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Abstract: In this study we first define the tubular involutive surfaces as a new surface form.
We then investigate singularity, Gaussian curvature and mean curvatures of the tubular
involutive surfaces and get an interesting relation between these curvatures as 2H =
—(rK + 1/r). By calculating the Gaussian and mean curvatures of the tubular involutive
surfaces, we find the necessary conditions of being flat or minimal of these surfaces. In
addition, we analyse the necessary and sufficient conditions for parameter curves on the
surface to be asymptotic, geodesic and line of curvature. Finally, we illustrate our method by
presenting two examples.
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INTRODUCTION

Canal surfaces were first described in 1850 by the French mathematician Gaspard Monge
[1]. The canal surface is defined as the envelope of a moving sphere with a variable radius. If the
radius function of the movable sphere forming the canal surface is constant, the canal surface is
called the tubular surface. These types of surfaces are used to represent pipes, ropes, poles and 3-
dimensional castings that we encounter in daily life. Again, these surfaces are useful in planning the
lines of motion of robots, showing long thin objects, human internal organs, surface modelling for
computer-aided design and computer-aided manufacturing.

Maekawa et al. [2] investigated necessary and sufficient conditions for the nonsingularity of
tubular surfaces. Blaga [3] considered tubular surfaces as swept surfaces and gave a parametric
representation of the inverse of a canal surface. Dogan and Yayli [4] defined tubular surface with
respect to the Bishop frame and gave some characterisations regarding special curves lying on it.
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Dede [5] defined the tubular surfaces according to the Flc frame. Ates et al. [6] designed the tubular
surface formed by the spherical indicators of any space curve for the alternate moving frame.
Akyigit et al. [7] defined the tubular surfaces using the modified orthogonal frame to give
researchers an alternative perspective. Tubular and canal surfaces have been handled by many
authors so far [8-16]. Also, in order to synthesise interdisciplinary studies, it is useful to note some
important studies on ruled surfaces in different spaces [17-37].

In the present paper we define tubular involutive surfaces according to the Frenet frame as a
new surface form and examine their characteristic properties. In this sense, we first investigate
singularity, Gaussian and mean curvatures of these surfaces. Then using the Gaussian and mean
curvatures, we obtain necessary conditions of being flat or minimal of these surfaces. Also, we
analyse the necessary and sufficient conditions for parameter curves on the surface to be
asymptotic, geodesic and line of curvature. At the end of this article, we visualise the main idea by
providing two examples.

PRELIMINARIES

The general concepts in this section are taken from Do Carmo [38]. Let y(s),s € [0,L] be a
regular 3D curve with curvature k(s) and torsion 7(s). In this paper y(s)’ denotes the derivative of
v (s) with respect to arc length parameter s. We assume that y(s)"" # 0, which means that k(s) # 0
and the Frenet frame {T(s), N(s), B(s)} along y(s) is defined. If we assume that y(s)"” # 0, then

y)"
Iy ()"l
vector, where T(s) = y(s)’ is the tangent vector. The Serret-Frenet equations are given by the
following relations

we can write N(s) = for the normal vector and B(s) = T(s) X N(s) for the binormal

T'(s) 0 k(s) 0 |[T(s)
N'(s)| = |—k(s) 0 T(s)||IN(s)
B'(s) 0 —1(s) 0 [||B(s)

where k(s) = |ly(s)”|| and t(s) = (B'(s), N(s)) are called the curvature and torsion of the curve
v (s) respectively.

Let y(s) and y(s),s € [0,L] be two curves such that y(s) intersects the tangents of y(s)
orthogonally. Then y(s) is called an involute of y(s). An involute of a curve y(s) with arc length s
is given by

7:7(s) = y(s) + uT (s), (1)
where u = c — s, ¢ being a real constant, and T(s) is the unit tangent vector of y:y(s). For
convenience, we suppose that u # 0. If y is the involute of y, then the relationship between the
Frenet frames of involute-evolute curve pair (y,y) is given by

T*(s) 0 1 0 1(T)
N*(s)| = [—sine 0 cosO||N(s)|, 2)
B*(s) cos@ 0 sinBl|B(s)

where 0 is the angle between T (s) and B*(s).

A canal surface is briefly called the envelope of a one-parameter family of spheres. More
precisely, it can be defined as the envelope of a moving sphere of variable radius, with a curve
(spine curve) y(s) as the orbit of its centre and a radius function r(s). If r(s) is a constant
function, then the canal surface is called a tubular surface. For example, if y(s) is a circle, then the
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corresponding tubular surface is a torus. The tubular base surface Q(s,), which passes through a
given 3D space curve y(s), can be expressed as

M:Q(s,9) =y(s) + r(cosﬂN(s) + sin9B (s)), 3)

where N(s) and B(s) are the principal normal and binormal vectors of y(s) respectively.

TUBULAR INVOLUTIVE SURFACE WITH FRENET FRAME

In this section we define a new type of tubular surfaces. We assume that the spine curve of
the tubular surface is the involute curve ¥ and call this surface a tubular involutive surface Q(s,9).
We can easily write the following equation according to the connection between the Q(s,9) and a
family of spheres which are great circles C; of the unit spheres lying in the sub-space
Sp{N*(s), B*(s)} of the spine curve y(s) (Figure 1):

M:Q(s,9) = 7(s) + r(cos9IN*(s) + sin9IB*(s)). 4)
Using equations (1) and (2) in equation (4), we get the equation of M as follows:
M:Q(s,9) = y(s) + uT(s) + r(sinyT(s) + cosyB(s)), (5)

where ) = 9 — 6 is the angle between B and the position vector 5 of the characteristic circles Cj
lying in the plane spanned by {N*, B*} (Figure 2).

T"=N
Cl
9-0
Y(s)
3 —>T
N*
a9 g
0 B
Figure 1. Representation of the surface M Figure 2. Frenet frame of (y,y) and C;

Properties of Tubular Involutive Surfaces

In this section the geometric properties of the tubular involutive surfaces with Frenet frame
is examined and the conditions of being minimal or flat are determined. Afterward, the conditions
for parameter curves on the surface of being geodesic, asymptotic and line of curvature are
investigated.

The surface M at a distance v (r > 0) from the spine curve ¥ is represented by equation (5).
If we take the partial derivatives of M with respect to s and 9, we get the following tangent vectors
of M

— (6)

{QS = —18'cosyYT + 6N + r0’'sinyB
Q9 = rcosyYT — rsinyB,
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where
6:6(s,9) = ux + r(ksiny — tcosy). (7)
By taking the vector product of Qg and Qy, we get
Qs X Qg = —r8(sinyYT + cosyB). (8)
Thus,
1Qs x Qoll = 7l51. €
From equations (8) and (9), we can get the unit normal vector of M:
£(s,9) = 22 __ +(sinyT + cosyB). (10)
1QsxQyll

We know well that the condition Q; X Q9 = 0 indicates singular points for a surface. Then using
equation (8), we can give the following result for the surface M.

Corollary 1. The tubular involutive surface M has singular points if and only if the conditions § =
0 is satisfied.

Using equation (6), the components of the first fundamental form are obtained by
E =(Q,,Qs) =1%0"% + 52,
F = (Q_S, Q_19> = —r20’, (11)
G = <Q19f Q19> = rz'

Theorem 1. Tubular involutive surface M is a regular surface if and only if § is not equal to zero.

Proof: 1f the surface M is a regular surface, then we know that EG — F? # 0. By using equation
(11), we can write
EG — F? =r?%5?
for the surface M. Since r > 0, we get
6 #0.

Conversely, if § is not equal to zero, then we can easily see that the surface is regular. Thus, we

give the following corollary.
— . . uK
Corollary 2. M is a regular surface if and only if r # r—_
To obtain the components of the second fundamental form of M, we must calculate the

following:

|{st = —(r0"cosy + 18"’ sinp + 8x)T + (8 — r0'Kcosyp — r@'Tsinp)N
+(8t + r8" sinh — r6"*cosy)B,
| Q59 = 16'sinyT + SN + 18’ cosyB,
@919 = —rsinyT — rcosyB,

(12)

where
s = —k + ux’ + rsin(x’ — 0't) —rcosy(t’ + 0'k), 89 = r(kcosy + Tsiny).

Thus we can give the following theorem.

Theorem 2. The Gaussian and mean curvatures of the tubular involutive surface M are respectively
K = Ksiny—tcosy
- ré ’
r(tcosp—ksiny)—46 (13)
2ré )

H =
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Proof: From equation (12) we can compute the components L = (Qs, &), M = (Qs9,&) and N =
(Qyg9, &) of the second fundamental form as

L =—168"% + §(tcosy — ksinyp),

M =ré’, (14)
N =-—r.
We know well that the Gaussian and mean curvatures of a surface are given by
LN-M? 1 EN+GL-2FM
K—klkz—ﬁ, H—E(k1+k2)—m, (15)

where ky, k, are the principal curvatures of the surface M. By using equations (11), (14) in (15), the
Gaussian and mean curvatures of the tubular involutive surface M are obtained by

Ksinyp—tcosy

K= ré

and

r(tcosyp—ksinyp)—46

H = 2ré

Remark 1. Observe that using equation (7), the Gaussian and mean curvatures of the tubular
involutive surface M can be expressed as

0 — UK
g S
r2d
K—20
yo 26
2rd

where u = ¢ — s and c is a real constant.

Theorem 3. The Gaussian curvature K and the mean curvature H of the tubular involutive surface
M satisfy

1 1
H=-2(rk+2).
Proof: Using equation (13) or Remark 1, the theorem is easily proved.

Corollary 3. The principal curvatures of the surface M are given by

k1=—TK,
I = 1
2=

Proof: We know that the roots of the quadratic equation
k? —2kH+K =0
for the surface M are the principal curvatures of
k,=H++VH?—K and k,=H—+VH?—K.

Thus, from equations (7), (13) and the last equalities, we can give the principal curvatures of M as
follows:

_,tuc—6__ 6—;uc__ __1
kl__ns =Ty = rK and k, = -

Theorem 4. Let M be a regular tubular involutive surface in E3. M is a flat surface if and only if
Y = arctan G), (16)

where Y = U — 0 is the angle between B and the position vector of the circles Cj.
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Proof: We know that if the surface M is a flat surface, then the Gaussian curvature of M vanishes,
Thus, from equation (13) we can write

K = 0= ksiny — tcosy = 0.
Direct computation gives

Y = arctan G)
In particular, a similar result is valid if the parameter curves of M is a line of curvature.

Theorem 5. Let M be a regular tubular involutive surface in E3. M is a minimal surface if and only
if
r=—-2 (17)

TcosyP—ksiny
Proof If the surface M is a minimal, then H = 0. From equation (13), the proof is clear.

Theorem 6. Let M be a regular tubular involutive surface in E3. The parameter curves of M have
the following properties:
(ii) The s parameter curve of the surface M is an asymptotic curve if and only if

__ 6(zcosyp—ksiny)

77 , (8"+#0) (18)

r

or

0= %f J8(cosy — ksimp)ds. (19)
(ii) The ¥ parameter curve of the surface M cannot be an asymptotic curve.

Proof (i) The s parameter curves are asymptotic curves on M if and only if
(¢,05) = 0 —1r0'% + §(tcosy — ksiny) = 0.
Using this last equation, we can easily obtain equations (18) and (19) for the surface M.

(ii) Since the equality (£, Qgy) = —7 # 0 holds, the 9 parameter curve cannot be an asymptotic
curve.

Theorem 7. Let M be a regular tubular involutive surface in E3. The parameter curves of M have
the following properties:

(i) The s parameter curve of the surface M is a geodesic curve if and only if

{(55 + r8'kcos?P — rf'tsiny) (cosy — sin) = 0 (20)
r8" + Skcosy + dtsin = 0.

(ii) The ¥ parameter curve of the surface M is always a geodesic curve.

Proof: (i) For the s parameter curve of the surface M to be geodesic curves, a necessary and
sufficient condition is that & X Qs = 0. In this case we obtain the following relations for the s
parameter curve:
& X Qss = (65c08Y —10'kcos* Y — r@'tsinpcos)T
+(r0" + Skcosy + Stsin)N
+(85sinyp — rO'kcosypsing — r'tsin?Y)B = 0.

Because {T, N, B} are linearly independent, we have the following equalities:
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Sscosy —r0'Kkcos?yP — rf’'tsinpcosy = 0,
r8" + dkcosy + dtsiny = 0, (21)
Ssiny — @' kcosypsing — r@'tsin?yY = 0.
If the first and last equation are arranged, we have
(85 + 1r0'kcos?yY — rO'tsiny) (cosy — siny) = 0.
Thus, this last equation and the second equality in equation (21) together give the desired result for

the s parameter curve.

(ii) Since the equality ¢ X Qg9 = 0 holds, the 9 parameter curve is always a geodesic curve.

Theorem 8. Let M be a regular tubular involutive surface in E3. The parameter curves of M is a
line of curvature if and only if 6 is a constant angle.

Proof: We know that the parameter curves on the surface M are also a line of curvature if and only
if F = M. Thus, we have from equations (11) and (14)

—r20’ =0and rf’ = 0.
The common solution of the above two relations is that 6 is a constant angle.

Using this last result and equations (11) and (14), we can give the following result.
Corollary 4. If we assume that the parameter curves of the surface M are its lines of curvature,
then the components of the first and the second fundamental forms on the surface M are given by

E=6% F=0, G=1r% and L = 6(tcosy —ksinyp), M =0, N = —r.

EXAMPLES

Example 1. Let a:a(s) = (coss,sins,0) be a unit speed circle. We can compute the Frenet
apparatus of a as follows:

T = (—sins, coss,0)
N = (—coss, —sins,0)
B =(0,0,1)
k=11=0.

The involute curve @
a:a(s) = (coss + ssins, sins — scoss,0 ) (22)
can be obtained by taking ¢ = 0 in equation (1). Using equations (3) and (5), the tubular surface R
around the curve a and tubular involutive surface R around the involute curve @ are given by the
equation
R:R(s,9) = (coss, sins,0) + r(—cosscos?9, —sinscosV, sin?9 ) (23)
and
R:R(s,9) = (coss + ssins, sins — scoss,0) + r(—sinssimp, cosssinp, cosy) (24)

where 1 = 9 — 6. The graphs of the surfaces R and R are shown in Figures 3 and 4; 6 = %,r =1
and —5<s5,9 <5.
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Figure 3. Tubular surface R and « (red) Figure 4. Tubular involutive surface R and @& (black)

be a unit speed circular helix. Then it is easy

Example 2. Lety:y(s) = (—%coss, \/_sms,\/_)

to show that

(17— (Lo 1
T = ( ﬁsms, \/_coss, \/_)
N = (coss, sins,0)

B—(—isins CcOoSS
“\ vz
K=T=—
\" Tt T2

s )

From equation (1), the involute curve of ¥ can be given as
v:7(s) = % (—coss + upsins, —sins — ucoss, c) (25)

where 4 = ¢ — s, ¢ being a real constant. From equations (3) and (5), the tubular surface S around
the curve y and tubular involutive surface S around the involute curve ¥ are given by the equation

1
S:5(s,9) = (—ﬁcoss, \/_sms,\/_ )
, 1,
+r (cosﬁcoss - ﬁsmﬁszns, cosvsins + ﬁsmﬁcoss, NG sm19) (26)

and

S:5(s,9) = % (—coss + usins, —sins — ucoss, c )
+ %r(sins(simp — cosy), coss(cosy — siny), siny + cosyp),  (27)

where 1) = 9 — 6. The graphs of the surfaces S and S are shown in Figures 5 and 6; 6 = %,r =
0.5 c=5and -5 <s5,9 <5.
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Figure 5. Tubular surface S and y (red) Figure 6. Tubular involutive surface S and ¥ (black)

CONCLUSIONS

We have presented a new approach to constructing tubular surfaces by using the involute

curve of a 3D space curve. This study may open new horizons for studying tubular and canal
surface construction derived from special curves and alternative frames.
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