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Abstract: In this study we introduce bicomplex versions of double sequences, extending the
classical theory of sequences to the bicomplex number system. Also, we discuss formal
definitions of bicomplex double sequences and investigate their fundamental properties
pertaining to the hyperbolic valued norm |. |} which serves as a natural tool for measuring the
magnitude of bicomplex numbers while preserving their algebraic characteristics.
Furthermore, we give some examples to show the usability of our findings and applicability of
the theoretical results. The findings offer a foundational contribution to bicomplex analysis
with potential implications for functional analysis, operator theory and other areas of applied
mathematics.
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INTRODUCTION

In 1892 Segre [1] created a new number system called bicomplex numbers as a pioneering
attempt in the development of special algebras, and the initial investigations into this new number
system were conducted by Scorza [2] and Spampinato [3]. Unlike quaternions, this number system
generalises complex numbers by four reals satisfying the commutative rule of multiplication. In this
regard due to the fact that it is a ring having divisors of zero, the theory of bicomplex variables
differs in many aspects from the analysis of one complex variable.

Subsequently, the book of Price [4] is a good resource of the bicomplex algebra and
bicomplex functional analysis and it is considered the foundational work of this theory. In recent
years the study of bicomplex numbers has become more popular and the interested reader is referred
to an important book that develops the bicomplex counterpart of functional analysis with complex
scalars by Alpay et al. [5]. Degirmen and Sagir [6] obtained a new and effective area of study by
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establishing D-normed Banach bicomplex BC-modules lzﬂ,“(IBS(C) with bicomplex scalars. Hereupon,
bicomplex numbers have found prominent applications across various domains of mathematical
sciences and different branches of science and technology such as digital image processing, fluid
mechanics, neural networks, geometry, computer graphics for describing fractals and theoretical
physics [7-13].

The sequence spaces have wide application areas ranging from economics to engineering.
Due to their connections with the theory of selection principles which relates to game theory,
combinatorics and function spaces, double sequences have recently attracted significant attention in
both pure and applied analysis. The double sequences have more than one type of convergence
specified, contrary to single sequences.

The notion of convergence for double sequences was introduced by Pringsheim [14]. Hardy
[15] developed the idea of regular convergence because the convergence sequence in the sense of
Pringsheim does not require being bounded. The convergence of the rows and columns of the
double sequences, as well as the Pringsheim convergence, is required for this convergence concept.
Moricz [16] investigated some properties of the space of convergent double sequences in the
Pringsheim's sense, the space of convergent double sequences to zero in the Pringsheim's sense and
the space of regularly convergent double sequences. Boos et al. [17] defined e-, be- and c-
convergence concepts for double sequences and determined some topological properties of these
convergence types. Zeltser [18] investigated the theory of topological double sequences and the
theory of summability of double sequence spaces. Duyar and Ogur [19] defined the double
sequence space m?(M, A, ¢, p) using the Orlicz function and matrix transformations and examined
its general properties. Sagir et al. [20] delineated the space m?(F,¢,p) by a double series of
modulus functions and elucidated its significant analytical features comprehensively. Duyar and
Ogur [21] created a Cesaro-Orlicz double sequence space utilising the Orlicz function and
established some of its topological features.

Before explaining the main purpose of the article and its contribution to the literature, let us
mention the topic of bicomplex sequence spaces. The topic was first studied by Sager and Sagir
[22], who constructed the bicomplex sequence spaces c(BC), c,(BC) and ,,(BC) and investigated
their completeness properties. In continuation, they discussed the topological [23] and geometric
[24] properties of these spaces. In addition to topological and geometric properties of the
fundamental spaces, some researchers also studied Kothe-Toeplitz duals, multiplier spaces and
matrix transformations [25-27]. On the other hand, new studies have emerged that approach these
spaces from different perspectives. In 2023 Raj et al. [28] constructed Orlicz-Lacunary bicomplex
sequence spaces and presented their algebraic and topological properties. Isik and Duyar [29]
defined bicomplex Lorentz sequence spaces. Bera and Tripathy [30] extended the concept of
statistical bounded sequences to bicomplex numbers and constructed statistical bounded sequence
spaces of bicomplex numbers, mentioning summability properties. Some authors also examined
Cesaro convergence of sequences of bicomplex numbers using BC-Orlicz function [31], statistically
convergent difference sequences of bicomplex numbers [32] and some types of convergence and
geometric properties of double sequences of bicomplex numbers with respect to the Euclidean norm
on BC [33-36]. In 2025 Parajuli et al. [37] studied difference sequence spaces in the bicomplex
sense.

Motivated essentially by all the work outlined above, in this study we consider the double
sequences of bicomplex numbers as a new and exciting contribution to existing literature. Also, by
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using hyperbolic valued norm |. |, which has quite good properties, we investigate bicomplex
versions of some concepts and properties given by some researchers for classical double sequences
[14-16, 18, 38]. Given the widespread usage of the theory of double sequences in fields ranging
from engineering to economics, as well as the broad range of applications for bicomplex sequence
spaces, our article offers fresh insights into how to solve various problems in these fields.
Furthermore, we hope that the current article will become a starting point for the theory of
bicomplex double sequences, bicomplex double sequence spaces and applications to many
interesting problems in various aspects.

PRELIMINARIES

Now we provide a basic introduction to bicomplex numbers, which focuses on the
nomenclature needed in this discussion. More comprehensive information can be obtained in the
literature [4, 5, 13].

Bicomplex numbers represent one of the generalisations of the complex numbers by means
of entities specified by four real numbers and any bicomplex number is defined by the base element
1, i,J,ij , where i? = j2 = —1, ij = ji, as follows:

z =2z %z, = (X + iy) +j(xy + iy,),
Zy =X+ 1Y, Z =%, +1y, €C, x1,y1,%2,Y2 € R, A set of bicomplex numbers is denoted by
BC and it forms an algebra and BC-module with respect to the addition, scalar multiplication and
multiplication defined as

z+w = (21 +jz2) + Wy +jwy) = (21 + wy) + j(z; + wy)

A-w=21-(z,+jz,) =z, + jAz,

zxXw =2zw = (z; +jz) (wy + jw,) = (23w — 2,w,) + j(z,w, + Z,wq)
for allz=2z; +jz,, w=w; +jw, €EBC, 1€ R. Also,D={x+ky:x,y e Rk =i} cBC is
a set of hyperbolic numbers.

There are three types of conjugates and three types of moduli of any bicomplex number in

BC as follows:
2" =71+ 75,212 = 2, — jz,, 27 = 7 — jz3,
|z|? = zz%2 = z2 + 22 € C(0),
217 = zz"1 = (I2,1% = |2,1%) + j(2R(z, - Z3)) € C() = {x + jy:x,y € R},
|Z|1i =zz"3 = (|zy|* + |2,1) + ]K(—S(Z1 : Z)) € D.

1_ 20

If |z|; # 0, z is called an invertible element and z~! = o
i

The fraction% is defined for

z,w € BC ifand only if w is invertible, and also % =zw™L

The set {el = 1;—”,62 = 1;—”} is the idempotent basis of BC and hence the idempotent

representation of z = z; +jz, is uniquely written as = e, + f,e, , where f; =2z, —iz,,
ﬁz =Zl+i22 € C.
For two bicomplex numbers z = f§;e; + [,e, and = y;e; + y,€, , we have the following:

ztw= (B tyde + (B £ve;
zw = (B1y1)e; + (B2y2)e;
z B B

— = —e; +—e,, if wis invertible.
w " Y2
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The idempotent representation of any hyperbolic number @« = x + ky is ¢ = a,e; + aye, =
(x+y)eg + (x —y)e, and if &y = 0 and a, = 0, then we say that « is positive hyperbolic. The set
of such numbers is denoted by D*, i.e. Dt = {@ = aye; + aye,:a; = 0,a, = 0}. Fora, B € D, if
B — a € D*, then we write @ < 8 and we have

a < B ifand only if @; < B; and a, < B,.
a < fifand only if ¢; < f; and a, < B,.
The relation < defines a partial order on D . A map ||.|gc: BC - RT U {0},

zllgc = 121 + jZ2llge = +/121|? + |2;1? is a real valued norm on BC and it satisfies the following
properties:

i) |lzllgc =0 ifand only if z = 0.

i) llpzllge = lul - llzllgc for all z € BC, u € R,
i) Iz + wllge < llzllgc + [IWllgc for all z,w € BC..

A sequence (z,) in BC converges to z, € BC with respect to the norm ||. ||g¢ if for every
€ > 0 there is a natural number n, such that ||z, — z,||gc < & for all n > n,,.

The hyperbolic valued module |z|} of a bicomplex number z = B, e; + B,e, is expressed as
|zl = |Biler + |Bzle,. Also, |. | : BC —» Dt is the hyperbolic valued norm (or D-norm) on the
BC-module BC because of the following properties:

i) |zl =0 ifand only if z = 0.
i) |zwly = |z|x|wli for any z,w € BC.
i) |z+wlk 2 |zl + W]k

A sequence (z,) in BC converges to z, € BC with respect to the D-norm |. | if for every
0 < ¢ there is a natural number n, such that |z, — zy|; < € for all n = n,. Throughout this paper
we represent this convergence by "“nli_r)rgo Z, =2z, For any,B,y €D, z,w € BC, the following

hold:
1) = — where w is invertible.
k Wik
ii) Ifa € D, then |al, = a.
iiiy Ifa € DY, then |az|y, = alz|y.

z |z

w

Before starting our main results, we briefly review double sequences which will be used
throughout the paper.

A double sequence of complex numbers is a function x: N X N — C where N is the set of all
natural numbers. The notation (x(n,m)) or simply (x,,,,,) shall be used. The value of double
sequence space x = (x,,,) at a point (n,m) € N? is a complex number x,,,,, and it is called the
(n, m)-th term of x. So we can think of the elements x,,,,, of the double sequence (x,,,,,) as a table:

[¥11 X1z = X 7
|x21 x22 ces x27’l ...I
| : : : I
lxml Xm2 ** Xmn J

The double sequence x = (x,,,,) converges to [ in Pringsheim's sense or simply that (x,,,,,)
is p-convergent to [ if for any &€ > 0 there exist n, € N and [ € C such that |x,,,, — | < & for all
n,m = ny and it is denoted by P lim x,,,,, = [ . The space of all convergent double sequences in the
Pringsheim's sense is stated by C;,. A double sequence of complex numbers can have at most one
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limit in Pringsheim's sense. A double sequence (x,,,) is called bounded if there exists a real
number M > 0 such that |x,,,| < M for all n,m € N. It is known that sequences in the space C,
may not be bounded. If the double sequence x = (x,,,;,) converges in the sense of Pringsheim, and
in addition, the limits liyrln Xnm and lirfln Xnm €Xist, then it is called regularly convergent and denoted

by "limx,,, = . The space of all regularly convergent double sequences is denoted by C,.. From
the definition, all regularly convergent double sequences are convergent in Pringsheim's sense.
Also, every regularly convergent double sequence is bounded.

For a double sequence x,,,,, the limits lim (limxnm) and lim (limxnm) are called iterated
n m m n

limits. Let limx,,,, = a; in this case,
nm
i) lim (limxnm) = a if and only if limx,,, exists for allm € N.
n n

m

i) lim (limxnm) = a if and only if limx,,, exists for alln € N.
n m m

iii)  The iterated limits lim (limxnm) and lim (limxnm) exist and both are equal to a if and only
m n n m
if limx,,,, exists for all m € N and limx,,,,, exists for alln € N.
n m

A double sequence (x,,,,) of complex numbers is called a Cauchy sequence if and only if for
any € > 0 there exist ny € N and [ € C such that |xnm — qu| < ¢ for alln,m = ny and p, q = n,.
A double sequence of complex numbers converges in Pringsheim's sense if and only if it is Cauchy
sequence.

Let (x,;;) be a double sequence of complex numbers and let (ky,7y) < (kp, 1) < -+ <
(k,,1,) < --- be a strictly increasing sequence of pairs of natural numbers. Then the sequence
(xknrm) is called a subsequence of (x,,,). If a double sequence (x,,,,) of complex numbers is p-
convergent to a complex number a, then any subsequence of (x,,,,) is also p-convergent to a. If the

iterated limits of a double sequence ( x,,,,, ) exit and lim ( lim xnm) = lim (lirn xnm) = a, then
n—

o0 \Mm—>0oo m—00 \n—oo

iterated limits for any subsequence (xknrm) exist and lim ( lim xknrm) = lim (lirn xknrm) = a.

Nn—co0 \m-—oco m—0oo \n—-oo
BICOMPLEX DOUBLE SEQUENCES

In this part we define the concept of a bicomplex double sequence with a new perspective on
the concept of a double sequence and we give fundamentals of the theory of bicomplex double
sequences. We first give the concept of a bicomplex double sequence, which is the basis of this
paper:

Definition 1. The function {:N X N — BC, (n,m) = {(n,m) = {,,, is called a bicomplex double
sequence.

Let ({,,) be a bicomplex double sequence. Then there exist double sequences
(Znm), Wypm) of complex numbers such that {p,,, = Zpm + jWpm for all m,m € N. On the other
hand, the bicomplex number (,,, has the idempotent representation {;, = Spm€1 + tnm€z Where
Spm = Znm — Wnm» thm = Znm + iWnm and also (Sp;), (thm) are double sequences of complex
numbers.

Example 1. Consider the function
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(m —i)?e; + mie,, ifn=1forallm € N
(:NXN - BC,(n,m) > {(n,m) ={py = nie; + nlie,, ifn =m
nme; + nmie,, otherwise
So ({m) is a bicomplex double sequence. Also, the bicomplex number {,,,,, for all n,m € N can be
described by the idempotent representation {,,;, = Spm€1 + thm€z Where
(m—-1)? ifn=1foralmeN
Spm = ni, ifn=m and  t,, =nmi
nm, otherwise
for alln,m € N and (s,,,,) and (t,,,) are complex double sequences.
We continue with the concept of a subsequence of a bicomplex double sequence.

Definition 2. Let {:N XN —= BC, (n,m) = {(n,m) = {,,, be a bicomplex double sequence.
Define 7:NXN - N XN, (n,m) » n(n,m) = (A4, 4y,) where A:N - N,n - A(n) =1, and
w:N->Nm->u(m)=u, are increasing functions. Then the function {en:NXN -
BC, (n,m) - ({en)(n,m) =q;,,,. is called a subsequence of the bicomplex double sequence

(Crm)-

For {ym = Spmeé1 +thme, and {3 0 =5y, e +1ty , e, , the bicomplex double
sequence (( An Hm) is a subsequence of ({y,,) if and only if the complex double sequences (5/1,1 Hm)

and (tan Hm) are subsequences of (s,,,,,) and (t,,,,,) respectively.

Example 2. Consider the bicomplex double sequence ({,,,) defined by
i 1 1
(nm n+mel+[( ) n+m +1 €2

where snm=ﬁ and tnm=(—1)m(i+%)+i for all n,m €N . Define n:N XN - N X

N, (n,m) » n(n,m) = 2n,m3) where N ->N,n > A(n) =2n and w:N - N,m - u(m) =
m3. Then

s (1 1 .
(on:N XN - BC (n,m) = ({on)(n,m) = {3 e, + [(—1)’” (%+ﬁ) + l] e,

T 2n+ms
is a subsequence of ({,)-

Some Fundamentals as per Hyperbolic Valued Norm |. [,

We begin with the bicomplex versions of convergence in Pringsheim's sense and regular
convergence for double sequences and evince their relationships with each other as per the D-norm
|. | in analogy with some well-known results for classical double sequences.

Definition 3. Let ({,,,) be a bicomplex double sequence and {, € BC. If for every 0 < e € D
there exists ny € N such that |{,,,, — (ol < € for all n,m = n,, then we say that ({,,,) converges
to {, in Pringsheim's sense as per the D-norm |[. |} or simply that it is ®p-convergent to {, and
denoted by “P lim Cnm = {o - The bicomplex number {, is called the Pringsheim bicomplex limit as
per the D-norm |. | or ¥p-limit of ({,,,,). If no such ¢, € BC exists, then ({,,,,) is said to be a
divergent bicomplex double sequence in Pringsheim's sense as per the D-norm | - |} or simply
PD-divergent.

k .
Let Plim{,, ={, and let {, = spe; + tpe,, € = 161 + 5, , where s,,t, € C and
£1, & € RT. Since we have
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|¢nm = Golic = |(Snmer + thmez) — (soer + toer) i

= |(Snm - 50)6’1 + (tnm - to)ezhk

= Spm — Soler + |tym — toles,
the statement |{,,,, — (ol < € is equivalent to |s,,, — so| < & and |t,,;, —to] < &. So we can
write that for every &, &, > 0 there exists ny € N such that |s,,,, — So| < & and |t,,, — to| < &
for all n,m > n,. This implies that (s,,,) and (t,,,) are p-convergent to s, and t, respectively.
Consequently, the ¥p-convergence of bicomplex double sequence ({,,,,) to ¢, is identical to the p-
convergence of complex double sequences (s,,,) and (t,,,,;,) to s, and t, respectively.

Example 3. Consider the bicomplex double sequence ({,,,) defined as in Example 2. For every

&,&8& >0 ifwechoosen1=[§]+1,n2=[§]+1eN,weget
1 2
i 1 1 1
| _O|= <_S_<61
n+m n+m n ny

for alln,m = n; and

(com o2y

for all n,m > n,. This implies that the complex double sequences (s,,,) and (t,,,) are p-
convergent to the complex numbers 0 and i. Therefore, the bicomplex double sequence () is

. i+]j
kp-convergent to Oe; + ie, = 7’

1 1 1 2
=—4+—<—+—=—<g
n m-n, n, n,

Example 4. Consider the bicomplex double sequence ({,,,) defined by
Cam = (=)™ ™Mies + (1 + l + i) €2
n m

where Sy, = (—1)*2™ and ty,, = % + % + i for all n,m € N. Since the complex double
sequence ( S,,; ) does not converge to any bicomplex number s, in Pringsheim's sense, the
bicomplex double sequence ( {y,,,, ) is PID-divergent.

The next theorem is a bicomplex version of the uniqueness of p-limits for complex double
sequences as per the D-norm |. [y.
Theorem 1. A bicomplex double sequence can have at most one Pringsheim bicomplex limit as per
the D-norm |. | or ¥p-limit.
Proof. Let ({,,) be a bicomplex double sequence and let {; = s e; + t;e,,{, = s,e; + tye, be
Kp -limits. Then s; and s, are Pringsheim limits of complex double sequence (s,,). So by
uniqueness of Pringsheim limits of complex double sequences we get s; = s,. Similarly, we get
t; = t, for complex double sequence (t,,;,). Thus, we write {; = {, implying that ({,,,) can have
at most one ¥p-limit.
Definition 4. Let ({,,,) be a bicomplex double sequence. If for every 0 < & € D there exists
ng, My € N such that |{p,, | > € for all n = ny and for all m > mg, then we say that ({pm)

diverges to oo in Pringsheim's sense as per the D-norm |. |} and denote it by “Plim Cum = ©0.

The case P lim {pm = o is stated by PID-divergence of ({,;,) to . The PID-divergence
of bicomplex double sequence ({,,,,) to o is equivalent to the divergence of real double sequences
(Ispm D) and (|t |) to oo in Pringsheim's sense.

Example 5. Consider the bicomplex double sequence ({,,,) defined by
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lnm = (M2 + im)e; + (nm + 3i)e,
where s,,,, = n? + im and t,,, = nm + 3i for all n,m € N. For every &;, &, > 0 if we choose n; =

[ ]+1,n2 = [[/e; 1 + 1 €N, we get

|n? + im| = yn*+m? > \[n‘lL +n? > \[an =2n, > ¢
for alln,m = n,; and
Inm + 3i| = /(nm)2 + 9 > \/(nm)2 =nm =n3 > ¢,

for all n,m =n,. So since the real double sequences (|s,,,|) and ( |t,;,] ) diverge to o in

€1
V2

: . . kg
Pringsheim's sense, we can write  Plim (,,, = oo.

Example 6. Consider the bicomplex double sequence ({,,,,,) as defined by
-n—m

Cnm = Tiel + (—mm +i)e,
where s,,,, = #i and t,,, = —mm + i for all n,m € N. For every ¢, &, > 0 if we choose n,; =
[legl]l + 1,mp = [IVezl] + 1 € N, we get
-n—m,| n +m S
|Tl| - 2 = n1 > 61

for alln,m = n, and
|-nm +i| =/ (nm)2+1>n3>¢,
for all n,m = n,. Thus, since the real double sequences (|s,;,|) and (|t,,,|) diverge to o in

: . o kg
Pringsheim's sense, we can write P lim {j,,, = o0.

Definition 5. Let ({,,,) be a bicomplex double sequence, {, € BC and “Plim lom = Co. If

(¢nm) is a single bicomplex convergent sequence as per each index with the D-norm | - |, i.e. there

exist a, b, € BC such that ¥ lim {,, = a, for all m € N and ¥ lim {,,, = b,, for all n € N,
n—oo m—-oo

then we say that ((,,,,) regularly converges to {, as per the D-norm |. | or simply () is ¥r-
convergent to {, and denote it by “T lim Cum = (o The bicomplex number {, is called the regular
bicomplex limit as per the D-norm |. | or Xr-limit of ({yn)-

Let a,, = ap1e1 + appe, for all m €N and b, = b6 + bype, for all n € N. Thus,
K1lim ¢y = a,, if and only if lim s,.,, = @y and lim t,,,, = @y, and also, ¥ lim ¢, = b, if
n—oo n—-oo n—-oo m—oo
and only if lim s,,, = b,; and lim t,,, = b,,. Therefore, the *r-convergence of bicomplex
m—oo m—oo

double sequence ({,,,,) to {, is equivalent to the regular convergence of complex double sequences
(Spm) and (t,,,) to sy and t, respectively.

Remark 1. We draw attention to the fact that if (,,,,,) is a bicomplex double sequence and it is ¥r-
convergent to {,, it is ¥p-convergent to {,. However, the converse is not always true as seen in the
following example. Because of this relationship, it is of great importance to study convergence in
Pringsheim's sense.

Example 7. Consider the bicomplex double sequence ({,,,,,) defined as in Example 2. Since

lim s,,,, = lim =0=amu
n—->oo

n-oco N +m
and
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lim t = Iim [ (242) +i] =4 i =y,

we have

=D"
m

"“lim(nm=Oel+( +i)ez=am

for all m € N. But since

lim t,,, = llrn [( 1)’”( ;) + i]

m—oo

does not exist for any n € N, there is no b,, for any n € N such that ¥ lim {,,,, = b,,. So although
m—0oo
(¢um) is ¥p-convergent to HTJ , it is not ¥r-convergent to %

We are ready to define the boundedness of bicomplex double sequences and examine the
relationship between two types of convergence given above and as per the D-norm |. .

Definition 6. Let ({,,,) be a bicomplex double sequence. If there exists 0 < M € D such that
|Com | = M for all n,m € N, then ({,,,,,) is said to be bounded as per the D-norm |. [y.

The boundedness of a bicomplex double sequence ({j,,) as per the D -norm |[.[j is
equivalent to the boundedness of complex double sequences (S,,;,,) and (t,,,). Indeed, there exist
M;, M, € R*such that |s,,,| < M; and |t,,,| < M, for alln,m € N if and only if there exists 0 <
M € D such that |{ | S M for all n,m € N where M = M,e; + M,e,.

Remark 2. We note that a bounded bicomplex double sequence need not be ¥p-convergent. The
following example simply explains it.

Example 8. Consider the P D-divergent bicomplex double sequence () defined as in Example 4.
Since
|Snm| = 1(=1)"*™i] =1

and

el = P+ 24| = J(E+2) +1 <5,
complex double sequences (S,,,,) and (t,,,) are bounded. So if we choose M = le; + 5e,, it
follows that |(pm | S M for all n,m € N. This means that ({,,,) is bounded as per the D-norm
|- |-
Remark 3. Notice that the statement "Every convergent bicomplex sequence is bounded", which is
valid for single bicomplex sequences, is not always true for bicomplex double sequences. The
following example emphasises that ¥p-convergent bicomplex double sequences may not be
bounded as per the D-norm |. [y.

Example 9. Consider the bicomplex double sequence ({,,,) defined by

(. Lo
nie; + —e, ifm=1
n

i
(um = —2me; + —e,, ifn = 1.
m

e,, otherwise

\ n+m
We can write {,;, = Spme1 + tymez , where



283
Maejo Int. J. Sci. Technol. 2025, 19(03), 274-288

ni,ifm=1
Sym =3—-2m,ifn=1
0, otherwise
and
o

_n+m

tnm

for all n,m € N. It can be easily shown that complex double sequences (s,,,) and (t,,,) converge
to the complex number 0 in Pringsheim's sense. However, ({,,,) is not bounded as per the D-norm
|. [ since (S,,,,) is not bounded even though (t,,,,,) is bounded.

Theorem 2. Every ¥r-convergent bicomplex double sequence is bounded as per the D-norm |. .

Proof. Let ({,,;,) be a ¥r-convergent bicomplex double sequence. Then complex double sequences
(Spm) and (t,,,) are regularly convergent to s, and t, respectively. So they are bounded. This
guarantees the boundedness of the bicomplex double sequence () as per the D-norm |. ;. The
proof is completed.

Remark 4. We see from Example 7 and Example 8 that any bounded bicomplex double sequence
need not be ¥r-convergent.

Now we define a new concept as follows.

Definition 7. Let ({,,,,) be a bicomplex double sequence. If for every 0 < € € D there exists n, €
N such that |, — (pq|k < ¢ for alln,m,p, q = n,, then we say that ({,,,) is a Cauchy sequence

in Pringsheim's sense as per the D-norm |. |}, or or simply ¥p-Cauchy sequence.
Since we have |(nm - (pq|k = |snm — qu|el + |tnm — tpq|ez , the statement |(nm -
(pq|k < € is equivalent to |snm - qu| < & and |tnm - tpq| < &,. Thus, the bicomplex double

sequence ({,,,,,) is a ¥p-Cauchy sequence if and only if the complex double sequences ( s,,,, ) and
( t,m ) are Cauchy sequences in Pringsheim's sense.

The following theorem reveals the relationship between definitions of convergent sequence
and Cauchy sequence in Pringsheim's sense as per the D-norm |[. [j,.

Theorem 3. A bicomplex double sequence is “p-convergent if and only if it is a ¥p-Cauchy
sequence.

Proof. Let ({,,,;,) be a ¥p-convergent bicomplex double sequence. Then complex double sequences
(spm) and (t,,,,,) are p-convergent. So (S,,,) and (t,,,) are Cauchy sequences in Pringsheim's
sense. This implies that ({,,,,,) is a ¥p-Cauchy sequence.

On the contrary, let ({,,,) be a ¥p-Cauchy sequence. So (s,,,) and (t,,,) are Cauchy
sequences in Pringsheim's sense. Thus, since (s,,,) and (t,,,) are p-convergent, we say that ({,,,,,)
is a ®p-convergent bicomplex double sequence, which proves the claim.

Example 10. In Example 3 we derived that the bicomplex double sequence ({,,,,,) is ¥p-convergent
to % So it is a ¥p-Cauchy sequence by Theorem 3. On the other hand, in Example 4 we showed

that the bicomplex double sequence ({,,,,) is PID-divergent. Thus, it is not a ¥p-Cauchy sequence
by Theorem 3.

We shall introduce bicomplex iterated limits as per the D-norm |. .
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Definition 8. Let ({,,,) be a bicomplex double sequence. The limits lim (lirn (nm) and
n—->oo m-—-0o
lim ( lim (nm) are called bicomplex iterated limits of ({,,,,,) as per the D-norm |. |;.. It is clear that

Jim (Jlim
K Jim (““ lim (nm) = | lim (lirn snm)] e; + [lim (lirn tnm)] e,

n—oo m—oo n—>0o m-—0o n—0o m-—0o
and

K Jim (““ lim (nm) = | lim (lirn snm)] e; + | lim (lirn tnm)] e,

m—oo n—oo m-—-00 \M—00 m—>00 \n—-00

where lim (lirn snm) and lim (lirn snm) are iterated limits of (s,,,) and also, lim (lirn tnm)

n—-oo \m—oo m—oo \n—oo n—-oo \m-oo

and lim (lirn tnm) are iterated limits of (t,,,,,).
—00

m—-oo \n

Example 11. 1) Consider the bicomplex double sequence ({,,,) defined as in Example 2. Then we

have
7111—1;1;10 (T}ll_r)rgosnm) - 7111—1;1‘;10 (T}grgo n+ m) - Tlll—>n;)0 =0
Jom, (t o) = iy (Ji 2] = fim 0 =0
and
. m . .
7111_1)’1;10 (T}ll_r)rgo tnm) yll (T}grgo (( 1) ( ) l)) does not exist,
. m A s (GO K
T}grgo (ylll_{?ot”m = 11rn ( ( 1) )+ l)) = T}grgo (—m + l) = 1.
Thus, ¥ lim (““ lim (nm) does not exist and ¥ lim (““ lim (nm) = Oe; +ie, = el
n—oo m—oo n—oo 2

2) Consider the bicomplex double sequence ({,,,) defined as in Example 4. Then we have
lim (hrn snm) = 11rn (hrn (—1)nt2m ) = 11rn (( 1)™*2m{) does not exist ,

n—oo \m-oo m—oo
lim (hrn snm) = lim (hrn( 1Hntzmg ) does not exist, i.e. the sequence ((—1)"i)
m—-0oo n—->oo m—0o n—>oo

does not converge to any finite value,
and

lim (lim ¢, ) = lim { li (1+l+) = Ii (1+)—
Jim (lim t, ) = lim { lim (—+—+i)) = lim (—+i)=

lim (1im t, ) = lim ( i C+l+)—ﬂ'(l+)—
Jim (lim ) = lim { lim (—+—+i))= lim (—+i)=

Thus, there are no bicomplex iterated limits of ({,,,) as per the D-norm |. [y.

3) Consider the bicomplex double sequence ({,,,) defined by {,,,,, = % e, + (% + #) e, , where
Spm = :;5::1 and t,,,, = % + # for all n,m € N. Then we have

lirn(lirns )=1irn(hrnL5mi)— irnE=E

noo \mooo M n-oo \m-ow 2n + 3m n-oo 3 3

lim (hrns )— lim (thSmL)= 1irn1=l

m—o \nooo m-o \n-o 2n + 3m m-oow 2 2

and
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lim ( lim o) = lim ( 1 (1+i+m) —1im(1+1)—1
Tll—l;IOlO mll;rgo nm _nl—l;rolo mlirgo n m _n—>oo n -

. . . . 1 i+m . i+tm
lim (hrn tnm)= lim { lim (—+ ) = lim =1

m—-0o0o \n—-oo m-—oo \ n—oo \N m

Thus, ¥ lim ("‘ lim (nm) =3o +1e, and ¥ lim ("‘ lim (nm) =2e, +1e, are bicomplex
m—oo 3 n—oo 2

n—oo m—0o

iterated limits of ({,,,;,) as per the D-norm |. [y.

Theorem 4. Let ({,,) be a bicomplex double sequence and “p lim (., = ¢y Then

K Jim ("“lirn (nm) = {, if and only if there exists a bicomplex sequence (a,,) such that
n—oo

m-—oo

Klim ¢, = a,, foreachm € N.

n—oo

Proof. Let ({,;;) be a bicomplex double sequence and “P lim Cum = (o - Suppose that

K Jim ("‘ lim (nm) = {,. . Then we have lim (lirn snm) = 5o and lim (lirn tnm) =ty. So
m-—0oo n—oo m—0o n—->oo n—->oo m—00o

there exist complex sequences (a,,;) and (a,,,) such that lim s,,,,, = a,,; and lim t,,,, = a,,,, for
n—oo n—»oo

each m € N. This implies that ¥ lim {,,,,, = (lirn snm) e, + (lirn tnm) €y = Am1€1 + A€y = dpy,
n—ooo n—->oo n—>oo
as desired.
Conversely, assume that there exists a bicomplex sequence (a,,) such that ¥ lim ¢,,,, = a,,
n—oo

for each m € N. In this case there exist complex sequences (a,,;) and (a,,,) such that lim s,,, =
n—0oo

Ay and lim t,,, = a,,, for each m € N. Therefore, it follows that lim (lirn snm) = s, and
n—>oo n—-oo

m—oo

lim ( lim tnm) = t,, which implies * lim ("‘ lim (nm) = {,. The proof is then completed.
n—oo \m-oo m-—oo n—oo

Theorem 5. Let ({,,) be a bicomplex double sequence and “p lim,,, =, . Then

K Jim ("‘ lim (nm) = {, if and only if there exists a bicomplex sequence (b,) such that
m—ooo

n—oo

K lim {,,,, = b, foreachn € N.
m-—ooo

Proof. The proof is obtained in a similar manner as that of Theorem 4.

Corollary 1. Let ({,;,) be a bicomplex double sequence and “p lim{,, = (o . Then

K Jim ("“nli_r)rgo (nm) = "“nlzrgo ( ““nlli_r)noo(nm) = {, if and only if there exist bicomplex sequences

m-—oo

(a,,) and (b,,) such that ¥ lim ¢, = a,, foreachm € N and ¥ lim {,,, = b,, for eachn € N.
n—oo m—o
Now we focus on properties of subsequences of bicomplex double sequences as per the
D-norm |. [.
Theorem 6. If a bicomplex double sequence is “p-convergent, then every subsequence of it is
kp-convergent.

Proof. Let ({,,,,) be a ¥p-convergent bicomplex double sequence. Then complex double sequences
(spm) and (t,,,) are p-convergent. So every subsequence of (s,,,) and (t,,,) is p-convergent. This
means that every subsequence of ({,,,,) is “p-convergent. The proof is completed.

Theorem 7. If bicomplex iterated limits of ({,,) as per the D-norm |. |} exist and

K lim ("‘ lim (nm) = Kk lim ("‘ lim (nm) = {,, then bicomplex iterated limits as per the D-norm
m—oo n—oo

n—oo m-—co
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|. I for any subsequence ({3, .. ) of ({nm) exist and ¥ lim ("‘ lim Qn#m) =
n

—>00 m—ooo
K | (]k : ) _
im lim = (,.
m—oo n—)oo()‘n‘um (0

Proof. Suppose that bicomplex iterated limits of ({,,,) as per the D -norm |.[, exist and

 Jim (% nlli_r)nm(nm) = ¥ lim ( lim {am) = Go- Then iterated limits of () and (tnm,) exist

n—oo (o)

and satisfy the equalities lim (lirn snm) = lim (lirn snm) =5, and lim (lirn tnm) =

n—>oo \m-oo m—00 \n—-oo n—-oo \m-oo

lim (lirn tnm) = t,. This shows that iterated limits for all subsequences (s,ln#m) and (tan Hm) of

m—00 \n—oo

(Spm) and (t,,;,) exist and lim (lirn Slnﬂm) = lim (lirn Slnﬂm) = s, and 7llirn (lirn tlnum) =

n—->00 \Mm-—-0oo m—-00 \nM—00 —00 \Mm-—-0o

lim (lirn tln#m) = t,. Therefore, bicomplex iterated limits for any subsequence (¢ lnum) of (¢m)
n—-0o

m—oo

. ]k . ]k . _ ]k . ]k . _ .
as per the DD -norm |. [, exist and nlgrgo( n%inoogn“m) = nllll)n ( nh_r)rgogn#m) ={,. This

[ee]

completes the proof.

CONCLUSIONS

We have established bicomplex double sequences as new versions of double sequences.
Also, we construct some of their important properties as per the hyperbolic valued norm |. | that
lay the groundwork for bicomplex double sequence spaces. Our future work will focus on the
definitions of the bicomplex double sequence spaces L% (BC), C¥(BC), CF(BC) and LE(BC) of
bounded, convergent, null and g-absolutely summable bicomplex sequences by using hyperbolic
valued norm |[. [, and examining their geometric properties. Since the theory of double sequences is
extremely active and has extensive applications, we believe that our newly obtained results will be
used by many researchers for further work and applications to other related areas.
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