities for Gaussian fuzzy Fibonacci numbers are discussed.

PRELIMINARIES

Let A = (a4, a;,a3) be a triangular fuzzy number. The membership function of the
triangular fuzzy numbers is given by

X—aq

a<x<a
az—al' 1 2

as—x

pa(x; aq,a;,a3) = ,a; < x < ags

az—as

0,x>a3 Vx<a

where a; and a5 are the lower and upper bound values of the fuzzy set and a, is the single point
with exact membership [4]. Moreover, a- cut interval of the triangular fuzzy number is

A% = [af,af] = [ay + alaz — ay), a3 — alaz — ay)],
where a € [0,1] and af, a € R [4]. Binet formula of the Fibonacci numbers is given by

¢1l_‘81l
="

where ¢ = (1 ++/5)/2 and B = (1 —+/5)/2 [3]. Fuzzy Fibonacci numbers are defined as

forn =0,

Fran+l = [Fr(n—1)+l + a(FrnH - Fr(n—1)+l)' Fr(n+1)+l - a(Fr(n+1)+l - Tn+l)]

for n > 0 integer [4]. Here, r,l € Z and a € [0,1]. If we take r = 1 and [ = 0, then the above
equality converts to

Fna = [Fn—l + aFn—Zr Fn+1 - aFn—l]- (2)
Let F¥ =[1—a,1— a] and FJ¥ = [, 1]. Fuzzy Fibonacci numbers recurrence relation
EX=F +FY, forn>2 3)

holds [4]. Considering the definitions of the addition, subtraction and multiplication given for two
fuzzy numbers by Irmak and Demirtas [4], we can make the following inferences for the addition,
subtraction and multiplication on two fuzzy Fibonacci numbers.

Fna i Frg = [Fn—l i Fm—l + a(Fn—Z i Fm—z)' Fn+1 i Fm+1 - a(Fn—l i Fm—l)]' (4)
Eff - B = [Foo1Fmo1 + @(Fp_pFnq + Fp1Fp ) + a?(Foop Frnp),
Fn+1Fm+1 - a(Fn—lFm+1 + Fn+1Fm—1) + az(Fn—lFm—l)]- (5)

Let us note that the product of two triangular fuzzy Fibonacci numbers is not a triangular
fuzzy Fibonacci number. The multiplication of fuzzy Fibonacci numbers with a scalar and the
definition of negative indices are as follows:

thy = [t(Fn—l + aFy ), t(Fpyq — aFn—l)] (6)
Fo = [Fyoy + @F 3, Fopyy — @F_y_y] @)
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The Binet formula of the Gaussian Fibonacci numbers is

_ ¢1l_[gn ) ¢n—1_‘8n—1
GE, = NG +1i NG forn >0, (8)

deduced from Jordan [8]. When we take ¢ = 1 — Bi and S = 1 — ¢i, the equality (8) shows that

GE, = % forn > 0. (9)

MAIN RESULTS

Firstly, the Gaussian fuzzy Fibonacci numbers are defined as follows:
GFY =FX+iFy {forn>0, (10)

where F is n-th fuzzy Fibonacci number. The conjugate of these numbers is given by

GE¥ = KX —iFY ;. (11)

The addition, subtraction and multiplication of two Gaussian fuzzy Fibonacci numbers GE and
GEy are defined as

GFy £ GFy = (B £ E) + i(Fa_y + Fy), (12)

GEY - GEY = FfEf — FF (Ff_ +i(F¥ EX + EXFZ_1). (13)

Further, multiplication with a scalar 't’ and negative indices of the Gaussian fuzzy Fibonacci
numbers GFY are defined as
tGEY = tEY + tiFY , forn>1, (14)

GF% = F% +iF%,_; forn>1. (15)

Proposition 1. For the Gaussian fuzzy Fibonacci numbers, there are the equalities:

(i) GE¥ + GET = 2F¢

(ii) (GE®)? = 2E*GE® — GE*GE?

(iii) GE¥ - GE¥ = (E%)? + (F,)?
Proof (i) From the equalities (10) and (11), we get

GEX + GEX = EX +iFf , + Ef —iFY | = 2E7.
(ii) Taking into account the previous identity, we obtain
(GF®)? = GEYGE® = GEX(2F® — GEY) = 2FGE® — GEYGFEZ.

(iii) The equalities (10), (11) and (13) give us

GE® - GEZ = (E® + iF%_,) - (E% — iF%_)
= (FE)? + (FX)? + i(FfF¥ — FfFZ¥ )
= (EM)? + (FX )2

Proposition 2. For the Gaussian fuzzy Fibonacci numbers, the following equality holds:
GFpyz = GFRyy + GEY
Proof. Using the equalities (3), (10) and (12), we can write

GF, + GEY = Ff  +iFEF+ FY +iFF
=Ff, +EX+i(Ff+F% )
= Fyp + iFpy
= GFyyo.
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Theorem 1. The Binet formula of the Gaussian fuzzy Fibonacci numbers is given by

a« _ (’ﬁqbn—l_ﬁﬁn—l (’ﬁ¢n—2_ﬁﬁn—2 (’ﬁ¢n+1_E‘8n+1 _ (’ﬁqbn—l_ﬁﬁn—l
GE = [Pl 4 o P 2 a2t

where $ =1 —Biand f = 1 — ¢i.
Proof. The equalities (1), (2), (4), (6) and (10) give us:
GRY =K'+ iFr?—l = [Fn—l + aFy 2 Foy1 — aFn—l] + [Fn—z +aF, 3, B — aFn—z]i

= [Fn—l + iFn—z + a(Fn—Z + iFn—3)'Fn+1 + iFn - a(Fn—l + iFn—Z)]
= [GFTl—l + aGFn_z, GFn+1 - (ZGFn_l].

In view of the last equality and equality (9), we can write

GFna = [GFTl—l + aGFn_z, GFn+1 - (ZGFn_l]
_ (’ﬁqbn—l_ﬁﬁn—l (’ﬁ¢n—2_ﬁﬁn—2 (’ﬁ¢n+1_E‘8n+1 (’ﬁqbn—l_ﬁﬁn—l
= [P o S M et |

Theorem 2. The generating function of the Gaussian fuzzy Fibonacci numbers is given by

GF%(x) = [1—a,1—a]+[—1+2a,a]x+([—1+2a,a]+[2—3a,1—2a]x)i.

1-x—x?
Proof. Let
GF*(x) = X5_o GE*x™ = GF& + GF{'x + GF&x? + - (16)
be the generating function of the Gaussian fuzzy Fibonacci numbers. Then we have
—xGF%(x) = —GF{x — GF{*x* — GF{x3 — - (17)
and
—x2GF%(x) = —GF{x* — GF{x3 — GF§fx* — --- (18)

From the equalities (16), (17) and (18), we conclude that
(1 —x—x%)GF%(x) = GF¥ + (GF{* — GF&)x.
Thanks to Proposition 2, we know that GF%, = GF{* — GF§'. Thus, the above equality implies that

GF{+GF% x

1-x—x2 '

Considering the above equality together with the equalities (7), (10), (14) and (15), we find that

GF%(x) =

FE+iFY +(F% +iF%)x

GF%(x) =
( ) 1-x—x2
_ FS+F% x4+ (FY+F%x)i

1-x—x2
_ [1—a1-a]+[-1+2a,a]x+([-1+2a,a]+[2-3a,1-2a]x)i

1—x—x2

Lemmal. Let =1— Biand f =1 — ¢i. So we have
~@BB" + pdd” = (2 - D(¢" — B
Proof. Let us recall that ¢ = —1, ¢ + B = 1 and i? = —1. Thus, we have the equality
—@BBT + BpoT = —(1 = B)(L = ¢pDB™ + (1 = p)(1 = B)”
=(=1+Bi+¢pi+¢p)F" + (1 —Pi—pi—pp)¢"
=(1+(B+P)i-D +(A-(B+o)i+ 1"

=(—2+ D"+ (2-D¢p"
=2 =D =B
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Theorem 3 (Vajda’s identity). For n,m,r € Z, there is the equality
GFHmGFyr — GEFGFHme, = (2 — DE, F.(FEFF — (F{)?).
Proof. According to Theorem 1, we can write
GFomGFyr — GBI GFym ey

~ (’ﬁ¢n+m—1_ﬁﬁn+m—1 + a (’ﬁ¢n+m—2_E‘8n+m—2 (’ﬁ¢n+m+1_ﬁﬁn+m+1 —a (’ﬁ¢n+m—1_ﬁl[gn+m—1]
(’ﬁ¢n+r\£§1_ﬁﬁn+r—1 (’ﬁ¢n+r—\2/§E‘8n+T—2 (’ﬁ¢n+r+1_\/g‘8n+r+1 (’ﬁ¢n+r—1_\§/zn+r—1
X 7 - +a N - G —A a BRE ]
_ [¢¢n—1_[g[gn—1 + ¢¢n—2_[g[gn—2 ¢¢n+1_ﬁ[gn+1 _ a¢¢n_1_'8'8n_1]
V5 ’ V5 V5

[$¢n+m+r—1_3ﬁn+m+r—1 a¢n+m+r—2_3ﬁn+m+r—2 <’¢‘)¢n+m+r+1_z’>ﬁn+m+r+1 $¢n+m+r—1_3ﬁn+m+r—1]
X

7 ta 7 ' 7 —a 7

When the necessary mathematical operations are made, we can write
GFpymGFr — GEY Gy
[_$¢n+m—1ﬁ"’8n+r—1 _ ’B"’Bn+m—1$¢n+r—1 + $¢n—1ﬁ"ﬁn+m+r—1 + ’B"’Bn—1$¢n+m+r—1

n+m—2 n—2-+ ,ntm+r—1

va(—pg" " BETT =B PR + B BT 4 B o

_¢¢n+m—j’8’82n+r 2 _’B’Bn+m 1¢¢n+r+2_;¢¢n 1’B’Bn+m+r -2 +,B,Bn 1¢¢n:m:r 22)
va2 =g BT =BT " T + o BE T T 4 B e ),
_$¢n+m+1’8’8n+r+1 _ ’B’Bn+m+1$¢n+r+1 + ¢¢n+1’8’8n+m+r+1 + ’B’Bn+1¢¢n+m+r+1
_a(_¢¢n+m+1ﬁﬁn+r 1 ’B’Bn+m+1¢¢n+r_1 + (’ﬁ¢n+1ﬁﬁn+m+r—1 n Bﬁn+1$¢n+m+r_1

T an+m—1p0 pn+r+1 n+m-1 n+r+1 T an—10pn+m+r+1 ppn—-1 4 4n+m+r+1
—¢¢ ﬁﬁ - BB b9 + oo™ BB +BB" PP )
n+m-— n—1- ,ntm+r—1

v (=" BT =B B+ g BT 4 B B )]

If we make manipulations, we obtain
GFYmGFr — GEFGF Yy
[—@B(=D)" BT (p™ — B™) + BP(—1)" 1" (™ — B™)
+a( B2 (@7 — B)B + ) + BH(—1" 20 (¢" — B (@ + )
+a? (—PB1 2B (@™ — B7) + BH(—1" 29 (8" — B"))
—PB(=1)MIBT(P™ — B™) + PH(—1)"H 1T (¢™ — B™)

~a(—BB1r I (@7 =) (¢ + )+ B (8"~ 7 (B + 7))

+a? (—@B=D 1 (@™ — B") + BE-1" 19 (" — B™))]

~

ul]| =

U‘llb—\

Le.
GFpymGFyr — GEY Gy iy

= [0 g™ — B (= $BET + fdgT) +a (-1 (@™ — B™)(~BBB” + B$o"))
o (<—1>n-2(¢’“ - ") (—pBB + ﬁ«?x;f)), (=D (™ - B™) (~BBB" + BPe")
—a (3<—1>n-1(¢’” — ") (@B + Eadf)) a2 (<—1>n-1(¢’“ — ") (@B + E«?xff))].
By Lemma 1,
GF&mGF & — GEEGF S

33
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= [(“DMHP™ - B2 = D(PT = B + (=D 2™ — f™(2 - D(PT — 7))
+a? (D" 2(™ — BT - ("~ B)), (=11 (g™ — B2 — i)(¢" — B)
—a(3(=1""1(¢" = M2 - (¢ = ) + @ (=Y (¢™ = BM)2 — (9" = B"))]
and so
GF7?+mGFr?+r - GFn“GF,‘z‘+m+T

= [(=D"'Fp (2 = DE + a((m1)"?E,(2 = DF) + ((-1)"*E, (2 = DE),
(=D™1E, (2 — DE, — aB3(=1)"1E, (2 — DE) + (=)™, (2 — DE)].

Thus, we get

GFYmGF% — GE*GF mr = 2 — DEE[1—a—a?1-3a+ a?]
or
GFS,. GFS,. — GESGF%,, .. = (2 — )E,F.(FIFE — (FO)?).

Corollary 1 (Catalan identity). For n,r € Z, we obtain
GF GFy — (GE)? = (1)1 (2 — D(F)*(FSFF — (F{)?).

Proof. If m = —r is taken in Vajda’s identity, the corollary is proven.

Corollary 2 (Cassini identity). For n € Z, we have
GFY1GFgy — (GE? = (2 — D(F§FS — (F{)?).
Proof. If m = —1 and r = 1 are taken in Vajda’s identity, the proof is completed.

Corollary 3 ( d’ Ocagne identity). For n, k € Z, we get
GFIGF%, — GEAGF¥, = (2 — D)F_ (F{FS — (FM)?).

Proof. If m+n = k and r = 1 are taken in Vajda’s identity, the desired result is obtained.

CONCLUSIONS

This study has explored the interplay between Gaussian numbers, fuzzy numbers and
Fibonacci numbers. Specifically, the concept of Gaussian fuzzy Fibonacci numbers has been
introduced and several key properties of these numbers have been established. It is suggested that
future researchers can extend this work by defining fuzzy variants of other number sequences such
as Gaussian fuzzy Lucas, Gaussian fuzzy Pell and Gaussian fuzzy Pell-Lucas numbers, further
exploring the properties associated with these new constructs.
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