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Abstract: We describe ℐ௦௦

⨁ − supplemented modules as a proper generalisation of 
⨁௦௦ −supplemented modules. We show that each direct summand of a  ℐ௦௦

⨁ −supplemented 
module satisfying condition (ܦଷ) is also ℐ௦௦

⨁ −supplemented. Then we prove that the finite 
direct sum of  ℐ௦௦

⨁ − supplemented submodules as a duo module is ℐ௦௦
⨁ − supplemented. 

Moreover, we have given some types of rings whose modules are ℐ௦௦
⨁ −supplemented. 
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INTRODUCTION  
 

All along the present text, whole modules will be considered as unital left ܴ −modules 
where ܴ denotes an associative ring having identity element. Let ܵ be such a module. The notations 
≥ ܮ  ܵ and ܮ ≤⨁ ܵ  notify that ܮ is a submodule of ܵ and ܮ is a direct summand of ܵ respectively. 
ܴ ோ(ܵ) indicates the endomorphism ring of an݀݊ܧ −module ܵ. A submodule ܮ of ܵ is named small 
in ܵ, denoted as ܮ ≪ ܵ, if ܵ ≠ + ܮ  ܭ   for each proper submodule ܭ of ܵ. ܴܽ݀(ܵ) signifies the 
intersection of whole maximal submodules of ܵ, equivalently the sum of whole small submodules 
of ܵ. Moreover, ܵܿ݋(ܵ) stands for the socle of a module ܵ, i.e. the sum of whole simple submodules 
of ܵ. Explicitly for a module ܵ, ܵܿ݋(ܵ) is the largest semi-simple submodule of ܵ. A submodule ܮ 
of a module ܵ is named fully invariant if (ܮ)ߴ is included in ܮ for each endomorphism ߴ of ܵ  [1]. 
A module ܵ  is referred to as dual Rickart, shortly d-Rickart if, for each ߴ ∈ (ܵ)ோ݀݊ܧ  , 
(ߴ)݉ܫ  ≤⨁ ܵ. Also, a module S is referred to as T−dual Rickart, shortly T-d-Rickart if, for each 
homomorphism ߴ ∶  ܵ →  ܶ, (ߴ)݉ܫ  ≤⨁  ܶ [2].  
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Let ܵ be a module and ܭ, ܪ ܵ in ܵ, provided ܭ is named a supplement of ܪ  .ܵ ≥ = ܭ +  ܪ
and ܭ ∩ ܪ ≪ ܪ . A module ܵ  is named supplemented if each submodule of ܵ  possesses a 
supplement in ܵ.  A module ܵ is named amply supplemented if, for any submodules ܮ and ܭ of ܵ 
with ܵ = ܮ +  A module ܵ is named .[1] ܭ in ܵ that is contained in ܮ there is a supplement of ,ܭ
lifting if, for each ܭ ≤ ܵ, there is a ܦ ≤⨁ ܵ such that ܦ ≤ ܦ/ܭ and ܭ ≪    .[3] ܦ/ܵ

Mohamed and Müller [4] generalised the notion of the lifting modules to the notion of    ⊕
−supplemented modules as follows. A module ܵ  is ⊕ −supplemented if each submodule of ܵ 
possesses a supplement which is a direct summand of ܵ. Many generalisations of ⊕ −supplemented 
modules have been defined and examined in several studies [5-7]. 

ܵ  is named a ℐ −lifting module, provided there is a ܭ ≤⨁ ܵ  such that ܭ ≤ (ߴ)݉ܫ  and 
ܭ/(ߴ)݉ܫ ≪ ܭ/ܵ , for each ߴ ∈ (ܵ)ோ݀݊ܧ  [8]. In the same paper a module ܵ  is named ℐ − 
supplemented, provided (ߴ)݉ܫ possesses a supplement in ܵ for each ߴ ∈  ோ(ܵ), and a module݀݊ܧ 
ܵ is named amply ℐ −supplemented, provided (ߴ)݉ܫ possesses ample supplements in ܵ for each 
ߴ ∈  ௦(ܵ) forܿ݋ܵ ோ(ܵ). The sum of whole simple submodules of ܵ which are small in ܵ is named݀݊ܧ
a module ܵ, i.e. ܵܿ݋௦(ܵ) = ܮ} ≪   .[9]  {݈݁݌݉݅ݏ ݏ݅ ܮ|ܵ

Kaynar et al. [10] introduced ݏݏ −supplement submodules as a generalisation of direct 
summands. Let ܪ, ܭ ≤  ܵ. Then ܪ is named an ݏݏ −supplement of ܭ in ܵ if ܵ = ܪ + ܪ and ܭ ∩
ܭ ≤ (ܵ)௦ܿ݋ܵ ,ܵ It is proved that for a module .(ܪ)௦ܿ݋ܵ = ܴܽ݀(ܵ) ∩  In the same paper it is .(ܵ)ܿ݋ܵ
shown that ܪ is an ݏݏ −supplement of ܭ in ܵ if and only if ܵ = ܪ + ,ܭ ܪ ∩ ܭ ≪ ܪ and ܪ ∩  is ܭ
semi-simple if and only if ܵ = ܪ + ,ܭ ܪ ∩ ܭ ≤ ܪ and (ܪ)ܴ݀ܽ ∩ ܭ  is semi-simple. It is defined 
that a module ܵ is ݏݏ −supplemented, provided each submodule of ܵ possesses an ݏݏ −supplement 
in ܵ, and a module ܵ is named amply ݏݏ −supplemented, provided each submodule of ܵ possesses 
ample ݏݏ −supplements in ܵ, that is for any submodules ܮ and ܭ of ܵ with ܵ = ܮ +  there is an ,ܭ
ݏݏ −supplement of ܮ in ܵ that is contained in [10] ܭ.   

A module ܵ is defined as ݏݏ −lifting, provided that for each submodule ܷ of ܵ,  ܵ possesses 
a decomposition ܵ = ଵܵ ⊕ ܵଶ such that ଵܵ ≤ ܷ, ܷ ∩ ܵଶ ≤  ௦(ܵଶ) [11]. It is shown in Theorem 1ܿ݋ܵ
[11] that ܵ is an ݏݏ −lifting module if and only if ܵ is an amply ݏݏ −supplemented module and each 
ݏݏ −supplement submodule of ܵ is a direct summand.  

A module ܵ is defined as ⊕௦௦−supplemented, provided each submodule of ܵ possesses an 
ݏݏ − supplement ܪ  such that ܪ ≤⨁  ܵ [5]. It is explicit that each ݏݏ − lifting module is a 
⊕௦௦−supplemented module.  

A module ܵ is named ℐ௦௦ −lifting, provided that for each ߴ ∈ ܪ  ோ(ܵ), there is݀݊ܧ ≤⨁ ܵ 
such that ܪ ≤ ܪ/(ߴ)݉ܫ ,(ߴ)݉ܫ ≪  is semi-simple [12]. In the same paper a ܪ/(ߴ)݉ܫ and ܪ/ܵ
module ܵ is named  ℐୱୱ −supplemented, provided  (ߴ)݉ܫ possesses an ݏݏ −supplement in ܵ  for 
each ߴ ∈ ோ(ܵ), and a module ܵ is named amply ℐ௦௦݀݊ܧ −supplemented, provided (ߴ)݉ܫ possesses 
ample ݏݏ −supplements in ܵ for each ߴ ∈   .(ܵ)ோ݀݊ܧ

Building upon these definitions, this study describes the concept of ℐ௦௦
⨁ −supplemented 

modules as a proper generalisation of ⊕௦௦−supplemented modules. We establish the equivalence 
between a module ܵ  with ܵܿ݋௦(ܵ)  =  0  being ℐ௦௦

⨁ −supplemented and ܵ  being d-Rickart. As an 
immediate result, we demonstrate that an ܴ −module ܵ is ℐ௦௦

⨁ −supplemented over a left  ܸ −ring 
ܴ if and only if ܵ is d-Rickart. We provide that each finite direct sum of copies of d-Rickart module 
ܵ  is ℐ௦௦

⨁ −supplemented. We show that for the modules ଵܵ  and ܵଶ  which are fully invariant in 
ଵܵ⨁ܵଶ, ଵܵ⨁ܵଶ is a ℐ௦௦

⨁ −supplemented module if and only if ఒܵ is ℐ௦௦
⨁ −supplemented for each ߣ =
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 1, 2.  We prove that a projective module ܵ with ܴܽ݀(ܵ) ≤ is a ℐ௦௦ (ܵ)ܿ݋ܵ
⨁ −supplemented module 

if and only if ܵ/(ߴ)݉ܫ possesses a projective cover for each ߴ ∈  ோ(ܵ). Moreover, when a ring݀݊ܧ
ܴ is left perfect with ܴܽ݀(ܴ) ≤ )ܿ݋ܵ ܴோ ), each projective left ܴ −module is a ℐ௦௦

⨁ −supplemented 
module, that is each free left ܴ −module is a ℐ௦௦

⨁ −supplemented module. 
 
RESULTS AND DISCUSSION   
 
Definition 1.  We name a module ܵ as ℐ௦௦

⨁ −supplemented, provided that for each ߴ ∈  ,(ܵ)ோ݀݊ܧ 
there is ܦ ≤⨁ ܵ such that ܵ = (ߴ)݉ܫ + (ߴ)݉ܫ ,ܦ ∩ ܦ ≪ (ߴ)݉ܫ and ܦ ∩   .is semi-simple ܦ

The example below shows that although each  ݏݏ −lifting module is a ℐ௦௦
⨁ −supplemented 

module, the converse of this fact is not correct.  
Example 1.  Consider a local Dedekind domain, say ܴ, and let ܳ be its quotient field. Consider ܵ =

ܳோ  . Then ܵ is a hollow module and so it is an indecomposable module. Since ܴܽ݀(ܵ) = ܵ and 
(ܵ)ܿ݋ܵ = 0,  ܵ is not an ݏݏ −lifting module by Example 1 [11]. On the other hand, since ܵ is a 
ℐ௦௦ −lifting module by Example 2.2 [12], then ܵ is a  ℐ௦௦

⨁ −supplemented module.  
Definition 2.  Let ܵ and ܶ be modules. We name a module ܵ as ܶ − ℐ௦௦

⨁ −supplemented, provided 
that for each homomorphism ߴ ∶  ܵ →  ܶ, there is a ܦ ≤⨁ ܶ such that ܶ = (ߴ)݉ܫ + ,ܦ (ߴ)݉ܫ ∩
ܦ ≪ (ߴ)݉ܫ and ܦ ∩   .is semi-simple ܦ

According to given definitions, a module ܵ is a ℐ௦௦
⨁ −supplemented module if and only if ܵ is 

an ܵ −  ℐ௦௦
⨁ −supplemented module. It is explicit that if ܵ is a ܶ-d-Rickart module, then ܵ is a ܶ −

ℐ௦௦
⨁ − supplemented module. Moreover, when ܶ  is a semi-simple module, ܵ  is a ܶ −

ℐ௦௦
⨁ −supplemented module for any ܴ −module ܵ.  

Theorem 1.  Let ܵ and ܶ  be modules. Then ܵ is a ܶ − ℐ௦௦
⨁ −supplemented module if and only if ܵ′ 

is a ܶ′ − ℐ௦௦
⨁ −supplemented module for each fully invariant ܶ′ ≤⨁ ܶ and for each ܵ′ ≤⨁ ܵ.  

Proof. For some ݁ଶ = ݁ ∈ (ܵ)ோ݀݊ܧ , let ܵ′ = ݁ܵ . Let ܶ′ ≤⨁ ܶ  be fully invariant and ߰ ∈
,′ܵ)݉݋ܪ  ܶ′). Since ߰݁(ܵ) = ߰ܵ′ ≤ ܶ′ ≤ ܶ  and ܵ is a ܶ − ℐ௦௦

⨁ −supplemented module, there is a 
ܮ ≤⨁ ܶ  such that ܶ = ߰݁(ܵ) + ܮ , ߰݁(ܵ) ∩ ܮ ≪ ܮ  and ߰݁(ܵ) ∩ ܮ  is semi-simple. Note here that 
߰݁(ܵ) ∩ ܮ ≪ ܶ′ by Section 19.3 [1]. Then we derive that ߰݁(ܵ) + ܮ) ∩ ܶ′) = ܶ′. Since ܶ′ is a fully 
invariant submodule of ܶ, then ܮ ∩ ܶ′ ≤⨁ ܶ′ by Lemma 2.1 [13]. Thus, ߰݁(ܵ) ∩ ܮ) ∩ ܶ′) ≪ ܮ ∩ ܶ′ 
by Section 19.3 [1]. Also, since ߰݁(ܵ) ∩ ܮ) ∩ ܶ′) is semi-simple by Section 8.1.5 [14], then ܵ′ is a 
ܶ′ − ℐ௦௦

⨁ −supplemented module. The rest of the proof is explicit.  
Corollary 1.  Let ܵ be a module. Then the assertions below are equivalent:  

1) ܵ is a ℐ௦௦
⨁ −supplemented module.   

2) Each ܦ ≤⨁ ܵ is a ܶ − ℐ௦௦
⨁ −supplemented module for any fully invariant ܶ ≤⨁ ܵ.  

If a  module ܵ  is a d-Rickart module,  then ܵ  is  a  ℐ௦௦
⨁ −supplemented  module.   However, for  

instance, the ℤ −module ℤସ is a  ℐ௦௦
⨁ −supplemented module; nevertheless it is not d-Rickart.  

Proposition 1.  Let ܵ be a module where ܵܿ݋௦(ܵ) = 0. Then ܵ is a ℐ௦௦
⨁ −supplemented module if 

and only if ܵ is a d-Rickart module.  
Proof.  Suppose that ܵ is a ℐ௦௦

⨁ −supplemented module and let ߴ be an arbitrary endomorphism of ܵ. 
Then there is an ܮ ≤⨁ ܵ such that ܵ = (ߴ)݉ܫ + ,ܮ (ߴ)݉ܫ ∩ ܮ ≪ (ߴ)݉ܫ and ܮ ∩  .is semi-simple ܮ
Thus, (ߴ)݉ܫ ∩ ܮ ≤ (ܵ)௦ܿ݋ܵ ௦(ܵ). By the assumption thatܿ݋ܵ = 0, then we have ܵ = (ߴ)݉ܫ ⊕  .ܮ
Hence ܵ is a d-Rickart module. The other part of the proof is explicit.  
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If each simple left ܴ −module is injective, then the ring ܴ is called a left ܸ −ring [1]. It is 
evident, based on the facts in Section 23.1 [1], that ܴ is a left ܸ −ring if and only if the radical of 
each left ܴ −module ܵ is zero. In the context of commutative rings, the equivalence between being 
a left ܸ −ring and von Neumann regular is established in Section 23.5 [1].  
Corollary 2.  Let ܵ be an ܴ −module where ܴ is a left ܸ −ring. Then ܵ is a ℐ௦௦

⨁ −supplemented 
module if and only if ܵ is d-Rickart. 
Proof.  By Section 23.1 [1], ܴܽ݀(ܵ) = 0 for each left ܴ −module ܵ. Thus, the claim stems from 
Proposition 1.  
Corollary 3.  Let ܵ be an ܴ −module where ܴ is a commutative von Neumann regular ring. Then ܵ 
is a d-Rickart module if and only if ܵ is a ℐ௦௦

⨁ −supplemented module.  
Proof.  The proof stems from Corollary 2 and Section 23.5 [1].  
Corollary 4.  Let ܴ be a Dedekind domain which is not a field and ܵ be a torsion-free ܴ −module. 
Then ܵ is a ℐ௦௦

⨁ −supplemented module if and only if ܵ is a d-Rickart module.  
Proof.  The proof stems from Proposition 1 and Proposition 2.1 [15].  
Proposition 2.  Let ܵ  be an indecomposable module. Assuming that if ߴ ∈ (ܵ)ோ݀݊ܧ  such that 
(ߴ)݉ܫ ≤ (ܵ)௦ܿ݋ܵ , then ߴ = 0 . ܵ is a ℐ௦௦

⨁ −supplemented module if and only if each non-zero 
endomorphism of ܵ is an epimorphism.   
Proof.  Assume that 0 ≠ ߴ ∈ ܮ ோ(ܵ). There is an݀݊ܧ ≤⨁ ܵ such that ܵ = (ߴ)݉ܫ + ,ܮ (ߴ)݉ܫ ∩ ܮ ≪
(ߴ)݉ܫ and ܮ ∩ is semi-simple as ܵ is a ℐ௦௦ ܮ

⨁ −supplemented module by assumption. Since ܵ is an 
indecomposable module, then ܮ = ܵ  or ܮ = 0 . If ܮ = ܵ , then (ߴ)݉ܫ ≪ ܵ  and (ߴ)݉ܫ  is semi-
simple. Thus, (ߴ)݉ܫ ≤ ߴ ,௦(ܵ). Then by the assumptionܿ݋ܵ = 0. This is a contradiction. Therefore 
ܮ = 0, and so ߴ is an epimorphism. The rest of the proof is explicit.  
Corollary 5.  Let ܵ be an indecomposable module. Then ܵ is a d-Rickart module if and only if ܵ is 
a ℐ௦௦

⨁ −supplemented module, and for each ߴ ∈ (ߴ)݉ܫ  ,(ܵ)ோ݀݊ܧ   ≤ ߴ ௦(ܵ) implies thatܿ݋ܵ  = 0. 
Proof. (⟹) This is explicit. 
(⟸) By Proposition 2 each non-zero endomorphism of ܵ is an epimorphism. Thus, by Proposition 
4.4 [2], ܵ is a d-Rickart module.  

 Recall that a module ܵ is termed retractable if, for each 0 ≠ ܰ ≤ ܵ, there is a non-zero 
endomorphism ߴ of ܵ such that ߴ(ܵ) ≤ ܰ.  
Corollary 6.  Let ܵ be an indecomposable retractable module. Suppose that ߴ ∈  ோ(ܵ) with݀݊ܧ
(ߴ)݉ܫ ≤ (ܵ)௦ܿ݋ܵ  implies that ߴ = 0 . If ܵ  is a ℐ௦௦

⨁ − supplemented module, then ܵ  is a simple 
module.  
Proof.  Let indecomposable retractable module ܵ be ℐ௦௦

⨁ −supplemented and ܰ  be any non-zero 
submodule of ܵ. Since ܵ is retractable, there is a non-zero endomorphism ߴ of ܵ such that ߴ(ܵ) ≤
ܰ . Since ߴ is an epimorphism by Proposition 2, then we have ܰ = ܵ. Therefore ܵ is a simple 
module.  
Proposition 3.  Let ܵ be a ℐ௦௦

⨁ −supplemented module. Let ܮ be a submodule of ܵ such that ܵ/ܮ is a 
projective module. Then ܵ is an ܮ − ℐ௦௦

⨁ −supplemented module.  
Proof.  Let ߴ be any homomorphism from ܵ to ܮ . Let us take the endomorphism ߴߡ ∶  ܵ →  ܵ , 
where ߡ is the inclusion homomorphism from ܮ to ܵ. Since ܵ is a ℐ௦௦

⨁ −supplemented module, there 
is a ܭ ≤⨁ ܵ such that ܵ = (ߴ)݉ܫ + ,ܭ (ߴ)݉ܫ ∩ ܭ ≪ (ߴ)݉ܫ and ܭ ∩ ܮ ,is semi-simple. Thus ܭ =
(ߴ)݉ܫ  + ܮ) ∩ ܮ ,is projective ܮ/ܵ Since .(ܭ ∩ ⨁≥ ܭ ܵ by Lemma 2.3 [6]. Then ܮ ∩ ⨁≥ ܭ  and ܮ
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ܮ ∩ ⨁≥ ܭ ܭ . By Section 19.3 [1], (ߴ)݉ܫ ∩ ܭ ≪ ܮ ∩ ܭ . Hence ܵ is an ܮ − ℐ௦௦
⨁ −supplemented 

module.  
Corollary 7.  Let ܵ = ଵܵ⨁ܵଶ  be a ℐ௦௦

⨁ −supplemented module and ܵଶ be a projective module. Then 
ଵܵ is a ℐ௦௦

⨁ −supplemented module.  
Proof.  By Proposition 3,  ܵ is an ଵܵ − ℐ௦௦

⨁ −supplemented module. Thus, ଵܵ is a ℐ௦௦
⨁ −supplemented 

module by Theorem 1.  
Theorem 2.  Let ଵܵ, ܵଶ and ܶ be modules. Assuming that ܶ is an ఒܵ − ℐ௦௦

⨁ −supplemented module 
for each ߣ =  1, 2,  then ܶ is an ଵܵ⨁ܵଶ − ℐ௦௦

⨁ −supplemented module if, for each homomorphism ߰ 
from ܶ  to ଵܵ⨁ܵଶ  and any projection ߨ  of ଵܵ⨁ܵଶ , we have ((߰)݉ܫ)ߨ = (߰)݉ܫ ∩ (ߨ)݉ܫ . The 
converse is correct if, for each ߣ =  1, 2,  ఒܵ is fully invariant in ଵܵ⨁ܵଶ.  
Proof.  Suppose that ܶ is an ఒܵ − ℐ௦௦

⨁ −supplemented module for each ߣ =  1, 2. To prove that ܶ is 
an ଵܵ⨁ܵଶ − ℐ௦௦

⨁ −supplemented module, let ߴ = ,ߴଵߨ)  (ߴଶߨ  be any homomorphism from ܶ  to 
ଵܵ⨁ܵଶ, where each ߨఒ ∶  ଵܵ⨁ܵଶ  → ఒܵ for each ߣ =  1, 2  is the canonical projection. Since ܶ is an 
ఒܵ − ℐ௦௦

⨁ −supplemented module, there is a  ܭఒ ≤⨁ ఒܵ  such that ఒܵ = (ܶ)(ߴఒߨ) + (ܶ)(ߴఒߨ) ,ఒܭ ∩
ఒܭ ≪ ఒܭ and (ߨఒߴ)(ܶ) ∩ ఒܭ is semi-simple for each ߣ = 1, 2.  If ܭ = ଶܭ⨁ଵܭ , 
obviously ܭ ≤⨁ ଵܵ⨁ܵଶ . As (ߨଵߴ)(ܶ) = (ܶ)ߴ)ଵߨ + ܵଶ) = (ܶ)ߴ) + ܵଶ) ∩ ଵܵ  and (ߨଶߴ)(ܶ) =
(ܶ)ߴ)ଶߨ + (ଵܭ = (ܶ)ߴ) + (ଵܭ ∩ ܵଶ , then we obtain ଵܵ ≤ (ܶ)ߴ + ܵଶ + ଵܭ  and ܵଶ ≤ (ܶ)ߴ + ଵܭ +
.ଶܭ  Thus, ଵܵ⨁ܵଶ = (ܶ)ߴ + ଵܭ + ଶܭ = (ܶ)ߴ + ܭ . Moreover, ଵܵ⨁ܵଶ  = (ܶ)(ߴଵߨ)  + (ܶ)(ߴଶߨ) +
ଵܭ + ଶܭ  = (ܶ)ߴ + (ܶ)ߴ Since .ܭ ∩ ଵܭ) + (ଶܭ ≤ (ܶ)ߴ) + (ଵܭ ∩ ଶܭ + (ܶ)ߴ) + (ଶܭ ∩  ଵ, we haveܭ
(ܶ)ߴ ∩ ଵܭ) + (ଶܭ ≤ (ܶ)ߴ) + ଵܵ ) ∩ ଶܭ + (ܶ)ߴ) + ܵଶ) ∩ .ଵܭ Since ߴ(ܶ) + ଵܵ = (ܶ)(ߴଶߨ) ⊕ ଵܵ 
and ߴ(ܶ) + ܵଶ = (ܶ)(ߴଵߨ) ⊕ ܵଶ , then ߴ(ܶ) ∩ ܭ ≤ (ܶ)(ߴଶߨ)) ∩ (ଶܭ + (ܶ)(ߴଵߨ)) ∩ .ଵܭ As 
(ܶ)(ߴఒߨ) ∩ ఒܭ ≪ ఒܭ   for each ߣ = 1, 2 (ܶ)ߴ  , ∩ ≫ ܭ ଵܭ + ଶܭ = ܭ  by Section 19.3 [1]. Also, 
since ((ߨఒߴ)(ܶ) ∩ ఒܭ  is a semi-simple module for each ߣ = 1, 2 (ܶ)ߴ , ∩ ܭ  is semi-simple by 
Section 8.1.5 [14]. Hence ܶ  is an ଵܵ⨁ܵଶ− ℐ௦௦

⨁ −supplemented module. The rest of the proof is 
explicit by Theorem 1.  
Corollary 8.  Let ଵܵ, ܵଶ, … , ܵ௠ be left ܴ −modules. Let ⨁ఒୀଵ

௠
ఒܵ  be an ܵఎ − ℐ௦௦

⨁ −supplemented 
module for ߟ =  1, 2, . . . , ݉. Then  ⨁ఒୀଵ

௠
ఒܵ  is a ℐ௦௦

⨁ −supplemented module. The converse is correct 
if each ఒܵ is fully invariant in ⨁ఒୀଵ

௠
ఒܵ. 

Corollary 9.  Let ଵܵ, ܵଶ, … , ܵ௠ be left ܴ −modules. Let ఒܵ be an ܵఎ-d-Rickart module for whole 
,ߣ ߟ ∈ ܫ = {1, 2, . . . , ݉}. Then ⨁ఒ∈ூ ఒܵ  is a ℐ௦௦

⨁ −supplemented module.   
Proof.  By Corollary 5.4 [2], ⨁ఒ∈ூ ఒܵ  is an ܵఎ-d-Rickart module for whole ߟ ∈ ܫ = {1, 2, . . . , ݉}. 
Thus, ⨁ఒ∈ூ ఒܵ  is an ܵఎ − ℐ௦௦

⨁ − supplemented module. Thus, by Corollary 8, ⨁ఒ∈ூ ఒܵ  is a 
ℐ௦௦

⨁ −supplemented module.  
Corollary 10.  Each finite direct sum of copies of d-Rickart module ܵ is a ℐ௦௦

⨁ −supplemented 
module.  
Theorem 3.  Let ଵܵ and ܵଶ  be modules. Suppose that for each ߣ = 1, 2,  ఒܵ  is fully invariant in 

ଵܵ⨁ܵଶ . Then ଵܵ⨁ܵଶ is a ℐ௦௦
⨁ − supplemented module if and only if ఒܵ  is a ℐ௦௦

⨁ − supplemented 
module for each ߣ = 1, 2. 
Proof. Let ఒܵ be a ℐ௦௦

⨁ −supplemented module for each ߣ = 1, 2. Let ߴ = ( ఒఎ)ఒ,ఎߴ ∈ )ோ݀݊ܧ ଵܵ⨁ܵଶ), 
where ߴఒఎ ∈ ,ఎܵ)݉݋ܪ ఒܵ).  Since ఒܵ  is fully invariant in ଵܵ⨁ܵଶ for each ߣ = 1, 2, then (ߴ)݉ܫ =
)݉ܫ (ଵଵߴ ⊕ As ఒܵ is a ℐ௦௦ .(ଶଶߴ)݉ܫ

⨁ −supplemented module for each ߣ = 1, 2, there is a ܭఒ ≤⨁ ఒܵ 
such that ఒܵ = )݉ܫ (ఒఒߴ + ఒܭ , )݉ܫ (ఒఒߴ ∩ ఒܭ ≪ ఒܭ  and ݉ܫ( (ఒఒߴ ∩ ܭ ఒ  is semi-simple. Ifܭ =
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ଶܭ⨁ଵܭ , then ܭ ≤⨁ ଵܵ⨁ܵଶ . Also, ଵܵ⨁ܵଶ = )݉ܫ (ଵଵߴ ⊕ (ଶଶߴ)݉ܫ + (ଶܭ⨁ଵܭ) . Since (ߴ)݉ܫ ∩
(ଶܭ⨁ଵܭ) ≤ (ߴ)݉ܫ)]  + (ଵܭ  ∩ [ଶܭ  + (ߴ)݉ܫ)]  + (ଶܭ ∩ [ଵܭ , we obtain (ߴ)݉ܫ ∩ (ଶܭ⨁ଵܭ)  ≤
)݉ܫ)  (ଵଵߴ ∩ (ଵܭ + (ଶଶߴ)݉ܫ) ∩ (ଶܭ ≪ .ଶܭ⨁ଵܭ  Moreover, since  ݉ܫ( (ఒఒߴ ∩ ఒܭ   is a semi-simple 
module for each ߣ = 1, 2, then (ߴ)݉ܫ ∩ (ଶܭ⨁ଵܭ)  is semi-simple by Section 8.1.5 [14]. Hence 

ଵܵ⨁ܵଶ is a ℐ௦௦
⨁ −supplemented module. The necessity stems from Theorem 1.  

 As a reminder, a module ܵ is named duo module when each submodule of ܵ is a fully 
invariant submodule [13]. 
Corollary 11.  Let ܵ = ଵܵ⨁ܵଶ be a duo module. Then ܵ is a ℐ௦௦

⨁ −supplemented module if and only 
if ଵܵand ܵଶ are ℐ௦௦

⨁ −supplemented modules.  
Lemma 1.  Let ܵ = ଵܵ⨁ܵଶ. Then ܵ is an ܵଶ − ℐ௦௦

⨁ −supplemented module if and only if, for each 
ߴ ∈ (ܵ)ோ݀݊ܧ  with ଵܵ ≤ (ߴ)݉ܫ , there is a ܭ ≤⨁ ܵ  such that ܭ ≤ ܵଶ, ܵ = ܭ + ,(ߴ)݉ܫ ܭ ∩
(ߴ)݉ܫ ≪ ܵ and ܭ ∩   .is semi-simple (ߴ)݉ܫ
Proof. Let ܵ  be an ܵଶ − ℐ௦௦

⨁ − supplemented module. Assume that ߴ = ,ߴଵߨ)  (ߴଶߨ  is any 
endomorphism of ܵ  with ଵܵ ≤ (ߴ)݉ܫ , where ߨఒ ∶  ܵ →  ఒܵ  for each ߣ = 1, 2  is the canonical 
projection. Since ܵ  is an ܵଶ − ℐ௦௦

⨁ −supplemented module, there is an ܮ ≤⨁ ܵଶ  such that ܵଶ =
(ߴଶߨ)݉ܫ + ,ܮ (ߴଶߨ)݉ܫ ∩ ܮ ≪ (ߴଶߨ)݉ܫ and ܮ ∩ (ߴ)݉ܫ is semi-simple. It is easy to see that ܮ ∩
ܵଶ = .(ߴଶߨ)݉ܫ Therefore ܵ = ଵܵ + ܵଶ = ଵܵ + (ߴ)݉ܫ) ∩ ܵଶ) + ܮ = (ߴ)݉ܫ + ,ܮ (ߴ)݉ܫ ∩ ܮ ≪  ܮ
and (ߴ)݉ܫ ∩   .is semi-simple ܮ

Conversely, let ߴ ∈ ,ܵ)݉݋ܪ  ܵଶ) . Consider the endomorphism ߛ = ߴ + ଵߨ ∈ (ܵ)ோ݀݊ܧ , 
where ߨଵ ∶  ܵ →  ଵܵ  is the canonical projection. Since ଵܵ ≤ (ߴ)݉ܫ ⊕ ଵܵ = (ߛ)݉ܫ , there is an 
ܮ ≤⨁ ܵ  such that ܮ ≤ ܵଶ , ܵ = (ߛ)݉ܫ + ,ܮ (ߛ)݉ܫ ∩ ܮ ≪ ܵ  and (ߛ)݉ܫ ∩ ܮ  is semi-simple by the 
assumption. Thus, ܵଶ = (ߴ)݉ܫ + ,ܮ (ߴ)݉ܫ ∩ ܮ ≪ ,ܮ (ߴ)݉ܫ ∩ ܮ  is semi-simple and ܮ ≤⨁ ܵଶ . 
Hence ܵ is an ܵଶ − ℐ௦௦

⨁ −supplemented module.    

Theorem 4.  Let ܵ = ଵܵ⨁ܵଶ be a ℐ௦௦
⨁ −supplemented module. Assuming that for each ܮ ≤⨁ ܵ with 

ܵ = ܮ + ܵଶ, ܮ ∩ ܵଶ ≤⨁ ܵ, then ܵ is an ܵଶ − ℐ௦௦
⨁ −supplemented module.  

Proof.  Let ߴ = ,ߴଵߨ) be any endomorphism of ܵ with ଵܵ (ߴଶߨ ≤ ఒߨ where ,(ߴ)݉ܫ ∶  ܵ →  ఒܵ  for 
each ߣ = 1, 2  is the canonical projection. We then set ߡଶߨଶߴ ∈ ଶߡ ோ(ܵ), where݀݊ܧ ∶ ܵଶ →  ܵ is the 
canonical injection. We denote that ݉ܫ(ߡଶߨଶߴ) = (ߴ)݉ܫ ∩ ܵଶ . Since ܵ  is a ℐ௦௦

⨁ − supplemented 
module, there is an ܮ ≤⨁ ܵ such that ܵ = (ߴ)݉ܫ) ∩ ܵଶ) + ,ܮ (ߴ)݉ܫ) ∩ ܵଶ) ∩ ܮ ≪ (ߴ)݉ܫ) and ܮ ∩
ܵଶ) ∩ ܮ  is semi-simple. Thus, ܵ = (ߴ)݉ܫ + ܵଶ . By Lemma 1.2 [16], ܵ = ܮ) ∩ ܵଶ) + .(ߴ)݉ܫ  By 
hypothesis, ܮ ∩ ܵଶ ≤⨁ ܵ  as ܵ = ܮ + ܵଶ . Therefore by using Lemma 1, ܵ  is an ܵଶ −
ℐ௦௦

⨁ −supplemented module.  
Corollary 12.  Let ܵ be a ℐ௦௦

⨁ −supplemented module and ܮ ≤⨁  ܵ such that ܵ/ܮ is an ܮ-projective 
module. Then ܵ is an ܮ − ℐ௦௦

⨁ − supplemented module.  
Proof.  Let ܮ ′ ≤⨁ ܵ with ܵ = ′ܮ + ܮ Since .ܮ ≤⨁ ܵ, then ܵ = ܮ ⊕  .ܵ of ܭ for some submodule ܭ
Thus, ܭ is an ܮ-projective module. By Section 41.14 [1], there is ܮ′′ ≤ ܵ such that ′ܮ = ′′ܮ ⊕  .ܮ
Then we get ܮ′ = ′′ܮ ⊕ ′ܮ) ∩ ′ܮ .i.e ,(ܮ ∩ ܮ ≤⨁ ܵ. Hence ܵ is an ܮ − ℐ௦௦

⨁ −supplemented module 
by Theorem 4. 
Corollary 13. Let ܵ = ଵܵ⨁ܵଶ  be a ℐ௦௦

⨁ −supplemented module such that ଵܵ  is an ܵଶ -projective 
module. Then ܵ is an ܵଶ− ℐ௦௦

⨁ −supplemented module.  
Proof.  This stems from Corollary 12. 
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Corollary 14.  Let ܵ = ଵܵ⨁ܵଶ be a module. If, for each ߴ ∈ ோ(ܵ)  with ଵܵ݀݊ܧ ≤  there is a ,(ߴ)݉ܫ
ܭ ≤⨁ ܵ such that ܭ ≤ ܵଶ , ܵ = ܭ + ,(ߴ)݉ܫ ܭ ∩ (ߴ)݉ܫ ≪ ܵ and ܭ ∩  is semi-simple, then (ߴ)݉ܫ
ܵଶ is a ℐ௦௦

⨁ −supplemented module.  
Proof.  By Lemma 1 and Theorem 1.  

A module ܵ is said to have condition (ܦଷ)  if when ܵ = ଵܵ + ܵଶ  with ଵܵ, ܵଶ ≤⨁ ܵ , then 
ଵܵ ∩ ܵଶ ≤⨁ ܵ [17]. 

Corollary 15.  Let ܵ  be a ℐ௦௦
⨁ − supplemented module with condition (ܦଷ) . Then each direct 

summand of ܵ is a ℐ௦௦
⨁ −supplemented module. 

Proof.  By Theorem 4 and Theorem 1.  
Corollary 16.  Let ܵ = ଵܵ⨁ܵଶ be a ℐ௦௦

⨁ −supplemented module such that ଵܵ  is an ܵଶ -projective 
module.  Then ܵଶ is a ℐ௦௦

⨁ −supplemented module. 
Proof.  By Corollary 13 and Theorem 1.  

A module ܵ is named Hopfian if each epimorphism ߴ ∈   .ோ(ܵ) is an isomorphism [3]݀݊ܧ
Proposition 4.  Let ܵ  be a noetherian ℐ௦௦

⨁ − supplemented module. Suppose that for any ߴ ∈
(ܵ)ோ݀݊ܧ (ߴ)݉ܫ , ≤ (ܵ)௦ܿ݋ܵ  implies that ߴ = 0 . Then there is a decomposition ܵ =

ଵܵ⨁ܵଶ ⨁ … ⨁ܵ௡ where ௜ܵ  is an indecomposable noetherian ℐ௦௦
⨁ − supplemented module with 

)ோ݀݊ܧ ௜ܵ) as a division ring.  
Proof.  As ܵ is a noetherian module, ܵ possesses a finite decomposition such that direct summands 
are indecomposable noetherian. Thus, according to Theorem 1, each direct summand is a 
ℐ௦௦

⨁ −supplemented module. Since each noetherian module is Hopfian, then each direct summand is 
an indecomposable Hopfian d-Rickart module by Corollary 5, and so their endomorphism rings are 
division ring by Corollary 4.8 [2].  
Theorem 5.  Consider the assertions below in relation to a ring R:  

1) ܴ is a semi-simple artinian ring.  
2) Each left ܴ −module is a ℐ௦௦

⨁ −supplemented module.  
3) Each free left ܴ −module is a ℐ௦௦

⨁ −supplemented module.  
Then (1) ⟹ (2) ⟹ (3).  Moreover, if ܵܿ݋௦( ܴோ )  =  0, then (3) ⟹ (1).  
Proof.  (1) ⟹ (2):  Let ܵ be an ܴ −module and ߴ be an arbitrary endomorphism of ܵ. Since ܴ is a 
semi-simple artinian ring, then (ߴ)݉ܫ ≤⨁ ܵ by Proposition 3.7 [18]. Hence ܵ  is a  
ℐ௦௦

⨁ −supplemented module. 
(2) ⟹ (3):  This is explicit. 
(3) ⟹  (1):  Let ܫ be a left ideal of ܴ. Then there is a free ܴ −module ܨ and an epimorphism ߴ ∶
ܨ  → ܭ By the assumption, there is a .ܫ ≤⨁ ܨ such that ܨ = ܭ + ,ܫ ܭ ∩ ܫ ≪ ܭ and ܭ ∩ -is semi ܫ
simple. Then ܭ ∩ ܫ ≤ )௦ܿ݋ܵ ܴோ ) . By the assumption, since ܵܿ݋௦( ܴோ ) = 0 , then ܫ ≤⨁ ܨ , and 
similarly for ܴோ . Hence ܴ is a semi-simple artinian ring.  

 It is recalled from Section 19.4 [1] that a projective module S, together with an epimorphism 
݂ ∶ ܵ → ܰ such that ݎ݁ܭ(݂) ≪ ܵ, is named a ݎ݁ݒ݋ܿ ݁ݒ݅ݐ݆ܿ݁݋ݎ݌ of ܰ.  
Proposition 5.  Let ܵ be a projective module with ܴܽ݀(ܵ) ≤  Then the statements below  .(ܵ)ܿ݋ܵ
are equivalent:  

1) ܵ is a ℐ௦௦
⨁ −supplemented module. 

∋ ߴ possesses a projective cover for each (ߴ)݉ܫ/ܵ (2   .(ܵ)ோ݀݊ܧ 
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Proof. (1) ⟹ (2):  Let ߴ be the arbitrary endomorphism of ܵ . Then by hypothesis, there is an 
ܮ ≤⨁ ܵ with ܵ = (ߴ)݉ܫ + ,ܮ (ߴ)݉ܫ ∩ ܮ ≪ (ߴ)݉ܫ and ܮ ∩  is a projective ܮ is semi-simple. Since ܮ
module by Section 18.1 [1], we have the epimorphism ݂ ∶ ܮ → ܵ → (݂)ݎ݁ܭ ,Thus .(ߴ)݉ܫ/ܵ =
(ߴ)݉ܫ ∩ ܮ ≪   .possesses a projective cover (ߴ)݉ܫ/ܵ Hence .ܮ
(2) ⟹ (1):  Let ߴ ∈ ݂ ோ(ܵ) and݀݊ܧ ∶ ܲ →  be a projective cover. Then by projectivity of (ߴ)݉ܫ/ܵ
ܵ, there is a homomorphism ݃ ∶ ܵ → ܲ such that ݂݃ = ܵ :ߨ where ,ߨ  →  is the canonical (ߴ)݉ܫ/ܵ
projection. It is explicit that ݃ is surjective. Thus, ݃ splits, that is there is a homomorphism ℎ ∶ ܲ →
ܵ  such that ݃ℎ = 1௉ . Then ݂ = ݂݃ℎ = ℎߨ . Therefore ܵ = (ߴ)݉ܫ + ℎ(ܲ)  and (ߴ)݉ܫ ∩ ℎ(ܲ) ≪
ℎ(ܲ) . Note that (ߴ)݉ܫ ∩ ℎ(ܲ) ≤ ܴܽ݀(ܵ) . By the assumption, (ߴ)݉ܫ ∩ ℎ(ܲ)  is semi-simple. 
Hence ܵ is a ℐ௦௦

⨁ −supplemented module.  
Corollary 17. Let ܴ  be a ring with ܵܿ݋௦( ܴோ ) = ܴܽ݀(ܴ) . Then the statements below are 
equivalent: 

1) ܴோ  is a ℐ௦௦
⨁ −supplemented module. 

2) ܴோ ∋ ߴ possesses a projective cover for each (ߴ)݉ܫ/ )ோ݀݊ܧ  ܴோ ).   
Proof.  By Lemma 2 [10], ܵܿ݋௦൫ ܴோ ൯ = ܴܽ݀(ܴ) ∩ )ܿ݋ܵ ܴோ ). Then by the assumption, ܴܽ݀(ܴ) ≤
)ܿ݋ܵ  ܴோ ). Hence the result stems from Proposition 5.  

Finally, in the next theorem we characterise projective ܴ −modules via ℐ௦௦
⨁ −supplemented 

ܴ −modules over a left perfect ring ܴ with ܴܽ݀(ܴ) ≤ )ܿ݋ܵ ܴோ ).  
Theorem 6.  Let ܴ be a ring. Consider the conditions below. 

1) ܴ is a left perfect ring with ܴܽ݀(ܴ) ≤ )ܿ݋ܵ ܴோ ).  
2) Each projective left ܴ −module is a ℐ௦௦

⨁ −supplemented module. 
3) Each free left  ܴ −module is a ℐ௦௦

⨁ −supplemented module.  
Then (1) ⟹ (2) ⟺ (3). 
Proof. (1) ⟹ (2):  Let ܵ  be a projective ܴ − module. Then since ܵ  is a projective module, 
ܴܽ݀(ܵ) = ܴܽ݀(ܴ)ܵ ≤ )ܿ݋ܵ ܴோ )ܵ =  by the assumption. Since ܴ is a left perfect ring, each (ܵ)ܿ݋ܵ
left ܴ −module possesses a projective cover by Section 43.9 [1], and so ܵ/(ߴ)݉ܫ  possesses a 
projective cover for each ߴ ∈ ோ(ܵ). Hence  ܵ is a ℐ௦௦݀݊ܧ

⨁ −supplemented module by Proposition 5. 
(2) ⟹ (3):  This is explicit. 
(3) ⟹ (2):  This stems from Corollary 7.  
 
CONCLUSIONS   
 

In this paper the concept of ‘ℐ௦௦
⨁ −supplemented module’ is defined based on the known 

concepts which are in the literature. Generalising ss − supplements in this paper to 
௦௦ߜ −supplements, the notion of ‘ ℐఋೞೞ

⨁ −supplemented module’ can be described and basic algebraic 
properties can be examined analogously.  
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