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Abstract:  In this study we introduce bicomplex versions of double sequences, extending the 
classical theory of sequences to the bicomplex number system. Also, we discuss formal 
definitions of bicomplex double sequences and investigate their fundamental properties 
pertaining to the hyperbolic valued norm |. |ঋ which serves as a natural tool for measuring the 
magnitude of bicomplex numbers while preserving their algebraic characteristics. 
Furthermore, we give some examples to show the usability of our findings and applicability of 
the theoretical results. The findings offer a foundational contribution to bicomplex analysis 
with potential implications for functional analysis, operator theory and other areas of applied 
mathematics. 

 
Keywords:  bicomplex number, hyperbolic valued norm, double sequence, convergence in 
Pringsheim’s sense 

 

INTRODUCTION 
 

In 1892 Segre [1] created a new number system called bicomplex numbers as a pioneering 
attempt in the development of special algebras, and the initial investigations into this new number 
system were conducted by Scorza [2] and Spampinato [3]. Unlike quaternions, this number system 
generalises complex numbers by four reals satisfying the commutative rule of multiplication. In this 
regard due to the fact that it is a ring having divisors of zero, the theory of bicomplex variables 
differs in many aspects from the analysis of one complex variable. 

Subsequently, the book of Price [4] is a good resource of the bicomplex algebra and 
bicomplex functional analysis and it is considered the foundational work of this theory. In recent 
years the study of bicomplex numbers has become more popular and the interested reader is referred 
to an important book that develops the bicomplex counterpart of functional analysis with complex 
scalars by Alpay et al. [5]. Değirmen and Sağır [6] obtained a new and effective area of study by 
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establishing ॰-normed Banach bicomplex ९ℂ-modules ݈௣
ঋ(९ℂ) with bicomplex scalars. Hereupon, 

bicomplex numbers have found prominent applications across various domains of mathematical 
sciences and different branches of science and technology such as digital image processing, fluid 
mechanics, neural networks, geometry, computer graphics for describing fractals and theoretical 
physics [7-13]. 

The sequence spaces have wide application areas ranging from economics to engineering. 
Due to their connections with the theory of selection principles which relates to game theory, 
combinatorics and function spaces, double sequences have recently attracted significant attention in 
both pure and applied analysis. The double sequences have more than one type of convergence 
specified, contrary to single sequences. 

The notion of convergence for double sequences was introduced by Pringsheim [14]. Hardy 
[15] developed the idea of regular convergence because the convergence sequence in the sense of 
Pringsheim does not require being bounded. The convergence of the rows and columns of the 
double sequences, as well as the Pringsheim convergence, is required for this convergence concept. 
Móricz [16] investigated some properties of the space of convergent double sequences in the 
Pringsheim's sense, the space of convergent double sequences to zero in the Pringsheim's sense and 
the space of regularly convergent double sequences. Boos et al. [17] defined ݁ -, ܾ݁ - and ܿ -
convergence concepts for double sequences and determined some topological properties of these 
convergence types. Zeltser [18] investigated the theory of topological double sequences and the 
theory of summability of double sequence spaces. Duyar and Oğur [19] defined the double 
sequence space ݉ଶ(ܯ, ,ܣ ߶,  using the Orlicz function and matrix transformations and examined (݌
its general properties. Sağır et al. [20] delineated the space ݉ଶ(ܨ, ߶, (݌  by a double series of 
modulus functions and elucidated its significant analytical features comprehensively. Duyar and 
Oğur [21] created a Cesàro-Orlicz double sequence space utilising the Orlicz function and 
established some of its topological features. 

Before explaining the main purpose of the article and its contribution to the literature, let us 
mention the topic of bicomplex sequence spaces. The topic was first studied by Sager and Sağır 
[22], who constructed the bicomplex sequence spaces ܿ(९ℂ), ܿ଴(९ℂ) and ݈௣(९ℂ) and investigated 
their completeness properties. In continuation, they discussed the topological [23] and geometric 
[24] properties of these spaces. In addition to topological and geometric properties of the 
fundamental spaces, some researchers also studied Köthe-Toeplitz duals, multiplier spaces and 
matrix transformations [25-27]. On the other hand, new studies have emerged that approach these 
spaces from different perspectives. In 2023 Raj et al. [28] constructed Orlicz-Lacunary bicomplex 
sequence spaces and presented their algebraic and topological properties. Işık and Duyar [29] 
defined bicomplex Lorentz sequence spaces. Bera and Tripathy [30] extended the concept of 
statistical bounded sequences to bicomplex numbers and constructed statistical bounded sequence 
spaces of bicomplex numbers, mentioning summability properties. Some authors also examined 
Cesàro convergence of sequences of bicomplex numbers using ९ℂ-Orlicz function [31], statistically 
convergent difference sequences of bicomplex numbers [32] and some types of convergence and 
geometric properties of double sequences of bicomplex numbers with respect to the Euclidean norm 
on ९ℂ [33-36]. In 2025 Parajuli et al. [37] studied difference sequence spaces in the bicomplex 
sense.  

Motivated essentially by all the work outlined above, in this study we consider the double 
sequences of bicomplex numbers as a new and exciting contribution to existing literature. Also, by 
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using hyperbolic valued norm |. |ঋ  which has quite good properties, we investigate bicomplex 
versions of some concepts and properties given by some researchers for classical double sequences 
[14-16, 18, 38]. Given the widespread usage of the theory of double sequences in fields ranging 
from engineering to economics, as well as the broad range of applications for bicomplex sequence 
spaces, our article offers fresh insights into how to solve various problems in these fields. 
Furthermore, we hope that the current article will become a starting point for the theory of 
bicomplex double sequences, bicomplex double sequence spaces and applications to many 
interesting problems in various aspects. 
 
PRELIMINARIES 
 

Now we provide a basic introduction to bicomplex numbers, which focuses on the 
nomenclature needed in this discussion. More comprehensive information can be obtained in the 
literature [4, 5, 13]. 

Bicomplex numbers represent one of the generalisations of the complex numbers by means 
of entities specified by four real numbers and any bicomplex number is defined by the base element 
1,  ݅, ݆, ݆݅ , where ݅ଶ = ݆ଶ = −1, ݆݅ = ݆݅ , as follows:  

ݖ                     = ଵݖ + ଶݖ݆ = ଵݔ) + (ଵݕ݅ + ଶݔ)݆ +   ,(ଶݕ݅
ଵݖ = ଵݔ + ,ଵݕ݅ ଶݖ = ଶݔ + ଶݕ݅ ∈ ℂ, ,ଵݔ ,ଵݕ ,ଶݔ ଶݕ ∈ ℝ.  A set of bicomplex numbers is denoted by 
९ℂ and it forms an algebra and ९ℂ-module with respect to the addition, scalar multiplication and 
multiplication defined as 

ݖ + ݓ = ଵݖ) + (ଶݖ݆ + ଵݓ) + (ଶݓ݆ = ଵݖ) + (ଵݓ + ଶݖ)݆ +  (ଶݓ
ߣ                                    ⋅ ݓ = ߣ ⋅ ଵݖ) + (ଶݖ݆ = ଵݖߣ +  ଶݖߣ݆
ݖ                                   × ݓ = ݓݖ = ଵݖ) + ଵݓ)(ଶݖ݆ + (ଶݓ݆ = ଵݓଵݖ) − (ଶݓଶݖ + ଶݓଵݖ)݆ +  (ଵݓଶݖ
 
for all ݖ = ଵݖ + ,ଶݖ݆ ݓ = ଵݓ + ଶݓ݆ ∈ ९ℂ, ߣ ∈ ℝ. Also, ॰ = ݔ} + ঋݕ: ,ݔ ݕ ∈ ℝ, ঋ = ݆݅} ⊂ ९ℂ  is 
a set of hyperbolic numbers. 

There are three types of conjugates and three types of moduli of any bicomplex number in 
९ℂ as follows:  
றభݖ                       = ଵݖ + ,ଶݖ݆ றమݖ = ଵݖ − ,ଶݖ݆ றଷݖ = ଵݖ −  ,ଶݖ݆
௜|ݖ|                     

ଶ = றమݖݖ = ଵݖ
ଶ + ଶݖ

ଶ ∈ ℂ(݅), 
௝|ݖ|                     

ଶ = றభݖݖ = ଵ|ଶݖ|) − (ଶ|ଶݖ| + ݆൫2ℜ(ݖଵ ⋅ ଶ)൯ݖ ∈ ℂ(݆) = ݔ} + :ݕ݆ ,ݔ ݕ ∈ ℝ}, 
ঋ|ݖ|                     

ଶ = றయݖݖ = ଵ|ଶݖ|) + (ଶ|ଶݖ| + ঋ൫−ℑ(ݖଵ ⋅ ଶ)൯ݖ ∈ ॰. 

If |ݖ|௜ ≠ 0, ଵିݖ is called an invertible element and ݖ = ௭಩

|௭|೔
మ. The fraction ௭

௪
 is defined for 

,ݖ ݓ ∈ ९ℂ  if and only if ݓ is invertible, and also ௭
௪

=  .ଵିݓݖ

The set ቄ݁ଵ = ଵା௜௝
ଶ

, ݁ଶ = ଵି௜௝
ଶ

ቅ  is the idempotent basis of ९ℂ  and hence the idempotent 
representation of ݖ = ଵݖ + ଶݖ݆  is uniquely written as = ଵ݁ଵߚ + ଶ݁ଶߚ  , where ߚଵ = ଵݖ − ଶݖ݅ ,         
ଶߚ = ଵݖ + ଶݖ݅ ∈ ℂ. 

For two bicomplex numbers ݖ = ଵ݁ଵߚ + = ଶ݁ଶ andߚ ଵ݁ଵߛ +  :ଶ݁ଶ , we have the followingߛ
 

ݖ ± ݓ = ଵߚ) ± ଵ)݁ଵߛ + ଶߚ) ±  ଶ)݁ଶߛ
ݓݖ                                                           = ଵ݁(ଵߛଵߚ) +  ଶ݁(ଶߛଶߚ)

                                                          
ݖ
ݓ =

ଵߚ

ଵߛ
݁ଵ +

ଶߚ

ଶߛ
݁ଶ, if ݓ is invertible. 
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The idempotent representation of any hyperbolic number ߙ = ݔ + ঋݕ is ߙ = ଵ݁ଵߙ + ଶ݁ଶߙ =
ݔ) + ଵ݁(ݕ + ݔ) − ଵߙ ଶ and if݁(ݕ ≥ 0 and ߙଶ ≥ 0, then we say that ߙ is positive hyperbolic. The set 
of such numbers is denoted by ॰ା, i.e. ॰ା = ߙ} = ଵ݁ଵߙ + :ଶ݁ଶߙ ଵߙ ≥ 0, ଶߙ ≥ 0}. For ߙ, ߚ ∈ ॰, if 
ߚ − ߙ ∈ ॰ା, then we write ߙ ≾    and we have ߚ

ߙ ≾ ଵߙ if and only if ߚ ≤ ଶߙ ଵ andߚ ≤  .ଶߚ
ߙ ≺ ଵߙ if and only if ߚ < ଶߙ ଵ andߚ <  .ଶߚ

 
The relation ≾  defines a partial order on ॰ . A map ‖. ‖९ℂ: ९ℂ → ℝା ∪ {0} ,                

९ℂ‖ݖ‖ = ଵݖ‖ + ଶ‖९஼ݖ݆ = ඥ|ݖଵ|ଶ +  ଶ|ଶ  is a real valued norm on ९ℂ and it satisfies the followingݖ|
properties: 

i) ‖ݖ‖९ℂ = 0  if and only if ݖ = 0. 
ii) ‖ݖߤ‖९ℂ = |ߤ| ⋅ ݖ ९ℂ for all‖ݖ‖ ∈ ९ℂ, ߤ ∈ ℝ. 

iii) ‖ݖ + ९ℂ‖ݓ ≤ ९ℂ‖ݖ‖ + ,ݖ ९ℂ for all‖ݓ‖ ݓ ∈ ९ℂ..  
A sequence (ݖ௡) in ९ℂ converges to ݖ଴ ∈ ९ℂ with respect to the norm ‖. ‖९ℂ if for every 

ߝ > 0 there is a natural number ݊଴ such that ‖ݖ௡ − ଴‖९ℂݖ < ݊ for all ߝ ≥ ݊଴.  
The hyperbolic valued module |ݖ|ঋ of a bicomplex number ݖ = ଵ݁ଵߚ +   ଶ݁ଶ is expressed asߚ

ঋ|ݖ|  = ଵ|݁ଵߚ| + .| ,ଶ|݁ଶ. Alsoߚ| |ঋ ∶ ९ℂ → ॰ା is the hyperbolic valued norm (or ॰-norm) on the 
९ℂ-module ९ℂ  because of the following properties: 

i) |ݖ|ঋ = 0  if and only if ݖ = 0. 
ii) |ݓݖ|ঋ = ,ݖ ঋ for any|ݓ|ঋ|ݖ| ݓ ∈ ९ℂ. 

iii) |ݖ + ঋ|ݓ ≾ ঋ|ݖ| +   .ঋ|ݓ|
A sequence (ݖ௡) in ९ℂ converges to ݖ଴ ∈ ९ℂ with respect to the ॰-norm |. |ঋ if for every 

0 ≾ ௡ݖ| there is a natural number ݊଴ such that ߝ − ଴|ঋݖ ≾ ݊ for all ߝ ≥ ݊଴. Throughout this paper 
we represent this convergence by  ঋ lim

௡⟶ஶ
௡ݖ  = ଴ݖ   For any , ,ߚ ߛ ∈ ॰, ,ݖ ݓ ∈ ९ℂ  , the following 

hold: 

i) ቚ ௭
௪

ቚ
ঋ

= |௭|ঋ
|௪|ঋ

 where ݓ is invertible. 

ii) If ߙ ∈ ॰ା, then |ߙ|ঋ =  .ߙ
iii) If ߙ ∈ ॰ା, then |ݖߙ|ঋ =   .ঋ|ݖ|ߙ

Before starting our main results, we briefly review double sequences which will be used 
throughout the paper. 

A double sequence of complex numbers is a function ݔ: ℕ × ℕ → ℂ where ℕ is the set of all 
natural numbers. The notation (ݔ(݊, ݉))  or simply (ݔ௡௠)  shall be used. The value of double 
sequence space ݔ = ,݊) at a point (௡௠ݔ) ݉) ∈ ℕଶ  is a complex number ݔ௡௠  and it is called the 
(݊, ݉)-th term of ݔ. So we can think of the elements ݔ௡௠ of the double sequence (ݔ௡௠) as a table: 

 

⎣
⎢
⎢
⎢
⎡

ଵଵݔ ଵଶݔ ⋯ ଵ௡ݔ ⋯
ଶଵݔ ଶଶݔ ⋯ ଶ௡ݔ ⋯

⋮ ⋮ ⋯ ⋮ ⋯
௠ଵݔ ௠ଶݔ ⋯ ௠௡ݔ ⋯

⋮ ⋮ ⋯ ⋮ ⋯⎦
⎥
⎥
⎥
⎤
 

 
The double sequence ݔ =  (௡௠ݔ) converges to ݈ in Pringsheim's sense or simply that (௡௠ݔ)

is ݌-convergent to ݈ if for any ߝ > 0 there exist ݊଴ ∈ ℕ and ݈ ∈ ℂ such that |ݔ௡௠ − ݈| < ߝ  for all 
݊, ݉ ≥ ݊଴ and it is denoted by  ௣ lim ௡௠ݔ = ݈ . The space of all convergent double sequences in the 
Pringsheim's sense is stated by ܥ௣. A double sequence of complex numbers can have at most one 
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limit in Pringsheim's sense. A double sequence (ݔ௡௠) is called bounded if there exists a real 
number ܯ > 0 such that |ݔ௡௠| ≤ ,݊ for all ܯ ݉ ∈ ℕ. It is known that sequences in the space ܥ௣ 
may not be bounded. If the double sequence ݔ =  converges in the sense of Pringsheim, and (௡௠ݔ)
in addition, the limits lim

௡
௡௠ and limݔ

௠
 ௡௠ exist, then it is called regularly convergent and denotedݔ

by  ௥ lim ௡௠ݔ = ݈ . The space of all regularly convergent double sequences is denoted by ܥ௥. From 
the definition, all regularly convergent double sequences are convergent in Pringsheim's sense. 
Also, every regularly convergent double sequence is bounded. 

For a double sequence ݔ௡௠, the limits lim
௡

  ቀlim
௠

௡௠ቁ and limݔ 
௠

  ቀlim
௡

 ௡௠ቁ are called iteratedݔ 

limits. Let lim
௡௠

௡௠ݔ  = ܽ; in this case, 

i) lim
௠

  ቀlim
௡

௡௠ቁݔ  = ܽ if and only if  lim
௡

݉ ௡௠ exists for allݔ  ∈ ℕ. 

ii) lim
௡

  ቀlim
௠

௡௠ቁݔ  = ܽ if and only if  lim
௠

݊ ௡௠ exists for allݔ  ∈ ℕ. 

iii) The iterated limits lim
௠

  ቀlim
௡

௡௠ቁ and limݔ 
௡

  ቀlim
௠

 ௡௠ቁ exist and both are equal to ܽ if and onlyݔ 

if lim
௡

݉ ௡௠ exists for allݔ  ∈ ℕ and lim
௠

݊ ௡௠ exists for allݔ  ∈ ℕ. 

A double sequence (ݔ௡௠) of complex numbers is called a Cauchy sequence if and only if for 
any ߝ > 0 there exist ݊଴ ∈ ℕ and ݈ ∈ ℂ such that หݔ௡௠ − ௣௤หݔ < ,݊ for all ߝ ݉ ≥ ݊଴ and ݌, ݍ ≥ ݊଴. 
A double sequence of complex numbers converges in Pringsheim's sense if and only if it is Cauchy 
sequence. 

Let (ݔ௡௠) be a double sequence of complex numbers and let (݇ଵ, (ଵݎ < (݇ଶ, (ଶݎ < ⋯ <
(݇௡ , (௡ݎ < ⋯  be a strictly increasing sequence of pairs of natural numbers. Then the sequence 
൫ݔ௞೙௥೘൯ is called a subsequence of (ݔ௡௠). If a double sequence (ݔ௡௠) of complex numbers is ݌-
convergent to a complex number ܽ, then any subsequence of (ݔ௡௠) is also ݌-convergent to ܽ. If the 

iterated limits of a double sequence ( ݔ௡௠ ) exit and lim
௡→ஶ

  ቀ lim
௠→ஶ

௡௠ቁݔ  = lim
௠→ஶ

  ቀ lim
௡→ஶ

௡௠ቁݔ  = ܽ, then 

iterated limits for any subsequence ൫ݔ௞೙௥೘൯ exist and lim
௡→ஶ

 ቀ lim
௠→ஶ

௞೙௥೘ቁݔ  = lim
௠→ஶ

  ቀ lim
௡→ஶ

௞೙௥೘ቁݔ  = ܽ. 
 
BICOMPLEX DOUBLE SEQUENCES  
 

In this part we define the concept of a bicomplex double sequence with a new perspective on 
the concept of a double sequence and we give fundamentals of the theory of bicomplex double 
sequences. We first give the concept of a bicomplex double sequence, which is the basis of this 
paper: 
 
Definition 1.  The function ߞ: ℕ × ℕ → ९ℂ, (݊, ݉) → ,݊)ߞ ݉) =  ௡௠ is called a bicomplex doubleߞ
sequence. 

Let (ߞ௡௠)  be a bicomplex double sequence. Then there exist double sequences 
,(௡௠ݖ) ௡௠ߞ of complex numbers such that (௡௠ݓ) = ௡௠ݖ + ௡௠ݓ݆  for all ݊, ݉ ∈ ℕ . On the other 
hand, the bicomplex number ߞ௡௠  has the idempotent representation ߞ௡௠ = ௡௠݁ଵݏ +  ௡௠݁ଶ whereݐ
௡௠ݏ = ௡௠ݖ − ௡௠ݓ݅ ௡௠ݐ , = ௡௠ݖ + ௡௠ݓ݅  and also (ݏ௡௠),  are double sequences of complex (௡௠ݐ)
numbers. 

 
Example 1.  Consider the function 
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:ߞ ℕ × ℕ → ९ℂ, (݊, ݉) → ,݊)ߞ ݉) = ௡௠ߞ = ቐ
(݉ − ݅)ଶ݁ଵ + ݉݅݁ଶ, if ݊ = 1 for all ݉ ∈ ℕ

݊݅݁ଵ + ݊ଶ݅݁ଶ, if ݊ = ݉
݊݉݁ଵ + ݊݉݅݁ଶ, otherwise 

. 

So (ߞ௡௠) is a bicomplex double sequence. Also, the bicomplex number ߞ௡௠ for all ݊, ݉ ∈ ℕ can be 
described by the idempotent representation ߞ௡௠ = ௡௠݁ଵݏ +  ௡௠݁ଶ  whereݐ

௡௠ݏ = ቐ
(݉ − ݅)ଶ,  if ݊ = 1 for all ݉ ∈ ℕ

݊݅,  if ݊ = ݉
݊݉,  otherwise 

     and      ݐ௡௠ = ݊݉݅ 

for all ݊, ݉ ∈ ℕ  and (ݏ௡௠) and (ݐ௡௠) are complex double sequences. 
We continue with the concept of a subsequence of a bicomplex double sequence. 

 
Definition 2.  Let ߞ: ℕ × ℕ → ९ℂ, (݊, ݉) → ,݊)ߞ ݉) = ௡௠ߞ  be a bicomplex double sequence. 
Define ߟ: ℕ × ℕ → ℕ × ℕ, (݊, ݉) → ,݊)ߟ ݉) = ௡ߣ) , (௠ߤ  where ߣ: ℕ → ℕ, ݊ → (݊)ߣ = ௡ߣ  and 
:ߤ ℕ → ℕ, ݉ → (݉)ߤ = ௠ߤ  are increasing functions. Then the function ߞ ∘ :ߟ ℕ × ℕ →
९ℂ, (݊, ݉) → ߞ) ∘ ,݊)(ߟ ݉) = ఒ೙ఓ೘ߞ  is called a subsequence of the bicomplex double sequence 
 .(௡௠ߞ)

For ߞ௡௠ = ௡௠݁ଵݏ + ௡௠݁ଶݐ   and  ߞఒ೙ఓ೘ = ఒ೙ఓ೘݁ଵݏ + ఒ೙ఓ೘݁ଶݐ , the bicomplex double 
sequence ൫ߞఒ೙ఓ೘൯ is a subsequence of (ߞ௡௠) if and only if the complex double sequences ൫ݏఒ೙ఓ೘൯ 
and ൫ݐఒ೙ఓ೘൯ are subsequences of (ݏ௡௠) and (ݐ௡௠) respectively. 
 
Example 2.  Consider the bicomplex double sequence (ߞ௡௠) defined by 

௡௠ߞ =
݅

݊ + ݉ ݁ଵ + ൤(−1)௠ ൬
1
݊ +

1
݉൰ + ݅൨ ݁ଶ 

where ݏ௡௠ = ௜
௡ା௠

 and ݐ௡௠ = (−1)௠ ቀଵ
௡

+ ଵ
௠

ቁ + ݅  for all ݊, ݉ ∈ ℕ . Define :ߟ ℕ × ℕ → ℕ ×
ℕ, (݊, ݉) → ,݊)ߟ ݉) = (2݊, ݉ଷ)  where ߣ: ℕ → ℕ, ݊ → (݊)ߣ = 2݊  and ߤ: ℕ → ℕ, ݉ → (݉)ߤ =
݉ଷ.  Then 

ߞ ∘ :ߟ ℕ × ℕ → ९ℂ, (݊, ݉) → ߞ) ∘ ,݊)(ߟ ݉) = ଶ௡,௠యߞ =
݅

2݊ + ݉ଷ ݁ଵ + ൤(−1)௠య ൬
1

2݊ +
1

݉ଷ൰ + ݅൨ ݁ଶ 

is a subsequence of (ߞ௡௠). 
 
Some Fundamentals as per Hyperbolic Valued Norm |. |ঋ 
 

 We begin with the bicomplex versions of convergence in Pringsheim's sense and regular 
convergence for double sequences and evince their relationships with each other as per the ॰-norm 
|. |ঋ in analogy with some well-known results for classical double sequences. 
 
Definition 3.  Let (ߞ௡௠) be a bicomplex double sequence and ߞ଴ ∈ ९ℂ. If for every 0 ≺ ߝ ∈ ॰ 
there exists ݊଴ ∈ ℕ such that |ߞ௡௠ − ଴|ঋߞ ≺ ,݊ for all ߝ ݉ ≥ ݊଴, then we say that (ߞ௡௠) converges 
to ߞ଴ in Pringsheim's sense as per the ॰-norm |. |ঋ  or simply that it is  ঋ݌-convergent to ߞ଴  and 
denoted by   ঋ௣ lim ௡௠ߞ =  ଴ is called the Pringsheim bicomplex limit asߞ ଴ . The bicomplex numberߞ
per the ॰-norm |. |ঋ  or  ঋ݌-limit of (ߞ௡௠). If no such ߞ଴ ∈ ९ℂ exists, then (ߞ௡௠) is said to be a 
divergent bicomplex double sequence in Pringsheim's sense as per the ॰-norm | ⋅ |ঋ  or simply 
 ௣॰-divergent. 

Let   ঋ௣ lim ௡௠ߞ = ଴ߞ  and let ߞ଴ = ଴݁ଵݏ + ଴݁ଶݐ ߝ , = ଵ݁ଵߝ + ଶ݁ଶߝ  , where ݏ଴, ଴ݐ ∈ ℂ   and  
,ଵߝ ଶߝ ∈ ℝା. Since we have 
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௡௠ߞ| − ଴|ঋߞ = ௡௠݁ଵݏ)| + (௡௠݁ଶݐ − ଴݁ଵݏ) +  ଴݁ଶ)|ঋݐ
                                                                   = ௡௠ݏ)| − ଴)݁ଵݏ + ௡௠ݐ) −  ଴)݁ଶ|ঋݐ
                                                                   = ௡௠ݏ| − ଴|݁ଵݏ + ௡௠ݐ| −  ,଴|݁ଶݐ
the statement |ߞ௡௠ − ଴|ঋߞ ≺ ߝ  is equivalent to |ݏ௡௠ − |଴ݏ < ଵߝ  and |ݐ௡௠ − |଴ݐ < ଶߝ . So we can 
write that for every ߝଵ, ଶߝ > 0 there exists ݊଴ ∈ ℕ such that |ݏ௡௠ − |଴ݏ < ଵߝ  and |ݐ௡௠ − |଴ݐ <  ଶߝ
for all ݊, ݉ ≥ ݊଴ . This implies that (ݏ௡௠) and (ݐ௡௠) are ݌-convergent to ݏ଴  and ݐ଴  respectively. 
Consequently, the  ঋ݌-convergence of bicomplex double sequence (ߞ௡௠) to ߞ଴ is identical to the ݌-
convergence of complex double sequences (ݏ௡௠) and (ݐ௡௠) to ݏ଴ and ݐ଴ respectively. 
 
Example 3.  Consider the bicomplex double sequence (ߞ௡௠) defined as in Example 2. For every 

,ଵߝ ଶߝ > 0  if we choose ݊ଵ = ቂቚ ଵ
ఌభ

ቚቃ + 1, ݊ଶ = ቂቚ ଶ
ఌమ

ቚቃ + 1 ∈ ℕ, we get 
 

ฬ
݅

݊ + ݉ − 0ฬ =
1

݊ + ݉ <
1
݊ ≤

1
݊ଵ

<  ଵߝ

for all ݊, ݉ ≥ ݊ଵ  and 

ฬ൬(−1)௠ ൬
1
݊ +

1
݉൰ + ݅൰ − ݅ฬ =

1
݊ +

1
݉ ≤

1
݊ଶ

+
1

݊ଶ
=

2
݊ଶ

<  ଶߝ
 
for all ݊, ݉ ≥ ݊ଶ . This implies that the complex double sequences (ݏ௡௠)  and (ݐ௡௠)  are ݌ -
convergent to the complex numbers 0 and ݅. Therefore, the bicomplex double sequence (ߞ௡௠) is 
 ঋ݌-convergent to 0݁ଵ + ݅݁ଶ = ௜ା௝

ଶ
. 

 
Example 4.  Consider the bicomplex double sequence (ߞ௡௠) defined by   

௡௠ߞ = (−1)௡ାଶ௠݅݁ଵ + ൬
1
݊ +

1
݉ + ݅൰ ݁ଶ 

where ݏ௡௠ = (−1)௡ାଶ௠݅  and ݐ௡௠ = ଵ
௡

+ ଵ
௠

+ ݅  for all ݊, ݉ ∈ ℕ . Since the complex double 
sequence ( ݏ௡௠  ) does not converge to any bicomplex number ݏ଴  in Pringsheim's sense, the 
bicomplex double sequence ( ߞ௡௠ ) is  ௣॰-divergent.  

The next theorem is a bicomplex version of the uniqueness of ݌-limits for complex double 
sequences as per the ॰-norm |. |ঋ. 
 
Theorem 1.  A bicomplex double sequence can have at most one Pringsheim bicomplex limit as per 
the ॰-norm |. |ঋ or  ঋ݌-limit.  
Proof.  Let (ߞ௡௠) be a bicomplex double sequence and let ߞଵ = ଵ݁ଵݏ + ,ଵ݁ଶݐ ଶߞ = ଶ݁ଵݏ +  ଶ݁ଶ beݐ
 ঋ݌ -limits. Then ݏଵ  and ݏଶ  are Pringsheim limits of complex double sequence (ݏ௡௠) . So by 
uniqueness of Pringsheim limits of complex double sequences we get ݏଵ =  ଶ. Similarly, we getݏ
ଵݐ = ଵߞ  Thus, we write .(௡௠ݐ) ଶ for complex double sequenceݐ =  can have (௡௠ߞ) ଶ implying thatߞ
at most one ঋ݌-limit. 
 
Definition 4.  Let (ߞ௡௠) be a bicomplex double sequence. If for every 0 ≺ ߝ ∈ ॰  there exists 
݊଴, ݉଴ ∈ ℕ  such that |ߞ௡௠|ঋ ≻ ߝ  for all ݊ ≥ ݊଴  and for all ݉ ≥ ݉଴ , then we say that (ߞ௡௠) 
diverges  to ∞ in Pringsheim's sense as per the ॰-norm |. |ঋ and denote it by   ঋ௣lim ߞ௡௠ = ∞.    

The case   ঋ௣ lim ௡௠ߞ = ∞  is stated by  ௣॰-divergence of  (ߞ௡௠) to ∞. The ௣॰-divergence 
of bicomplex double sequence (ߞ௡௠) to ∞ is equivalent to the divergence of real double sequences 
 .to ∞ in Pringsheim's sense (|௡௠ݐ|) and (|௡௠ݏ|)
 
Example 5.  Consider the bicomplex double sequence (ߞ௡௠) defined by  
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௡௠ߞ = (݊ଶ + ݅݉)݁ଵ + (݊݉ + 3݅)݁ଶ 
where ݏ௡௠ = ݊ଶ + ݅݉ and ݐ௡௠ = ݊݉ + 3݅ for all ݊, ݉ ∈ ℕ. For every ߝଵ, ଶߝ > 0 if we choose ݊ଵ =
ቂቚఌభ

√ଶ
ቚቃ + 1, ݊ଶ = [|ଶߝ√|] + 1 ∈ ℕ, we get 

|݊ଶ + ݅݉| = ඥ݊ସ + ݉ଶ ≥ ට݊ଵ
ସ + ݊ଵ

ଶ ≥ ට2݊ଵ
ଶ = √2݊ଵ >  ଵߝ

for all ݊, ݉ ≥ ݊ଵ and 
|݊݉ + 3݅| = ඥ(݊݉)ଶ + 9 > ඥ(݊݉)ଶ = ݊݉ ≥ ݊ଶ

ଶ >   ଶߝ
for all ݊, ݉ ≥ ݊ଶ . So since the real double sequences (|ݏ௡௠|)  and ( |ݐ௡௠|  ) diverge to ∞  in 
Pringsheim's sense, we can write   ঋ௣lim ߞ௡௠ = ∞. 
 
Example 6.  Consider the bicomplex double sequence (ߞ௡௠) as defined by 

௡௠ߞ =
−݊ − ݉

2 ݅݁ଵ + (−݊݉ + ݅)݁ଶ 

where ݏ௡௠ = ି௡ି௠
ଶ

݅ and ݐ௡௠ = −݊݉ + ݅ for all ݊, ݉ ∈ ℕ. For every ߝଵ, ଶߝ > 0 if we choose ݊ଵ =
[|ଵߝ|] + 1, ݊ଶ = [|ଶߝ√|] + 1 ∈ ℕ, we get  

ቚ
−݊ − ݉

2 ݅ቚ =
݊ + ݉

2 ≥ ݊ଵ >  ଵߝ

for all ݊, ݉ ≥ ݊ଵ and 
|−݊݉ + ݅| = ඥ(݊݉)ଶ + 1 > ݊ଶ

ଶ >   ଶߝ
for all ݊, ݉ ≥ ݊ଶ . Thus, since the real double sequences (|ݏ௡௠|)  and (|ݐ௡௠|)  diverge to ∞  in 
Pringsheim's sense, we can write   ঋ௣ lim ௡௠ߞ = ∞ .  
Definition 5.   Let (ߞ௡௠) be a bicomplex double sequence,  ߞ଴ ∈ ९ℂ  and   ঋ௣lim ߞ௡௠ = ଴ߞ .  If 
| is a single bicomplex convergent sequence as per each index with the ॰-norm (௡௠ߞ) ⋅ |ঋ, i.e. there 
exist ܽ௠ , ܾ௡ ∈ ९ℂ  such that lim

௡⟶ஶ
௡௠ߞ

ঋ = ܽ௠  for all ݉ ∈ ℕ  and lim
௠⟶ஶ

௡௠ߞ
ঋ = ܾ௡  for all ݊ ∈ ℕ , 

then we say that (ߞ௡௠) regularly converges to ߞ଴ as per the ॰-norm |. |ঋ  or simply (ߞ௡௠) is  ঋݎ-
convergent to ߞ଴ and denote it by   ঋ௥ lim ௡௠ߞ =  ଴ is called the regularߞ ଴. The bicomplex numberߞ
bicomplex limit as per the ॰-norm |. |ঋ  or   ঋݎ-limit of (ߞ௡௠). 

Let ܽ௠ = ܽ௠ଵ݁ଵ + ܽ௠ଶ݁ଶ  for all ݉ ∈ ℕ  and ܾ௡ = ܾ௡ଵ݁ଵ + ܾ௡ଶ݁ଶ  for all ݊ ∈ ℕ . Thus, 
 ঋ lim

௡⟶ஶ
௡௠ߞ = ܽ௠ if and only if lim

௡→ஶ
௡௠ݏ  = ܽ௠ଵ and lim

௡→ஶ
௡௠ݐ  = ܽ௠ଶ, and also,  ঋ lim

௠⟶ஶ
௡௠ߞ = ܾ௡  if 

and only if lim
௠→ஶ

௡௠ݏ  = ܾ௡ଵ  and lim
௠→ஶ

௡௠ݐ  = ܾ௡ଶ . Therefore, the  ঋݎ -convergence of bicomplex 

double sequence (ߞ௡௠) to ߞ଴ is equivalent to the regular convergence of complex double sequences 
 .଴ respectivelyݐ ଴ andݏ to (௡௠ݐ) and (௡௠ݏ)
 
Remark 1.  We draw attention to the fact that if (ߞ௡௠) is a bicomplex double sequence and it is ঋݎ-
convergent to ߞ଴,  it is  ঋ݌-convergent to ߞ଴. However, the converse is not always true as seen in the 
following example. Because of this relationship, it is of great importance to study convergence in 
Pringsheim's sense. 
 
Example 7.  Consider the bicomplex double sequence (ߞ௡௠) defined as in Example 2. Since 

lim
௡→ஶ

௡௠ݏ  = lim
௡→ஶ

 
݅

݊ + ݉ = 0 = ܽ௠ଵ 

and 
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lim
௡→ஶ

௡௠ݐ  = lim
௡→ஶ

  ቂ(−1)௠ ቀଵ
௡

+ ଵ
௠

ቁ + ݅ቃ = (ିଵ)೘

௠
+ ݅ = ܽ௠ଶ, 

we have 

 ঋ lim
௡⟶ஶ

௡௠ߞ = 0݁ଵ + ൬
(−1)௠

݉ + ݅൰ ݁ଶ = ܽ௠ 

for all ݉ ∈ ℕ. But since 

lim
௠→ஶ

௡௠ݐ  = lim
௠→ஶ

  ൤(−1)௠ ൬
1
݊ +

1
݉൰ + ݅൨ 

 
does not exist for any ݊ ∈ ℕ, there is no ܾ௡ for any ݊ ∈ ℕ such that  ঋ lim

௠⟶ஶ
௡௠ߞ = ܾ௡. So although 

convergent to ௜ା௝-݌is  ঋ (௡௠ߞ)
ଶ

 , it is not  ঋݎ-convergent to ௜ା௝
ଶ

. 
 
We are ready to define the boundedness of bicomplex double sequences and examine the 

relationship between two types of convergence given above and as per the ॰-norm |. |ঋ. 
 
Definition 6.  Let (ߞ௡௠) be a bicomplex double sequence. If there exists 0 ≺ ܯ ∈ ॰ such that 
௡௠|ঋߞ| ≾ ,݊ for all ܯ ݉ ∈ ℕ, then (ߞ௡௠) is said to be bounded as per the ॰-norm |. |ঋ. 

 
The boundedness of a bicomplex double sequence (ߞ௡௠)  as per the ॰ -norm |. |ঋ  is 

equivalent to the boundedness of complex double sequences (ݏ௡௠) and (ݐ௡௠). Indeed, there exist 
,ଵܯ ଶܯ ∈ ℝାsuch that |ݏ௡௠| ≤ |௡௠ݐ| ଵ andܯ ≤ ,݊ ଶ for allܯ ݉ ∈ ℕ if and only if there exists 0 ≺
ܯ ∈ ॰ such that |ߞ௡௠|ঋ ≾ ,݊ for all ܯ ݉ ∈ ℕ where ܯ = ଵ݁ଵܯ +  .ଶ݁ଶܯ
 
Remark 2.  We note that a bounded bicomplex double sequence need not be  ঋ݌-convergent. The 
following example simply explains it. 
 
Example 8.  Consider the ௣॰-divergent bicomplex double sequence (ߞ௡௠) defined as in Example 4.  
Since 

|௡௠ݏ| = |(−1)௡ାଶ௠݅| = 1 
and 

|௡௠ݐ| = ቚଵ
௡

+ ଵ
௠

+ ݅ቚ = ටቀଵ
௡

+ ଵ
௠

ቁ
ଶ

+ 1 ≤ 5, 
 
complex double sequences (ݏ௡௠)  and (ݐ௡௠)  are bounded. So if we choose ܯ = 1݁ଵ + 5݁ଶ , it 
follows that |ߞ௡௠|ঋ ≾ ,݊ for all ܯ ݉ ∈ ℕ. This means that (ߞ௡௠) is bounded as per the ॰-norm 
|. |ঋ. 
 
Remark 3.  Notice that the statement "Every convergent bicomplex sequence is bounded", which is 
valid for single bicomplex sequences, is not always true for bicomplex double sequences. The 
following example emphasises that  ঋ݌ -convergent bicomplex double sequences may not be 
bounded as per the ॰-norm |. |ঋ. 
 
Example 9.  Consider the bicomplex double sequence (ߞ௡௠) defined by 

௡௠ߞ =

⎩
⎪
⎨

⎪
⎧ ݊݅݁ଵ +

݅
݊ ݁ଶ, if ݉ = 1

−2݉݁ଵ +
݅

݉ ݁ଶ, if ݊ = 1
݅

݊ + ݉ ݁ଶ, otherwise 

. 

 
We can write ߞ௡௠ = ௡௠݁ଵݏ +  ௡௠݁ଶ , whereݐ
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௡௠ݏ = ቐ
݊݅, if ݉ = 1

−2݉, if ݊ = 1
0, otherwise 

 

and 

௡௠ݐ =
݅

݊ + ݉ 
 
for all ݊, ݉ ∈ ℕ. It can be easily shown that complex double sequences (ݏ௡௠) and (ݐ௡௠) converge 
to the complex number 0 in Pringsheim's sense. However, (ߞ௡௠) is not bounded as per the ॰-norm 
|. |ঋ  since (ݏ௡௠) is not bounded even though (ݐ௡௠) is bounded. 
 
Theorem 2.  Every  ঋݎ-convergent bicomplex double sequence is bounded as per the ॰-norm |. |ঋ.  
Proof.  Let (ߞ௡௠) be a  ঋݎ-convergent bicomplex double sequence. Then complex double sequences 
଴ݏ are regularly convergent to (௡௠ݐ) and (௡௠ݏ)  and ݐ଴  respectively. So they are bounded. This 
guarantees the boundedness of the bicomplex double sequence (ߞ௡௠) as per the ॰-norm |. |ঋ. The 
proof is completed. 
 
Remark 4.  We see from Example 7 and Example 8 that any bounded bicomplex double sequence 
need not be  ঋݎ-convergent. 
 

Now we define a new concept as follows. 
 

Definition 7.  Let (ߞ௡௠) be a bicomplex double sequence. If for every 0 ≺ ߝ ∈ ॰ there exists ݊଴ ∈
ℕ such that หߞ௡௠ − ௣௤หߞ

ঋ
≺ ,݊ for all ߝ ݉, ,݌ ݍ ≥ ݊଴, then we say that (ߞ௡௠) is a Cauchy sequence 

in Pringsheim's sense as per the ॰-norm |. |ঋ or or simply ঋ݌-Cauchy sequence. 
 
Since we have หߞ௡௠ − ௣௤หߞ

ঋ
= หݏ௡௠ − ௣௤ห݁ଵݏ + หݐ௡௠ − ௣௤ห݁ଶݐ , the statement หߞ௡௠ −

௣௤หߞ
ঋ

≺ ߝ  is equivalent to หݏ௡௠ − ௣௤หݏ < ଵߝ  and หݐ௡௠ − ௣௤หݐ < ଶߝ . Thus, the bicomplex double 

sequence (ߞ௡௠) is a  ঋ݌-Cauchy sequence if and only if the complex double sequences ( ݏ௡௠ ) and  
 .are Cauchy sequences in Pringsheim's sense ( ௡௠ݐ )

The following theorem reveals the relationship between definitions of convergent sequence 
and Cauchy sequence in Pringsheim's sense as per the ॰-norm |. |ঋ. 
 
Theorem 3.  A bicomplex double sequence is  ঋ݌-convergent if and only if it is a  ঋ݌-Cauchy 
sequence.  
Proof.  Let (ߞ௡௠) be a  ঋ݌-convergent bicomplex double sequence. Then complex double sequences 
(௡௠ݏ)  and (ݐ௡௠)  are ݌ -convergent. So (ݏ௡௠)  and (ݐ௡௠)  are Cauchy sequences in Pringsheim's 
sense. This implies that (ߞ௡௠) is a  ঋ݌-Cauchy sequence. 

On the contrary, let (ߞ௡௠)  be a  ঋ݌ -Cauchy sequence. So (ݏ௡௠)  and (ݐ௡௠)  are Cauchy 
sequences in Pringsheim's sense. Thus, since (ݏ௡௠) and (ݐ௡௠) are ݌-convergent, we say that (ߞ௡௠) 
is a  ঋ݌-convergent bicomplex double sequence, which proves the claim. 
 
Example 10.  In Example 3 we derived that the bicomplex double sequence (ߞ௡௠) is ঋ݌-convergent 
to ௜ା௝

ଶ
.  So it is a  ঋ݌-Cauchy sequence by Theorem 3. On the other hand, in Example 4 we showed 

that the bicomplex double sequence (ߞ௡௠) is  ௣॰-divergent. Thus, it is not a  ঋ݌-Cauchy sequence 
by Theorem 3. 
 

We shall introduce bicomplex iterated limits as per the  ॰-norm |. |ঋ. 
 



 

Maejo Int. J. Sci. Technol. 2025, 19(03), 274-288  
 

 

284

Definition 8. Let (ߞ௡௠)  be a bicomplex double sequence. The limits lim
௡→ஶ

  ቀ lim
௠→ஶ

௡௠ቁߞ   and 

lim
௠→ஶ

  ቀ lim
௡→ஶ

.| as per the ॰-norm (௡௠ߞ) ௡௠ቁ are called bicomplex iterated limits ofߞ  |ঋ.  It is clear that 

 ঋ lim
௡⟶ஶ

ቀ ঋ lim
௠⟶ஶ

௡௠ቁߞ = ቂ lim
௡→ஶ

  ቀ lim
௠→ஶ

௡௠ቁቃݏ  ݁ଵ + ቂ lim
௡→ஶ

  ቀ lim
௠→ஶ

௡௠ቁቃݐ  ݁ଶ 

and 

 ঋ lim
௠⟶ஶ

ቀ ঋ lim
௡⟶ஶ

௡௠ቁߞ   = ቂ lim
௠→ஶ

  ቀ lim
௡→ஶ

௡௠ቁቃݏ  ݁ଵ + ቂ lim
௠→ஶ

 ቀ lim
௡→ஶ

௡௠ቁቃݐ  ݁ଶ  
 
where lim

௡→ஶ
  ቀ lim

௠→ஶ
௡௠ቁ and limݏ 

௠→ஶ
  ቀ lim

௡→ஶ
and also, lim (௡௠ݏ) ௡௠ቁ are iterated limits ofݏ 

௡→ஶ
  ቀ lim

௠→ஶ
 ௡௠ቁݐ 

and lim
௠→ஶ

  ቀ lim
௡→ஶ

   .(௡௠ݐ) ௡௠ቁ are iterated limits ofݐ 
 
Example 11.  1)  Consider the bicomplex double sequence (ߞ௡௠) defined as in Example 2. Then we 
have 

lim
௡→ஶ

  ቀ lim
௠→ஶ

= ௡௠ቁݏ  lim
௡→ஶ

  ൬ lim
௠→ஶ

 
݅

݊ + ݉൰ = lim
௡→ஶ

 0 = 0

lim
௠→ஶ

  ቀ lim
௡→ஶ

= ௡௠ቁݏ  lim
௠→ஶ

  ൬ lim
௡→ஶ

 
݅

݊ + ݉൰ = lim
௠→ஶ

 0 = 0
 

and 

lim
௡→ஶ

  ቀ lim
௠→ஶ

௡௠ቁݐ  = lim
௡→ஶ

  ൬ lim
௠→ஶ

  ቀ(−1)௠ ቀଵ
௡

+ ଵ
௠

ቁ + ݅ቁ൰ does not exist, 

lim
௠→ஶ

  ቀ lim
௡→ஶ

௡௠ቁݐ  = lim
௠→ஶ

  ൬ lim
௡→ஶ

  ቀ(−1)௠ ቀଵ
௡

+ ଵ
௠

ቁ + ݅ቁ൰ = lim
௠→ஶ

  ቀ(ିଵ)೘

௠
+ ݅ቁ = ݅. 

 
 
Thus,  ঋ lim

௡⟶ஶ
ቀ ঋ lim

௠⟶ஶ
௡௠ቁ does not exist and  ঋߞ lim

௠⟶ஶ
ቀ ঋ lim

௡⟶ஶ
௡௠ቁߞ = 0݁ଵ + ݅݁ଶ = ௜ା௝

ଶ
.  

  
2)  Consider the bicomplex double sequence (ߞ௡௠) defined as in Example 4. Then we have 

lim
௡→ஶ

  ቀ lim
௠→ஶ

௡௠ቁݏ  = lim
௡→ஶ

  ቀ lim
௠→ஶ

 (−1)௡ାଶ௠݅ቁ = lim
௡→ஶ

 ((−1)௡ାଶ௠݅) does not exist , 

                  lim
௠→ஶ

  ቀ lim
௡→ஶ

௡௠ቁݏ  = lim
௠→ஶ

  ቀ lim
௡→ஶ

 (−1)௡ାଶ௠݅ቁ does not exist, i.e. the sequence ((−1)௡݅) 

does not converge to any finite value, 
and 

                  lim
௡→ஶ

  ቀ lim
௠→ஶ

௡௠ቁݐ  = lim
௡→ஶ

 ቆ lim
௠→ஶ

  ൬
1
݊ +

1
݉ + ݅൰ቇ = lim

௡→ஶ
  ൬

1
݊ + ݅൰ = ݅ 

                  lim
௠→ஶ

  ቀ lim
௡→ஶ

௡௠ቁݐ  = lim
௠→ஶ

 ቆ lim
௡→ஶ

  ൬
1
݊ +

1
݉ + ݅൰ቇ = lim

௠→ஶ
  ൬

1
݉ + ݅൰ = ݅ 

 
Thus, there are no bicomplex iterated limits of (ߞ௡௠) as per the ॰-norm |. |ঋ.  
3) Consider the bicomplex double sequence (ߞ௡௠) defined by ߞ௡௠ = ௡ାହ௠௜

ଶ௡ାଷ௠
݁ଵ + ቀଵ

௡
+ ௜

௠
ቁ ݁ଶ , where 

௡௠ݏ = ௡ାହ௠௜
ଶ௡ାଷ௠

 and ݐ௡௠ = ଵ
௡

+ ௜
௠

 for all ݊, ݉ ∈ ℕ. Then we have 
 

lim
௡→ஶ

  ቀ lim
௠→ஶ

௡௠ቁݏ  = lim
௡→ஶ

  ൬ lim
௠→ஶ

 
݊ + 5݉݅
2݊ + 3݉൰ = lim

௡→ஶ
 
5݅
3 =

5݅
3  

                                       lim
௠→ஶ

  ቀ lim
௡→ஶ

௡௠ቁݏ  = lim
௠→ஶ

  ൬ lim
௡→ஶ

 
݊ + 5݉݅
2݊ + 3݉൰ = lim

௠→ஶ
 
1
2 =

1
2 

and 
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                                       lim
௡→ஶ

  ቀ lim
௠→ஶ

௡௠ቁݐ  = lim
௡→ஶ

 ቆ lim
௠→ஶ

  ൬
1
݊ +

݅ + ݉
݉ ൰ቇ = lim

௡→ஶ
  ൬

1
݊ + 1൰ = 1 

                                       lim
௠→ஶ

  ቀ lim
௡→ஶ

௡௠ቁݐ  = lim
௠→ஶ

 ቆ lim
௡→ஶ

  ൬
1
݊ +

݅ + ݉
݉ ൰ቇ = lim

௠→ஶ
 
݅ + ݉

݉ = 1 

Thus,  ঋ lim
௡⟶ஶ

ቀ ঋ lim
௠⟶ஶ

௡௠ቁߞ = ହ௜
ଷ

݁ଵ + 1݁ଶ  and  ঋ lim
௠⟶ஶ

ቀ ঋ lim
௡⟶ஶ

௡௠ቁߞ = ଵ
ଶ

݁ଵ + 1݁ଶ  are bicomplex 

iterated limits of (ߞ௡௠) as per the ॰-norm |. |ঋ.  
 
Theorem 4. Let (ߞ௡௠)  be a bicomplex double sequence and   ঋ௣ lim ௡௠ߞ  = .଴ߞ  Then 

 ঋ lim
௠⟶ஶ

ቀ ঋ lim
௡⟶ஶ

௡௠ቁߞ = ଴ߞ if and only if there exists a bicomplex sequence (ܽ௠)  such that 

 ঋ lim
௡⟶ஶ

௡௠ߞ = ܽ௠  for each ݉ ∈ ℕ. 
 
Proof. Let (ߞ௡௠)  be a bicomplex double sequence and   ঋ௣ lim ௡௠ߞ  = ଴ߞ . Suppose that 
 ঋ lim

௠⟶ஶ
ቀ ঋ lim

௡⟶ஶ
௡௠ቁߞ = ଴. . Then we have limߞ

௠→ஶ
  ቀ lim

௡→ஶ
௡௠ቁݏ  = ଴ݏ  and lim

௡→ஶ
 ቀ lim

௠→ஶ
௡௠ቁݐ  = ଴ݐ . So 

there exist complex sequences (ܽ௠ଵ) and (ܽ௠ଶ) such that lim
௡→ஶ

௡௠ݏ  = ܽ௠ଵ and lim
௡→ஶ

௡௠ݐ  = ܽ௠ଶ for 

each ݉ ∈ ℕ. This implies that  ঋ lim
௡⟶ஶ

௡௠ߞ = ቀ lim
௡→ஶ

௡௠ቁݏ  ݁ଵ + ቀ lim
௡→ஶ

௡௠ቁݐ  ݁ଶ = ܽ௠ଵ݁ଵ + ܽ௠ଶ݁ଶ = ܽ௠  

as desired. 
Conversely, assume that there exists a bicomplex sequence (ܽ௠) such that  ঋ lim

௡⟶ஶ
௡௠ߞ = ܽ௠ 

for each ݉ ∈ ℕ. In this case there exist complex sequences (ܽ௠ଵ) and (ܽ௠ଶ) such that lim
௡→ஶ

௡௠ݏ  =

ܽ௠ଵ  and lim
௡→ஶ

௡௠ݐ  = ܽ௠ଶ  for each ݉ ∈ ℕ . Therefore, it follows that lim
௠→ஶ

  ቀ lim
௡→ஶ

௡௠ቁݏ  = ଴ݏ  and 

lim
௡→ஶ

  ቀ lim
௠→ஶ

௡௠ቁݐ  = ଴, which implies  ঋݐ lim
௠⟶ஶ

ቀ ঋ lim
௡⟶ஶ

௡௠ቁߞ =  .଴. The proof is then completedߞ
 

Theorem 5. Let (ߞ௡௠)  be a bicomplex double sequence and   ঋ௣ lim ௡௠ߞ  = ଴ߞ . Then 

 ঋ lim
௡⟶ஶ

ቀ ঋ lim
௠⟶ஶ

௡௠ቁߞ = ଴ߞ if and only if there exists a bicomplex sequence (ܾ௡)  such that 

 ঋ lim
௠⟶ஶ

௡௠ߞ = ܾ௡  for each ݊ ∈ ℕ. 
 
Proof.   The proof is obtained in a similar manner as that of Theorem 4.  
Corollary 1. Let (ߞ௡௠)  be a bicomplex double sequence and   ঋ௣ lim ௡௠ߞ = ଴ߞ . Then 

 ঋ lim
௠⟶ஶ

ቀ ঋ lim
௡⟶ஶ

௡௠ቁߞ =  ঋ lim
௡⟶ஶ

ቀ ঋ lim
௠⟶ஶ

௡௠ቁߞ =  ଴  if and only if there exist bicomplex sequencesߞ

(ܽ௠) and (ܾ௡) such that  ঋ lim
௡⟶ஶ

௡௠ߞ = ܽ௠ for each ݉ ∈ ℕ and  ঋ lim
௠⟶ஶ

௡௠ߞ = ܾ௡ for each ݊ ∈ ℕ. 
 
Now we focus on properties of subsequences of bicomplex double sequences as per the     

॰-norm |. |ঋ.  
Theorem 6.  If a bicomplex double sequence is  ঋ݌-convergent, then every subsequence of it is     
 ঋ݌-convergent.  
Proof.  Let (ߞ௡௠) be a  ঋ݌-convergent bicomplex double sequence. Then complex double sequences 
 convergent. This-݌ is (௡௠ݐ) and (௡௠ݏ) convergent. So every subsequence of-݌ are (௡௠ݐ) and (௡௠ݏ)
means that every subsequence of (ߞ௡௠) is  ঋ݌-convergent. The proof is completed. 
 
Theorem 7. If bicomplex iterated limits of (ߞ௡௠) as per the ॰-norm |. |ঋ exist and 

 ঋ lim
௡⟶ஶ

ቀ ঋ lim
௠⟶ஶ

௡௠ቁߞ =  ঋ lim
௠⟶ஶ

ቀ ঋ lim
௡⟶ஶ

௡௠ቁߞ =  ଴, then bicomplex iterated limits as per the ॰-normߞ
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|. |ঋfor any subsequence ൫ߞఒ೙ఓ೘൯ of (ߞ௡௠) exist and  ঋ lim
௡⟶ஶ

ቀ ঋ lim
௠⟶ஶ

ఒ೙ఓ೘ቁߞ =

 ঋ lim
௠⟶ஶ

ቀ ঋ lim
௡⟶ஶ

ఒ೙ఓ೘ቁߞ =  .଴ߞ
 
Proof. Suppose that bicomplex iterated limits of (ߞ௡௠)  as per the ॰ -norm |. |ঋ exist and  

 ঋ lim
௡⟶ஶ

ቀ ঋ lim
௠⟶ஶ

௡௠ቁߞ =  ঋ lim
௠⟶ஶ

ቀ ঋ lim
௡⟶ஶ

௡௠ቁߞ = ଴ߞ . Then iterated limits of (ݏ௡௠)  and (ݐ௡௠)  exist 

and satisfy the equalities lim
௡→ஶ

  ቀ lim
௠→ஶ

௡௠ቁݏ  = lim
௠→ஶ

  ቀ lim
௡→ஶ

௡௠ቁݏ  = ଴ݏ  and lim
௡→ஶ

  ቀ lim
௠→ஶ

௡௠ቁݐ  =

lim
௠→ஶ

  ቀ lim
௡→ஶ

௡௠ቁݐ   ఒ೙ఓ೘൯ ofݐఒ೙ఓ೘൯ and ൫ݏ଴. This shows that iterated limits for all subsequences ൫ݐ =

(௡௠ݏ)  and (ݐ௡௠)  exist and lim
௡→ஶ

  ቀ lim
௠→ஶ

ఒ೙ఓ೘ቁݏ  = lim
௠→ஶ

  ቀ lim
௡→ஶ

ఒ೙ఓ೘ቁݏ  = ଴ݏ  and lim
௡→ஶ

  ቀ lim
௠→ஶ

ఒ೙ఓ೘ቁݐ  =

lim
௠→ஶ

  ቀ lim
௡→ஶ

ఒ೙ఓ೘ቁݐ  =  (௡௠ߞ) ఒ೙ఓ೘൯ ofߞ଴. Therefore, bicomplex iterated limits for any subsequence ൫ݐ

as per the ॰ -norm |. |ঋ  exist and  ঋ lim
௡⟶ஶ

ቀ ঋ lim
௠⟶ஶ

ఒ೙ఓ೘ቁߞ =  ঋ lim
௠⟶ஶ

ቀ ঋ lim
௡⟶ஶ

ఒ೙ఓ೘ቁߞ = ଴ߞ .  This 

completes the proof. 
 
CONCLUSIONS  
 

We have established bicomplex double sequences as new versions of double sequences. 
Also, we construct some of their important properties as per the hyperbolic valued norm |. |ঋ that 
lay the groundwork for bicomplex double sequence spaces. Our future work will focus on the 
definitions of the bicomplex double sequence spaces ℒஶ

ঋ (९ℂ),  ࣝঋ(९ℂ),  ࣝ଴
ঋ(९ℂ) and ℒ௤

ঋ(९ℂ) of 
bounded, convergent, null and ݍ-absolutely summable bicomplex sequences by using hyperbolic 
valued norm |. |ঋ and examining their geometric properties. Since the theory of double sequences is 
extremely active and has extensive applications, we believe that our newly obtained results will be 
used by many researchers for further work and applications to other related areas.  
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