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Abstract: A novel version of the Sumudu transform is introduced by using the notion of
x-integral, which 1s called non-Newtonian Sumudu transform. The fundamental
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INTRODUCTION

Modelling is essential for solving physics and engineering problems that depend on many
physical changes and phenomena observed in nature that affect and guide life. Since differential
equations have an important role in mathematical modelling, they are used to model real-life
problems in physics, engineering, chemistry, statistics, economics and numerous other disciplines.

Integral transforms are employed to solve a variety of problems including initial-value
problems, boundary-value problems, differential equations and integral equations that have taken
place in fields such as mathematics, signal theory, physics, chemistry, economics, mechanics and
other engineering sciences. Due to the diverse range of applications, many novel integral transforms
have been introduced. The most widely used and well-known integral transforms are Laplace,
Fourier and Sumudu transforms. These transforms have been studied using different concepts such
as fractional, conformable fractional, non-conformable fractional, fuzzy, quantum calculus,
multiplicative calculus and non-Newtonian calculus [1-11].

Since Newton and Leibnitz established classical calculus, several calculi have been created,
taking into account that a well-known and favoured method for introducing a new mathematical
system is to change the axioms of a known system. Moreover, a mathematical issue that is
challenging or impossible to answer using one calculus can be easily revealed using another
calculus. As an alternative to classical calculus, Grossman and Katz [12] created a new structure
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called non-Newtonian calculus, which involves some special calculi such as geometric, harmonic,
quadratic, bigeometric, biharmonic and biquadratic calculus. They introduced modern forms of
derivatives and integrals that convert addition and subtraction into multiplication and division. The
pioneering work of Grossman and Katz has led to significant interest in non-Newtonian calculi in
recent years owing to their diverse applications in fields such as functional analysis, differential
equations, integral equations, probability theory, economy, finance, biology, calculus of variations,
computer science including image processing, and signal processing [13-24]. Some definitions and
known results in non-Newtonian calculus are reminded in the following.

A generator is an injective function whose domain is R and whose range is a subset of R.
R, = {a(u):u € R} is called non-Newtonian real line where a is the generator. For v,v € R,
a-arithmetic operations are denoted by

a-addition viv = a{a () + a1 (v)},

a-subtraction v=v =a{a (W) —a 1(v)},

a-multiplication vXv=afal(v) xa 1(v)},

a-division v/v(v#0) =alal(v)/a ()},

a-order v<v Wv)eat) <a (W) (@ l() < at(v)).

(Ry, +, x,<) is totally ordered field. a-Arithmetic is generated by a. The identity function
represented by I, generates classical arithmetic. On the other hand, geometric arithmetic is produced
by the exponential function. If the a-generator is chosen as exp, i.e. a(u) = e* for u € R, then
a *(v) = Inv. The concept of a-arithmetic transforms into geometric arithmetic. The definitions of
geometric operations are:

geometric addition Vv =ala ) + a 1(v)} = elnvinvy — 4

geometric subtraction VO v=a{al() —a t(v)} = elnv-Inv} — -y y £ 0,

geometric multiplication v Qv = a{a (V) x a"1(v)} = ellnvxinv} = ylnv — yInv
. . . . 1

geometric division Qv = alat()/at(v)} = eIV = Yy y % 1,

Ifv € R, and > 0 (v < 0), then we say that it is a-positive number (a-negative number).
Also, af{—a~1(v)} = ~v for allv € R, and n = a(n) for all n € Z. The a-fractional notation !, is
described as
nly=1x2x.xn=a(1)xa2) x..xan) = an!).
The a-absolute value of v € R, is determined by
v, >0
|U|a = O yU = O .
0~v,v<0
For any v,vER, , |[v+v|, < vl +|v], . For vER, , v = a{[a~'(@)]"} and 7" =
a{p,/ a‘1(v)}. The closed «a -interval on R, is represented by

vij=xe RJv<x<v} ={xe RyJa ') La1(x) £ a”1(v)}

= a([a™ (), a”*(MD).



132
Maejo Int. J. Sci. Technol. 2024, 18(02), 130-145

The *-calculus is defined using two arbitrarily chosen generators. Let @ and § be any generators
and * denote the ordered pair of arithmetics (a-arithmetic, f§-arithmetic). Table 1 provides the
notations used.

Table 1. Notations of a-arithmetic and f-arithmetic

a- Arithmetic | B-Arithmetic
Realm C(=Ry) D(= ]Rﬁ)
Summation + +
Subtraction = =
Multiplication X X
Division /(or —a) /(Cor —B)
Order < <

In the *-calculus, a-arithmetic is used for arguments and f-arithmetic is used for values. The
special calculuses, which are obtained by choosing one of identity function (/) and exponential
function (exp) as the generators @ and f3, are given in Table 2.

Table 2. Special calculuses for generators a and £

Calculus o B
Classical I I
Geometric I exp
Anageometric exp I
Bigeometric exp exp.

The isomorphism ¢ (iota) from « -arithmetic to S -arithmetic uniquely possesses the following
characteristics:
(1) t1s one to one;
(2) tison C and onto D;
3) w+v) = (w)+i(v)
tlv=v) = 1(v)=1(v)
v xv) =1(w) X u(v)
L(v]v) =1(W)/1(v),v # 0
v<ve (v) <y
for any v,v € C. It appears that ((v) = B{a"*(v)} for all v € C and ((n) = # for every integer n
[12].

Definition 1 [12, 25]. Let f:X c¢ R, — Rg be a function and p € X', m € Ry. If for every & 30
there is § = 8(g) > 0 such that |f(t)=m|z < & for all t € X whenever 0 < |[t=pl, < 6, then it is

called that the *-limit of function f at p is m and it is expressed as * %irn ft) =m.
-p

Definition 2 [25]. Let f: X c R, - Rg be a function and p € X. If for every ¢ S 0 there is
§ = 6(¢) > 0 such that If(©)=f(P)lg < & for all t € X whenever |[t=p|, < &, then it is said that

f is *-continuous at the point p € X.
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Definition 3 [12]. If * %im% B occurs, it is described by (D*f)(p) = f*(p) and is called the
—)p -

x-derivative of f at p and that f is *- differentiable at p. (D*f)(p) = f*(p) is necessarily in D if it

exists.

Definition 4 [12]. The *-average of a *-continuous function f on [v, v] is described by M} and

defined to be the B -limit of the S -convergent sequence whose n™ term is f -average of

f(uy), f(uy), ..., f(u,) where uy, uy, ..., u, is the n-fold a-partition of [v,v]. The *-integral of a

* -continuous function f on [v,v] is denoted by * fvv f(t)d*t , which is the number

[Ll(v)=1(w)] X *MY in D.

Remark 1 [12]. Letp = a~%(p) forp € C. Let f(2) = B~ (f(a(2))) where f is a function whose

inputs and outputs are in C and D respectively. Then the following relationships hold:

(1) The limits * %irnf(t) and lim f(z) coexist and if they do exist, * %irnf(t) = <limf(z)>.
-p z-p -p z-p

Furthermore, f is *-continuous at p if and only if f is continuous at p.
(2) The derivatives (Df)(p) and (D*f)(p) coexist and if they do exist, (D*f)(p) =

BIDAH@)]. B i
(3) If f is *-continuous on [p, q], then "M f = B (Mgf_) and * f: fdt=p (f; f_(z)dz).

Definition 5 [26]. Let the function f: [v, fo0) c R, = Rg be *-continuous on a-interval [v, v] for

each v < v. The -limit * lir_+n * fvv f(t)d t is called improper *-integral of the function f on
V—>+00
[v,4+0) and it is denoted by * f;w f(t)d*t. If the * lirgl * fvv f(t)d*t exists and is equal to a
V—>+00
number E € Rpg, then it is said that the improper *-integral f:w f(t)d*t is *-convergent.

Definition 6 [8]. If there exist S-constant y > 0 and a-constant y such that

F@)lp £ s s

for all t > t, with t, = 0, then it is said that f is a function of B-exponential order y.

Definition 7 [8]. A function f is jump *-discontinuity at a point t, if the right-hand *-limit
* lirnt_)tg f(t) and the left-hand *-limit * lim,_,,> f (¢) exist but are not equal.

Definition 8 [8]. A function f is piecewise (sectionally) *-continuous in the closed a-interval
a <t < b if there is a finite subinterval [a, t1], [tl, tZ], ., [tn_l,b] such that f is *-continuous on
each open a-interval (t;_,,t;) with t, =a,t, =b, i =1,..,n and has the one-sided *-limits
* lirnt_)titlf(t) and * lim,¢~ f(¢).

In this study, motivated by the extensive applications of both the non-Newtonian calculus
and the integral transforms, the non-Newtonian Sumudu transform is established as a new
contribution to the literature. The non-Newtonian version of some important properties of the
Sumudu transform is obtained. The acquired results are utilised in the determination of solutions of
non-Newtonian differential equations, supported by numerical illustration. Hereupon, solutions of
some differential equations are found, thank to the relationship between non-Newtonian calculus
and classical calculus. The results of the non-Newtonian exponential growth model and Gompertz
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model, which are frequently used in population growth models, are investigated with the aid of the
non-Newtonian Sumudu transform.

NON-NEWTONIAN SUMUDU TRANSFORM

Introducing the Sumudu transform from a non-Newtonian perspective, this section provides
a fresh viewpoint on the idea of integral transform and a basic explanation of the theory behind the
non-Newtonian Sumudu transform.

Definition 9. Let A be a function set defined by

(a (tla) /@ (1))

- {f(t): M S 6,001 S 0,1F O]y £ MK ¢ € (0-1)' x [0, oo }

where M is a [-constant and 74, 7, are finite a-constants or infinite. For a given function in the set
A, the non-Newtonian Sumudu integral transform is defined as

.. ( 1([:))
SvUF(O) = Fy() =» j oA FIOLY: ®
for v € (=14, 7,). The equation is also given as
Snif (0} —*j ;) % f(vx t)dt. (2)

0
Remark 2. Forc,t €C, let¢=a (c), 1 = a '(v). Let f(z) =B~ * (f(a(z))), where f is a

function with inputs in C and outputs in D. Then the relationship between the classical Sumudu
transform and non-Newtonian Sumudu transform occurs as follows:

. 1([3)
Sn{f ()} =+ j ()ﬁxe< (U))Bxf(t)dt

Cc

1 -a~1(t)
=t [ |y ) ) e
0
a='(c)

=+ lim B j a%(v)e(a%z(v)) Bt (f(a(Z))) dz

= lim j% e(%z) - f(2)dz
0

Hence we get the expression Sy{f ()} = B

s(7@)) = 8 (5 (5 (f(a(z)))))_
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Example 1. The non-Newtonian Sumudu transform of the function f(t) = «(t) can be found as
follows:

i too (za (O
syli(®)} = v)ﬁ X*j é'(“_l(“) )B <u(t)dt
0

oo (—a”l(®)
_ﬁ X*] é;(a_l(v))B X‘B(a—l(t))d*t
) 0

1 +oo —a'(t)
=—f x*j Blea® a71(¢) |d*t
0

t(v)
1 c —a ()
Xx i a”t() g1 *
L(U)'B ¥ e *j(-) Ble ai(t) |d't
1(6) —a Y a(2))
X* lim e '@ g al(z dz
=g um (6] o ” (a())
~1(¢) -z
= B Xx i a~1(v)
L(v) * o B jo ¢ -z dz)

a (e a~1(c) -z
+ j a l(v).ex W dz
0 0

a (o)
0 )
i 74

—a” (o)
( )ﬁ X% 11rn ﬁ( ~1(v). ea @) a71(c) - (a” 1(v)) e @' + (a™'(v)) )

—a~'()
L( ).B X * CI_I)E_HOO,B - 1(1)) ea o I(v) a—l(c) _ ((0( 1(1))) ed 1(v))

L(U)'B X 11rn ( “1(v). e 1(v) Z

—a~'(c)

( ‘1(6)) ) (a_‘ll(C)) )
)ﬁ Xx* lim (—e RORI3 t(c) X (v)= (L(v)) P @) /3+L(v)213>

c—>+0o0

L(v

= )ﬁ % ((v)?) = 115 % ().

We can generalise this result by using induction as
SN{L(t)(m)B} = 1lp X ((W)™5 (m € N).

Table 3 presents the outcomes of calculating non-Newtonian Sumudu transforms of various
basis functions using the provided definition.
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Table 3. Non-Newtonian Sumudu transform of some elementary functions

40O, Sylf(®)] = Fy()
1 i
!(t) ()
L(t)(m)ﬁ,m e 7t m!ﬁ ¥ L(v)(m),g
A PR I
R T=i(k) X 1(v)
(0 % 80, : () .
(=) %))
(k) X 1(v) .
. . B0
* sin(k X t) TH(0) % (1) ;B.v>
i .
' US> 0
* COS(k X t) 1+(L(k))ZB % (L(U))Zﬁﬁ v >

Note: *sint = B(sin(a~1(t))) and  cost = B(cos(a~1(t)))

Theorem 1 (Existence of non-Newtonian Sumudu transform). The non-Newtonian Sumudu
transform Sy {f (t)} exists for %a > y and *-converges f-absolutely if f is piecewise *-continuous
on [0, +00) and of B-exponential order .

Proof. We can write

it =Y

W], ek
e (S g ot gz [ 8T 5 poe
_mﬁx*jo e BXf(t)dt‘FmﬁX*jto e Bxf(t)dt_ 3)

The function f is *-continuous on a-interval (0, t,) except possibly at a finite number of points
t1,ty, .., t, in (0, t,) because f is piecewise *-continuous on [0, tO]. Hence we can write
lf®lg <M, <t<ty,(=12,..,n—-1)

for finite B-constants M;. To integrate the piecewise *-continuous function from 0 to t,, the f-sum
of the *-integrals over each of the a-subintervals of f is taken, that is

to (—a_‘ll(t)) t (—v{ll(t))
*] e W s g F(Odt =*j e W s g F(O)dt
0 0
t (—a‘ll(t)) to (—a‘ll(t))
+] e W s R FdtF L j g 9 W p g F(e)d e
tl tn

Given that the function f is *-continuous and -bounded on every a-subinterval, it can be inferred
that each *-integral is well-defined. Hence the first integral on the right of (3) exists.
Since f has B-exponential order y, there exist f-constant M > 0 and a-constant y such that

. . -1 1t
@l 2 Ml PO,
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for all t > t,. Thus, we obtain

+ o0 (‘0511(0)
*j e W e g F(O)dt
t

0

+ o0 (‘0511(0)
é*] 6 W f ()| pd t
B fo
foo (—a”1(®) 1 1
& *j e( a‘l(v) )B XM X e(a Wa (t))Bd*t
t

0

boo “<—a—1(t).<—a_}(v) —a*(y)))

— M X e Bd*t
to
=M Xx llm*j é Bd*t
c—>+0o to
[ (a7l —a~Y(a(t) ( _ —a*(y))
=M X+ lim B j B~ Ble (ONew dt
et Ma1(ty)
1(c) - )
. —t.|— W)
=M X+ lim B j 1(”) dt
cote —1(to)

—a ' (v) —a*(c)(%—a*(y)) —a_l(fo)< — —a*(y))
= M Xx i . a”t(v) - )
* lm B (1 a1 \° ¢

“1(v) <_a_1(c)'<a‘11(v)_a_l(y)»

=MXx lim [ —————B X | é B e
c>+o llt(v)XL(y)ﬁ

((v) y (“"—1“0) o —1(v)“"_1(”>>

=MX+T——————f Xé B,

1) X u(y)

Also, the second integral on the right exists for % a >y . Therefore, the argument is proven.

Theorem 2 (Non-Newtonian linearity property). If f; and f, are two Rg-valued functions whose

non-Newtonian Sumudu transform exists, then

Snidy X i)+, X ()} = A4 X Sy{fi (O3, X Sy{fo (0}

where 4, and A, are arbitrary f-constants.

Proof. Suppose that
Tt
Ifi(®)]s < M; X ( )

-1 1 t
(0l 2 My %8O O)y,
Hence we can write

Ay S A OF2, % F (0l £ O 5 My, 5y 56Oy

which implies that the non-Newtonian Sumudu transform of the function 1; X f;(£)+1, X f,(t)
exists. By employing f-additive and fS-homogeneous properties of improper *-integral, we obtain
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N i)
Svids X i)+, X ()} = %.B X*j é(a_l(v) )ﬁ X (4 X fL(OF, X f(D)d"t
0
D S Bl G2 By PR S Gl G C2) By .
=11Xmﬁ X*jo e< ())[g Xfl(t)d t+lz Xmﬁ X*jo e< ())[g sz(t)d t

= Ay % Sylf, (O}, % Sy{H(0),

which completes the proof.

Theorem 3 (Non-Newtonian first translation theorem). If Sy{f(t)} = Fy(v) exists for%a >y,
then

Sn {e N f(t)} = B % (

for any a-constant k.

1 1))
T=1(k) % 1(v) 1<k xv “)

Proof. Considering the definition of the non-Newtonian Sumudu transform in equation (2), we find

Sy {é(a—l(kkt))ﬁ 2 f(t)} . j+w é(_a_l(t))ﬁ % é(—a—l(kkvkt))ﬁ % flu X Dd't

0

— jmﬁ (e(‘“_1(f))-[l‘“_l(k)'“_l(“)]) % f(ux t)d*t
o

s lim jcﬁ (e(_a—l(t)).[1—a—1(k).a—1(v)]) ¢ f(v x t)d*t
0

c—+00

=+ lim ﬁUa_l(C)ﬁ—l (ﬁ(e(—t)[1-a—1(k)a—1(u)]))_3—1 (f(a(a—l(v).t))) dtl
0

c—+0o
for%a > y. Ifitistakenas t[1 — a~(k)a~1(v)] = w, then we find

Sy {é(a_l(kkt))ﬁ X f(t)}

o [ e 10 [1—a 1 () a1 )] o a-1(v) dw
‘*CL“FOO/”L N “(1—a—1(k)a—1(u)'w) T a a1

_ [ 1 Hol-atwet] a-1(v)
=* lim § 1_a—1(k)a—1(u)f0 e b f<“<1—a—1(k)a—1(u) W)) dw

.. e T
X* lll’n *j é BXf(i.—,(ZXW)d*W
o -

- 12u(k) % L(U)'B c—+oo kxv
S
ORI MR e,
Theorem 4 (Non-Newtonian second translation theorem). If Sy{f(t)} = Fy(v) and
6,02tk =
S : =& /s % Fy(v).
ho ={ e S e Syh(0) = ¢ % Fy ()

Proof. Using the definition of non-Newtonian Sumudu transform in equation (1), it is
straightforward to observe that
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P (za©
Sylh(®)} = @ )ﬁ X*j é'(“_l(“) )B X h(t)d*t

0

e —ai(e)

L(U)'B X*j é<a_1(v) )B X f(t=k)d"t

k
I P I =
S f A, *Je b f(t=k)d"t
i a”(o) L
=P % i, | # f( e ( (alt - a29))) e
a~1(k

If we substitute t — a~1(k) = w, then we find
a~ (c)—-a 1(k)

1 -w—a~1(k)
S @y =—spke tm (B [ e (f(atn)) aw
0

c—+0o

a~(c)-a (k)

—a~ (k) -w
L(U)'B X+ lim | Blea @, j ea ') g1 (f(a(w))) dw

c—+0o

0
( _11(k)) i _11(W)
=é @) —— B X* lim j é (”) B X f(w)d*w
t( ) c—+oo

0

(&)

=& e X Fy(),

which ends the proof.

Theorem 5 (Non-Newtonian derivative theorem). If f(t) is *-continuous on [O,-i-OOj and of
B-exponential order y, and also f*(t) is piecewise *-continuous on [0, -i-OOj, then

SvifF)3=£(0)

SN{f*(t)} = L(U) .B

i .
for —a>y.
Proof. By definition of non-Newtonian Sumudu transform, one gets
+ o0 (‘05__11(0)
SO = )ﬁ o[ e O s @

¢ (—a”l(®

)ﬁ K% llrn *je< a~1(v) )B Xf*(t)d*t

c—o+oo

N )
0
a=(c) L

gt lo( [ e @ 5 (1 (@)

L(U c—>+o
0
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From the relationship between classical calculus and non-Newtonian calculus, it can be seen that
-1 (f *(a(t))) = (B~1fa)'(t). Consequently, by using partial integration method, the following
expression is derived:
a~1(c) . a=t(c) L
j e @57 (f*(a(®)) dt = j e« @), (B fa) (t)dt
0 0
a-1(0) a™'(o)

1w (g1 ! 1w (g1
= 0. 0] +a—(v)0j T (57 ) (e

a (c)
-~

C e, (B7f(©) = B f(a(0) + ——7~ -1() ] W, (57 fa) (D)dt.

As a consequence, we obtain

a (o)
Suif*(©)} = ()/m lim B| e =, (B7f () = B7f(0) + —7= _1() f o0 (- fa) (Ot
( 1(6)) a 1(c) —t
L<v)ﬁ><*cli£“w e W% f0)* f(0)+ ﬁXﬂ ] ea @), (B~ fa) (D)dt
0
R = i
—mﬁx[*cl_l)inwe X f(c) —mﬁxf(o)
c (_%—11(0)
L(v)ﬁxﬂﬁ % lim | &R fOd'e

0
Since f is of B-exponential order y, then there is f-constant y > 0 and a-constant ¥ such that

F@lp 2 M5 T,

Hence one obtains

—a~(0) a1 -1 a"'(c)
= . ).a™(e)—=
é;<a 1(v)) S M X e( a 1(v)),3

8 X f(c)

B

(—a—l(c)( P b _1(U))>

=MXé

a1l )
Since * lim é'< “_1(“))3 X f(c)=0 for%a >y, we find

c—+0o

Sutr @) = p [ 1m e 5 o= L g5 56)
wif _L(U)'B e’ fle t(v)
¢ _aml(r)
—ﬁ %x lim é'(“_l(“) )B % f(t)d*t

L(U)'B X L( ) c—-+o )

0

=m‘8XO—mﬁXf(O)+mﬁX5N{f(t)}
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=y B X Iswlf 0321 (0)]
as desired.

In the general situation, the following outcome is obtained.

Corollary 1. Supposing that f(t), f*(t), -, f*@ D (t) are * -continuous functions on the
a -interval [0,+00) and possess S -exponential order y and further assuming that f*(M(t) is
piecewise x-continuous on [0, }00), then it is concluded that

sviF@®3 . f(0) £+(0)

“(n . . L fr@=1(0)
Su{f* "0} = ("8 (v) 'B_LnB(U)'B_L(n_l)B(U)

'B;."_—L(U) 5

for % a>y.
Definition 10. If Sy {f(¢t)} = Fy(v), then the inverse non-Newtonian Sumudu transform is defined
by Sy {Fy ()} = f(©).
Theorem 6. The inverse non-Newtonian Sumudu transform is linear, i.e.

Sy % Fy, () ¥4, X Fp, )} = 44 % Sy {F,, )}, X SyH{F,, W)}
where 4, and A, are arbitrary -constants.
Proof. Let f;(t) and f,(t) be some functions such that Sy{f;(t)} = F;,(v) and Sy{f2(t)} =
Fy, (v). Since non-Newtonian Sumudu transform is linear, we have

Snids X fi(®)F2; X ()} = A4 X Sy{fi (O3, X Sy{f, ()} = 4, X F1N(U)‘T'/12 X Fp, ().
Applying the inverse non-Newtonian Sumudu transform to this expression gives
A X i)+, X fo(t) = 5151{/11 X Fy,, ()42, X FzN(U)}

which is the equivalent to

Sy X F, 0¥, X By, )} = A4 % Syt {Fy, @)}, % SyH{F,, W)}.

This demonstrates the linearity of the inverse non-Newtonian Sumudu transform.

Application to Ordinary Non-Newtonian Differential Equations

The non-Newtonian Sumudu transform approach may be used to solve linear non-
Newtonian differential equations with -coefficients. It effectively converts the problem of solving
non-Newtonian differential equations into an algebraic problem. We shall now provide an example.

Example 2. Consider the second-order non-Newtonian differential equation

Yy ©+Fy®) = uo) 4)
with y(()) =1, y*(O) = 0. By applying the non-Newtonian Sumudu transform to either side of
equation (4), we obtain

Sy (©O+y()} = Sy{u(®)}
Snly™ @O3+Su{y ()} = Sy{u(®)}

Sviy@®3 . ¥(0) .y (0) . ~
LZB(U) _LZB(U)'B_ () B +SN{y(t)} = 1(v)




142
Maejo Int. J. Sci. Technol. 2024, 18(02), 130-145

SN{y(t)}x<1+ 23( )ﬁ) L(U)-l_ 23( ).B
If we adjust the equation based on the variable Sy {y(t)}, we have
3 ()L
Sy (O} = % p
1=(v)
= @) 5 b
B . i )
BRIV LT s

The solution is obtained as
y () = 1(t)+ * cos(t) = = sin(t)
by applying the inverse transform.
Especially, when the non-Newtonian differential equation (4) is considered in the sense of
geometric calculus, the equivalent geometric differential equation problem fora =1, f = exp is
equal to

Y (0).y(8) = (¥ () + y(£) y2(t) — ty2(t) = 0,y(0) = £,y'(0) = e,

and the solution is y(t) = ettcost=sint,
Particularly, by choosing the generators @ = exp, f = exp, we obtain the equivalent
bigeometric differential equation problem of (4) as follows:

Ey(D)y (1) + t2.y(D)y" () — t2.(y' () +(y(®) . Any(®) = Int) = 0, y(1) = e,y'(1) = 0

and the solution is y(t) = t.e(cosint=sinint)

Application to Growth Models

Thomas Malthus introduced one of the earliest mathematical models illustrating the dynamic
change of populations. The Malthusian model posits that the rate of population growth in a country
is directly proportional to its total population, denoted as W (t), at any given time t. This concept is
commonly used to explain how the more people there are at any given time, the more there will be
in the future. In mathematical terms, this assumption can be expressed such that k is a constant of

proportionality. In classical calculus, the mathematical representation of this model is described as

aw _
dt

the non-Newtonian exponential growth model, which is expressed by

kW (t) [27]. Giingor [18] generalised this model in the non-Newtonian sense, and called it

*

dt*

with inital condition W (0) = W,, where W represents the population size at time t and x is a

=Kk X W(t) (5)

B-positive number. Taking into account the non-Newtonian differential equation, then
W*(t) =k X W(t)
{ w(0) =w,
From here, we use the non-Newtonian Sumudu transform to calculate the population size at time t
in the context of non-Newtonian calculus. We obtain
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ST = xSy W o)

by taking the non-Newtonian Sumudu transform to both sides of (5). Benefiting from the property
of the non-Newtonian Sumudu of *-derivative, we get
Sn{w (©)}=W (0) .
=Kk X
L(U) ﬁ K SN{W(t)}
Sv{W (©O}W(0) = Kk X 1(v) X Sy{W ()}
(1=K X 1(v)) X Sy W (D)} = W,
|14

SvW ()} = 5m——8. (6)

1-Kk X 1(v)

Applying inverse non-Newtonian Sumudu transform on either side of (6), we get

wW(t) = Syt {Lﬁ}

15K X 1(v)
= W, X Sy* ! p
R ¢ E )
—w, x eF 0T ),

which is the required amount of the population at time ¢.

The Gompertz model is among the most prevalent models of population growth. Adapted
applications of this model include plant growth, the growth of some animals, tumour growth and
bacterial growth. The mathematical expression for this model is denoted by the differential
equation:

aw () K
dt = ﬂW(t) In m,

where W (t) represents the population size at time t, u is the growth rate and k is the carrying
capacity [28]. To solve equation (7) using the non-Newtonian Sumudu transform, we shall use the

(7)

connection between classical calculus and non-Newtonian calculus. By setting @ = I and f = exp
w'®
in the definition of the *-derivative, we get W*(t) = eW® in geometric calculus. Thus, we may

express equation (7) as

W*(t) = exp {ln (W}Zt))ﬂ}'

Therefore, we can represent this equation as
W)=kt De *OW() (8)
in the sense of geometric calculus. In particular, if we apply the geometric calculus version of the
non-Newtonian Sumudu transform to either side of (8), we get
SniW=(©)} = Sy{kt B e™ O W (1)}

Syw®}ew@) @e’ =kt @e™ O Sy{W(t)}

(e© (™ Oe”) OSNWn} =Kt O e’ ®W(0).
Thus, we obtain
(Kt O ev)
SyiWw ()} =[W( e et Oe? .
WD} =[W(©) @ (e© (™ 0e)|® YD)

9
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Using the inverse non-Newtonian Sumudu transform on either side of (9) yields

W) =Sy w0 @ (e (e OeM)}D® Sy ik} OSy{k @ (e © (e™* O ev))}
=WO0) Qe DrOe ™ Ok

=K- (ee—ut)1n<@)

As a result, we get the solution to equation (7).

CONCLUSIONS

The definition of the Sumudu transform has been generalised to non-Newtonian calculus
through the use of *-integral. The relationship between the classical Sumudu transform and non-
Newtonian Sumudu transform is examined. Many significant characteristics of the non-Newtonian
Sumudu transform have been proven. The solution of non-Newtonian differential equation is
investigated with the use of the acquired findings. In particular, when the forms of this equation in
geometric and bigeometric calculus, which are popular classes of non-Newtonian calculus, are
considered, it is seen that the relationship between non-Newtonian calculus and classical calculus
can be exploited to obtain results for some difficult differential equations. The results of the non-
Newtonian exponential growth models have been obtained by applying the non-Newtonian Sumudu
transform. The result of the Gompertz model, one of the most popular population growth models,
has been obtained with the help of the geometric form of the non-Newtonian Sumudu transform.
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