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Abstract:  In this study we first take the tangent vector of an involute curve in dual space 
as a generating vector and define the dual Blaschke frame and Blaschke invariants of a 
new type of tangent indicatrix of the involute curve. We then introduce the ruled surfaces 
generated by the dual Blashke frame using Study’s transfer principle and compute the 
geometric invariants of these surfaces, thus obtaining some important results about them. 
We illustrate our method by presenting an example. 
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INTRODUCTION  
 

According to the Study principle [1], the dual points of a unit dual sphere have a one-to-one 
correspondence with the oriented lines in E3. This spherical point geometry allows the construction 
of oriented lines and surfaces in the line space using dual numbers. As is well known, all studies on 
the kinematics and differential geometry of ruled surfaces in dual space are based on dual vectorial 
calculations. Some major work has been written using such calculations [2-5].  

Gursoy [6] showed that the dual integral invariant of a closed ruled surface is the dual angle 
of pitch; it corresponds to the dual spherical surface area described by the dual spherical indicatrix 
of the closed ruled surface. Yayli and Saracoglu [7] have given the dual angles and lengths of the 
pitch of closed ruled surfaces using the dual spherical indicatrices of a curve. Recently, Bilici [8] 
studied the ruled surfaces generated by Frenet vectors {R₁, R₂, R₃} of the closed involute curve in 
dual space. Senyurt and Caliskan [9] expressed the vectorial moments of the alternative vectors in 
terms of the alternative frame; thus, they examined the parametric equations of the closed ruled 
surfaces corresponding to the dual curves and the integral invariants of these surfaces.    
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In previous studies curves and ruled surfaces have been handled many times with the 
Blaschke approach in dual space. For example, Kahraman et al. [10] defined the dual Smarandache 
curves on a dual unit sphere according to the Blaschke frame. Sahiner et al. [11] examined the 
motion of a robot end-effector by modelling the ruled surface generated by a fixed line on that end-
effector and applying the Blaschke approach. Abdel-Baky [12] and Yayli et al. [13] studied a ruled 
surface as a curve on the dual unit sphere based on the Blaschke approach. 

Looking at the existing literature, it is seen that the Blaschke frame and Blaschke invariants 
have yet to be defined for the tangent indicatrix of an involute curve in dual space. In addition, 
based on the Study principle, dual-ruled surfaces generated by the dual Blashke frame and their 
integral invariants are among the topics that will be discussed for the first time in this article. In the 
future, this work may be generalised from a dual curve to a new special type of surface construction 
using the alternative frames of the new type of spherical curves. 

 
PRELIMINARIES 
 

The set of dual numbers that form a commutative ring is given by 
 

॰ = ࢇ} + ,ࢇ|∗ࢇࢿ ∗ࢇ ∈ℝ, ଶߝ = 0}. 
The set  

॰૜ = ॰ × ॰ × ॰ = ൛࡭ሬሬ⃗ = ሬሬ⃗ࢇ + ሬሬ⃗ࢇࢿ ሬሬ⃗ࢇ|∗ , ሬሬ⃗ࢇ ∗ ∈ℝଷ, ଶߝ = 0ൟ 
 
is a module that is named dual space or ॰-module over the ring ॰ [4]. 

For any dual vectors ࡭ሬሬ⃗  and ࡮ሬሬ⃗ , the inner product and the vector product are defined by 
 

ሬሬ⃗࡭〉 , ሬሬ⃗࡮ 〉 = ሬሬ⃗ࢇ〉 , ሬሬ⃗࢈ 〉 + ሬሬ⃗ࢇ〉൫ߝ ∗, ሬሬ⃗࢈ 〉 + ሬሬ⃗ࢇ〉 , ሬሬ⃗࢈ ∗〉൯ 
and 
ሬሬ⃗࡭                                                         ሬሬ⃗࡮˄ = ሬሬ⃗ࢇ ሬሬ⃗࢈˄ + ሬሬ⃗ࢇ൫ߝ ሬሬ⃗࢈˄∗ + ሬሬ⃗ࢇ ሬሬ⃗࢈˄ ∗൯                                               (1) 
respectively.  

The scalar triple product (mixed product) of the dual vector ࡭ሬሬ⃗ , ሬሬ⃗࡮ , ሬሬ⃗࡯  is a transformation of the 
form   

݂: ॰૜ × ॰૜ × ॰૜           
ሱ⎯ሮ ॰ 

and  is defined as 
                                                           ݂൫࡭ሬሬ⃗ , ሬሬ⃗࡮ , ሬሬ⃗࡯ ൯ = ሬሬ⃗࡭〉 ሬሬ⃗࡮˄ , ሬሬ⃗࡯  〉 
                                                                            = ሬሬ⃗ࢇ〉 ሬሬ⃗࢈˄ , ሬ⃗ࢉ 〉 + ሬሬ⃗ࢇ〉൫ߝ ሬሬ⃗࢈˄ , ሬ⃗ࢉ ∗〉 + ሬሬ⃗ࢇ〉 ሬሬ⃗࢈˄ ∗, ሬ⃗ࢉ 〉 + ሬሬ⃗ࢇ〉 ሬሬ⃗࢈˄∗ , ሬ⃗ࢉ 〉൯. 

Let ࡭ሬሬ⃗ ≠ (૙, ሬሬ⃗ࢇ ∗) be the dual vector; the norm is defined by 
 

                                                          ฮ࡭ሬሬ⃗ ฮ = ට〈࡭ሬሬ⃗ , ሬሬ⃗࡭ 〉 = ሬሬ⃗ࢇ‖ ‖ + ߝ  ሬሬ⃗ࢇ〉 ሬሬ⃗ࢇ, ∗〉
ሬሬ⃗ࢇ‖ ‖

.                                            (2) 
   
If ࡭ሬሬ⃗  is a unit dual vector and ࢇሬሬ⃗ ≠ 0, then ‖ࢇሬሬ⃗ ‖ = ሬሬ⃗ࢇ〉 ,1 , ሬሬ⃗ࢇ ∗〉 = 0. 

In dual space the unit sphere is defined as   
   

 = ൛࡭ሬሬ⃗ = ሬሬ⃗ࢇ + ሬሬ⃗ࢇࢿ ∗หฮ࡭ሬሬ⃗ ฮ = 1 + ,0ߝ ሬሬ⃗ࢇ , ሬሬ⃗ࢇ ∗ ∈ℝଷ, ଶߝ = 0ൟ. 
 
Study’s transfer principle says that “There exists a one-to-one transformation between the dual 
points on the unit dual sphere and the oriented lines in ℝଷ.” According to Study principle, we can 
say that a differentiable closed curve on the dual unit sphere represents a closed ruled surface in ℝଷ.  
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Let ⃗ߙ: I → ℝଷ  be the unit speed curve with Frenet frame {࢚⃗, ሬሬ⃗࢔ , ሬሬ⃗࢈ } ,࢚⃗  ; ሬሬ⃗࢔ , ሬሬ⃗࢈  are the unit 
tangent, principal normal and binormal vectors respectively. If ⃗ߚ: I → ℝଷ is the involute of ⃗ߙ, then 
we have                                              
(ݏ)ߚ⃗                                      = (ݏ)ߙ⃗ + ߣ   ,(ݏ)࢚⃗ߣ = ܿ − ,ݏ ܿ = constant.                                      (3) 
 
With the assistance of  ⃗ߙ,  ෤.  Inߙ we can define two dual curves in ॰૜. First, let define a dual curve ߚ⃗
the next section, we will define the involute curve ߚ෨ of the dual curve ߙ෤. So let us have a closed 
dual curve ߙ෤ of class C1 in ॰૜. Denoted by the unit tangent, the normal and binormal vectors of  ߙ෤ 
are ࢀሬሬ⃗ = ࢚⃗ + ,∗࢚⃗ߝ ሬሬ⃗ࡺ = ሬሬ⃗࢔ + ሬሬ⃗࢔ߝ ∗, ሬሬ⃗࡮ = ሬሬ⃗࢈ + ሬሬ⃗࢈ߝ ∗  respectively. The functions ̅ߢ = ߢ + ∗ߢ⃗ߝ  and ߬̅ = ߬ +
 ෤ respectively. Then the dual Frenet formulas mayߙ are called dual curvature and dual torsion of  ∗⃗߬ߝ
be expressed as     

ࢊ                                                       
࢙ࢊ

቎
ሬሬ⃗ࢀ 
ሬሬ⃗ࡺ
ሬሬ⃗࡮ 

቏ = ൥
0 ߢ̅ 0

ߢ̅− 0 ߬̅
0 −߬̅ 0

൩ ቎
ሬሬ⃗ࢀ 
ሬሬ⃗ࡺ
ሬሬ⃗࡮ 

቏.                                                   (4) 

 
BLASCHKE ELEMENTS OF TANGENT INDICATRIX OF INVOLUTE  
 

In this section we firstly compute the Blaschke vectors ൛ࡱሬሬ⃗ ૚, ሬሬ⃗ࡱ ૛, ሬሬ⃗ࡱ ૜ൟ and invariants which are 
defined for the tangent indicatrix of the involute curve in dual space. Secondly, using the Study 
principle, the ruled surfaces generated by the dual Blashke vectors and their integral invariants are 
introduced. For these purposes, let us first make the following preliminary preparations.  

The derivative formulas among the dual Frenet vectors of a dual curve are given by [14]: 
 

                                                                   ቐ 
ᇱ࢚⃗ = ሬሬ⃗࢔ࣄ              
ሬሬ⃗࢔ ᇱ = ࢚⃗ࣄ− + ሬሬ⃗࢈࣎
ሬሬ⃗࢈ ᇱ = ሬሬ⃗࢔࣎−           

.                                                           (5)                                            

 
Since the vectors ࢚⃗∗, ሬሬ⃗࢔ ∗, ሬሬ⃗࢈ ∗ are vectorial moments of the vectors ࢚⃗, ሬሬ⃗࢔ , ሬሬ⃗࢈ , we can write the following 
expressions:  

                                                    ቐ
∗࢚⃗ = ߙ⃗ ∧  ࢚⃗

ሬሬ⃗࢔  ∗ = ߙ⃗ ∧ ሬሬ⃗࢔
ሬሬ⃗࢈ ∗ = ߙ⃗ ∧ ሬሬ⃗࢈  

 ,   ቐ
ᇱ∗࢚⃗ 

= ሬሬ⃗࢔ࣄ ∗                    
ሬሬ⃗࢔  ∗ᇱ = ሬሬ⃗࢈ − ∗࢚⃗ࣄ + ሬሬ⃗࢈࣎ ∗

ሬሬ⃗࢈ ∗ᇱ
= ሬሬ⃗࢔− − ሬሬ⃗࢔࣎ ∗        

.                                      (6) 

 
The vector products of dual vectors ࢀሬሬ⃗ , ሬሬ⃗ࡺ , ሬሬ⃗࡮  can be given as    
                                                                                                                                                      

ሬሬ⃗ࢀ                                                ∧ ሬሬ⃗ࢀ = ൫࢚⃗ + ൯∗࢚⃗ߝ ∧ ൫࢚⃗ +     ൯∗࢚⃗ߝ
                                                         = ࢚⃗ ∧ ࢚⃗ + ࢚⃗൫ߝ ∧ ∗࢚⃗ + ∗࢚⃗ ∧ ൯࢚⃗ = 0  
                                                               ⟹ ࢚⃗ ∧ ࢚⃗ = 0, ࢚⃗ ∧ ∗࢚⃗ + ∗࢚⃗ ∧ ࢚⃗ = 0,                                             (7) 
ሬሬ⃗ࢀ                                                ∧ ሬሬ⃗ࡺ = ൫࢚⃗ + ൯∗࢚⃗ߝ ∧ ሬሬ⃗࢔) + ሬሬ⃗࢔ߝ ∗)    

࢚⃗  =                                                          ∧ ሬሬ⃗࢔ + ࢚⃗൫ߝ ∧ ሬሬ⃗࢔ ∗ + ∗࢚⃗ ∧ ሬሬ⃗࢔ ൯ = ሬሬ⃗࢈ + ሬሬ⃗࢈ߝ ∗ 
࢚⃗ ⟹                                                         ∧ ሬሬ⃗࢔ = ሬሬ⃗࢈ ࢚⃗   , ∧ ሬሬ⃗࢔ ∗ + ∗࢚⃗ ∧ ሬሬ⃗࢔ = ሬሬ⃗࢈ ∗,                                       (8) 
ሬሬ⃗ࡺ                                                ∧ ሬሬ⃗࡮ = ሬሬ⃗࢔) + ሬሬ⃗࢔ߝ ∗) ∧ ൫࢈ሬሬ⃗ + ሬሬ⃗࢈ߝ ∗൯    
ሬሬ⃗࢔  =                                                           ∧ ሬሬ⃗࢈ + ሬሬ⃗࢔൫ߝ ∧ ሬሬ⃗࢈ ∗ + ሬሬ⃗࢔ ∗ ∧ ሬሬ⃗࢈ ൯ = ࢚⃗ +  ∗࢚⃗ߝ
                                                         ⟹ ሬሬ⃗࢔ ∧ ሬሬ⃗࢈ = ,࢚⃗ ሬሬ⃗࢔ ∧ ሬሬ⃗࢈ ∗ + ሬሬ⃗࢔ ∗ ∧ ሬሬ⃗࢈ =  (9)                                       ∗࢚⃗
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ሬሬ⃗࡮                                                 ∧ ሬሬ⃗ࢀ = ൫࢈ሬሬ⃗ + ሬሬ⃗࢈ߝ ∗൯ ∧ ൫࢚⃗ +       ൯∗࢚⃗ߝ
                                                          = ሬሬ⃗࢈ ∧ ࢚⃗ + ሬሬ⃗࢈൫ߝ ∧ ∗࢚⃗ + ሬሬ⃗࢈ ∗ ∧ ൯࢚⃗ = ሬሬ⃗࢔ + ሬሬ⃗࢔ߝ ∗   
ሬሬ⃗࢈ ⟹                                                         ∧ ࢚⃗ = ሬሬ⃗࢔ ሬሬ⃗࢈  , ∧ ∗࢚⃗ + ሬሬ⃗࢈ ∗ ∧ ࢚⃗ = ሬሬ⃗࢔ ∗.                                      (10)                                         

 
On the other hand, let ߚ෨: ܫ →॰3 be the dual involute of ߙ෤ in dual space. Senyurt et al. [15] 

defined the involute curve ߚ෨ as 
 

(ݏ)෨ߚ                                               = (ݏ)෤ߙ + ሬሬ⃗ࢀ ߤ ߤ   ,(ݏ) = ܿ − ݏ + ,݀ߝ ܿ, ݀߳ℝ.                           (11)                                   
 
The unit tangent of the involute curve ߚ෨ is ࡱሬሬ⃗ (ݏ) = ሬ⃗ࢋ ૚(ݏ) + ሬ⃗ࢋߝ ૚

∗ ሬ⃗ࢋ where the real part ,(ݏ) ૚  is 
the unit tangent vector of ߚ and the dual part ࢋሬ⃗ ૚

∗ = ߚ⃗ ∧ ሬ⃗ࢋ ૚  is the vectorial moment. The geometric 
location of this vector draws a curve on the unit dual sphere . This curve is called a dual tangent 
indicatrix ൫ࡱሬሬ⃗ ൯ of the involute curve with the equation ߚ෨ࡱሬሬ⃗ = ሬሬ⃗ࡱ . The ruled surface ൣ ࡱሬሬ⃗  ൧ = ሬሬ⃗ࡱࣈ ,࢙)  (࢜
corresponds to the dual spherical curve ൫ࡱሬሬ⃗ ൯, which is the generator vector ࡱሬሬ⃗   shown in Figure 1. 
                                                                                                          

ݏ)⃗݁    (ݏ)⃗݁                                                           ݕ⃗                             +                                                           (ݏ݀
   
                         
                   
ሬ⃗ܧ                            (ݏ)
                            dϕ      ܧሬ⃗ ݏ) +         (ݏ݀

ா.  ௌ௧௨ௗ௬ ௠௔௣௣௜௡௚
ር⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯ሮ               ݀߮  

 ݔ⃗                                                      
                                       
                          ൫ࡱሬሬ⃗ ൯                                                                                       ࡱࣈሬሬ⃗ ,࢙)     (࢜
                                                                                                                   ݀߮∗                                 

                                            ݖ⃗           
       
             Figure 1.  Ruled surface corresponding to tangent indicatrix of involute  

The dual angle between two adjacent unit dual vectors ܧሬ⃗ ሬ⃗ܧ and (ݏ) ݏ) +  is represented by (ݏ݀
݀ࣘ = ݀߮ + ∗߮݀ߝ , where ݀߮  is the angle between the directional lines ݁⃗(ݏ)  and ݁⃗(ݏ +   (ݏ݀
corresponding to the unit dual vectors ܧሬ⃗ ሬ⃗ܧ and (ݏ) ݏ) +  and ݀߮∗ is the shortest distance between (ݏ݀
the directional lines corresponding to the unit dual vectors ܧሬ⃗ ሬ⃗ܧ and (ݏ) ݏ) +  In other words, this .(ݏ݀
is the dual spherical distance between the endpoints of the two unit dual vectors on the unit dual 
sphere .     

Now we define Blaschke frame along ߚ෨ࡱሬሬ⃗  as follows. Let now  be a moving dual unit 
sphere generated by the frame  

 
൜ࡱሬሬ⃗ ૚ = ሬሬ⃗ࡱ  , ሬሬ⃗ࡱ ૛ = ሬሬ⃗ࡱ   ᇲ

ฮ ࡱሬሬ⃗  ᇲฮ
 , ሬሬ⃗ࡱ ૜ = ሬሬ⃗ࡱ ૚ ∧ ሬሬ⃗ࡱ ૛   ൠ ሬሬ⃗ࡱ   , ࢏ = ሬ⃗ࢋ ࢏ + ሬ⃗ࢋߝ ࢏

∗ ,   ݅ = 1, 2, 3  , 
 
which is called Blaschke frame along the tangent indicatrix curve ൫ࡱሬሬ⃗ ൯,  and ′ be a fixed dual unit 

sphere with the same centre.  ࡼ = ݌ + ∗݌ߝ = ฮࡱሬሬ⃗ ૚′ฮ, ࡽ = ݍ + ∗ݍߝ = ௗ௘௧൫ࡱሬሬ⃗ ሬሬ⃗ࡱ, ᇱ,ࡱሬሬ⃗ ᇱᇱ൯
మࡼ   are called the 

Blaschke invariants.  
In order to examine the Blaschke elements of ruled surface ൣ ࡱሬሬ⃗  ൧ that represents the dual 

spherical curve ൫ࡱሬሬ⃗ ൯ geometrically, we must perform the following operations.  We know that we 
can construct the Blaschke frame as follows: 
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ሬሬ⃗ࡱ ૚ = ሬሬ⃗ࡱ = ሬ⃗ࢋ ૚ + ሬ⃗ࢋߝ ૚
∗  

ሬሬ⃗ࡱ     ૛ = ሬሬ⃗ࡱ   ᇲ

ฮ ࡱሬሬ⃗  ᇲฮ
= ሬ⃗ࢋ ૛ + ሬ⃗ࢋߝ ૛

∗  

ሬሬ⃗ࡱ             ૜ = ሬሬ⃗ࡱ ૚ ∧ ሬሬ⃗ࡱ ૛ = ሬ⃗ࢋ ૜ + ሬ⃗ࢋߝ ૜
∗  . 

 
To find the elements of this frame one by one, as the first step, if ߚ is the involute of ߙ, we can 
write                         
ߚ                                                   = ߙ + ,(ݏ)࢚⃗ߣ ߣ = ܿ − ,ݏ ܿ߳ℝ.                                                  (12) 
 
By taking the derivative of equation (12) with respect to s and applying the Frenet formulas (5), we 
have 

ᇱߚ =
ߚ ݀
∗ݏ݀

∗ݏ݀

ݏ݀ = ሬሬ⃗࢔ࣄߣ  

ᇱߚ = ሬ⃗ࢋ ૚
∗ݏ݀

ݏ݀ = ሬሬ⃗࢔ࣄߣ  

and 
‖ᇱߚ‖ = ࣄߣ = ௗ௦∗

ௗ௦
. 

 
Thus, the tangent vector of the involute curve ߚ is found as ࢋሬ⃗ ૚  = ሬሬ⃗࢔ . This is the real part of the 
tangent indicatrix of dual involute curve ߚ෨. On the other hand, the dual part ࢋሬ⃗ ૚

∗   can be given by 
 

ሬ⃗ࢋ ૚
∗ = ߚ⃗ ∧ ሬ⃗ࢋ ૚ = ൫⃗ߙ + ൯࢚⃗ߣ ∧ ሬሬ⃗࢔ = ሬሬ⃗࢔ ∗ + ሬሬ⃗࢈ߣ . 

So we have 
ሬሬ⃗ࡱ                                                         ૚ = ሬሬ⃗ࡱ = ሬሬ⃗࢔ + ሬሬ⃗࢔൫ߝ ∗ + ሬሬ⃗࢈ߣ ൯.                                                     (13) 

 
The derivative of ࡱሬሬ⃗  using equations (5) and (6) is found as 
 

ሬሬ⃗ࡱ                                       ᇱ = ࢚⃗ࣄ− + ሬሬ⃗࢈࣎ + ߝ ቀ−࢚⃗ࣄ∗ + ሬሬ⃗࢈࣎ ∗ − ሬሬ⃗࢔࣎ (ܿ −  ቁ,                                     (14)(ݏ

and the norm of ࡱሬሬ⃗ ᇱ from equation (2) is  
 
                                                                 ฮࡱሬሬ⃗ ᇱฮ = ૛ࣄ√ +  ૛.                                                           (15)࣎
 
Then using equations (14) and (15), the vector ࡱሬሬ⃗ ૛ is found as 
 

ሬሬ⃗ࡱ                                             ૛ = ሬሬ⃗ࡱ   ᇲ

ฮ ࡱሬሬ⃗  ᇲฮ
=

ሬሬ⃗࢈࣎ା࢚⃗ࣄି ାఌቀି࢚⃗ࣄ∗ା࢈࣎ሬሬ⃗ ሬሬ⃗࢔࣎ି∗ (௖ି௦)ቁ

ඥࣄ૛ା࣎૛
.                                             (16) 

 
Since ࡱሬሬ⃗ ૜ = ሬሬ⃗ࡱ ૚ ∧ ሬሬ⃗ࡱ ૛ and using equations (8) and (9), we have 
 

ሬሬ⃗ࡱ                                                       ૜ =
ሬሬ⃗࢈ࣄ ା࢚⃗࣎ାఌቀ࢈ࣄሬሬ⃗ ∗ା࢔ࣄି∗࢚⃗࣎ሬሬ⃗ (௖ି௦)ቁ

ඥࣄ૛ା࣎૛
 .                                                  (17) 

 
Blaschke’s invariants of the dual curve ൫ࡱሬሬ⃗ ൯ can be given by 
 

ࡼ = ฮࡱሬሬ⃗ ૚′ฮ 
        = ૛ࣄ√ +  ૛࣎

                                                                          = ݌ + ∗݌)  ,∗݌ߝ = 0).                                            (18) 
 
The derivative of ࡱሬሬ⃗ ૚

ᇱ
 using equations (5) and (6) can be found as   

      
ሬሬ⃗ࡱ       ૚

ᇱᇱ
= ݐᇱ⃗ߢ− − ଶߢ) + ߬ଶ) ሬ݊⃗ + ߬ᇱ ሬܾ⃗  

ܿ)ߢ൫߬ߝ+                 − ݐ⃗(ݏ − ߬ᇱ(ܿ − ሬ݊⃗(ݏ − ߬ଶ(ܿ − ሬܾ⃗(ݏ − ∗ݐᇱ⃗ߢ + ଶߢ−) − ߬ଶ) ሬ݊⃗ ∗ + ߬ᇱ ሬܾ⃗ ∗൯.              (19)      
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Using the formula ܳ and the properties of the mixed product, we find that  
   
ࡽ                                                         = ௗ௘௧൫ࡱሬሬ⃗ ሬሬ⃗ࡱ, ᇱ,ࡱሬሬ⃗ ᇱᇱ൯

௉మ                       

                                                            = ఑ఛᇲି఑ᇲఛ
఑మାఛమ                            

                                                            = ݍ + ∗ݍ) ∗ݍߝ = 0).                                                            (20)                   
 
INTEGRAL INVARIANTS OF RULED SURFACES ൣ ࡱሬሬ⃗ ૚ ൧, ሬሬ⃗ࡱ ൣ ૛ ൧  and ൣ ࡱሬሬ⃗ ૜ ൧  

The integral invariants of the closed ruled surfaces ࡱሬሬ⃗ ૚, ሬሬ⃗ࡱ ૛  and ࡱሬሬ⃗ ૜ are found as follows. The 
dual vector ࡰ = ∮         is called the dual Steiner vector of the dual spherical motion /′, where ࣒
࣒ = ሬሬ⃗ࡱࡽ ૚ + ሬሬ⃗ࡱࡼ ૜ is called the instantaneous dual Pfaff vector. From the definition [6] of the angle 
of closed ruled surface, we can write  

 
ሬሬ⃗ࡱ∧                                                ૚

= ,ࡰ〉− ሬሬ⃗ࡱ ૚〉 = ሬሬ⃗ࡱߣ ૚
− ሬሬ⃗ࡱܮߝ ૚

, 

ሬሬ⃗ࡱ∧ ૚
= − ර ࡽ  ,ݏ݀

                                                                         = − ∮ ݍ ݏ݀ − ߝ ∮ ∗ݍ                  (21)                                         .ݏ݀
 
Substituting the values of ݍ and ݍ∗ in (20) into equation (21), we get 
 

ሬሬ⃗ࡱ∧ ૚
= ∮ ᇲ࣎ࣄି࣎ᇲࣄ

૛࣎૛ାࣄ  .ݏ݀
 
Corollary 1.  The angle of pitch and the pitch of closed ruled surface ൣ ࡱሬሬ⃗ ૚ ൧ are 
 
ሬሬ⃗ࡱߣ ૚

= ∮ ᇲ࣎ࣄି࣎ᇲࣄ

૛࣎૛ାࣄ ሬሬ⃗ࡱܮ and ݏ݀ ૚
= 0 respectively. 

 
The dual angle of the pitch of closed ruled surface ൣ ࡱሬሬ⃗ ૛ ൧  is 
 

ሬሬ⃗ࡱ∧ ૛ 
= ,ࡰ〉− ሬሬ⃗ࡱ ૛ 〉 = 0. 

 
Corollary 2.  The angle of pitch and the pitch of closed ruled surface ൣ ࡱሬሬ⃗ ૛ ൧ are 
ሬሬ⃗ࡱߣ ૛

= 0 and ࡱܮሬሬ⃗ ૛
= 0 respectively. 

The dual angle of the pitch of closed ruled surface ൣ ࡱሬሬ⃗ ૜ ൧  is 
 

ሬሬ⃗ࡱ∧ ૜ 
= ,ࡰ〉− ሬሬ⃗ࡱ ૜ 〉 = 0 

 
ሬሬ⃗ࡱ∧                                                                ૜

= − ∮ ࡼ ݏ݀ = − ∮ ݌ ݏ݀ − ߝ ∮ ∗݌  (22)                       .ݏ݀
 
Substituting the values of ݌ and ݌∗ in (18) into equation (22), we have 
 

ሬሬ⃗ࡱ∧ ૜
= − ∮ ૛ࣄ√ +  .ݏ૛݀࣎

 
Corollary 3.  The angle of pitch and the pitch of closed ruled surface ൣ ࡱሬሬ⃗ ૜ ൧ are 
 
ሬሬ⃗ࡱߣ ૜

= − ∮ ૛ࣄ√ + ሬሬ⃗ࡱܮ and ݏ૛݀࣎ ૜
= 0 respectively. 

 
We can find the distribution parameters of the ruled surfaces ൣ ࡱሬሬ⃗ ૚ ൧, ሬሬ⃗ࡱ ൣ ૛ ൧  and ൣ ࡱሬሬ⃗ ૜ ൧ 

respectively as follows: 

ሬሬ⃗ࡱ ൣࢾ ૚ ൧ = ௣∗ 
௣

, 
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ሬሬ⃗ࡱ ൣࢾ         ૛ ൧ = ௣௣∗ା௤௤∗

௣మା௤మ , 

ሬሬ⃗ࡱ ൣࢾ ૜ ൧ = ௤∗

௤
. 

 
Using the values of  ݌, ,ݍ and ∗݌  given by equations (18) and (20) in the above equalities, we ∗ݍ
have   

ሬሬ⃗ࡱ ൣࢾ ૚ ൧ = ሬሬ⃗ࡱ ൣࢾ ૛ ൧ = ሬሬ⃗ࡱ ൣࢾ ૜ ൧ = 0. 
 
Thus, we can give the following result characterising these ruled surfaces. 

 
Corollary 4.  The ruled surfaces ൣ ࡱሬሬ⃗ ૚ ൧, ሬሬ⃗ࡱ ൣ ૛ ൧  and ൣ ࡱሬሬ⃗ ૜ ൧ is developable. 
 
Example.  Let (ݏ)ߙ = ቀ− ଵ

√ଶ
,࢙ݏ݋ܿ − ଵ

√ଶ
,࢙݊݅ݏ ࢙

√ଶ
 ቁ be a unit speed circular helix. Then it is easy to 

show that  

࢚                                                         = ቀ ଵ
√ଶ

,࢙݊݅ݏ − ଵ
√ଶ

,࢙ݏ݋ܿ ଵ
√ଶ

ቁ, 

࢔                                                         = ,࢙ݏ݋ܿ) ,࢙݊݅ݏ 0 ), 

࢈                                                         = ቀ− ଵ
√ଶ

,࢙݊݅ݏ ଵ
√ଶ

,࢙ݏ݋ܿ ଵ
√ଶ

ቁ, 

ࣄ                                                         = ࣎ = ଵ
√ଶ

. 
 
From equation (3), the involute curve of  ߙ can be given as 
 
(ݏ)ߚ                                        = ଵ

√ଶ
࢙ݏ݋ܿ−) + ,࢙݊݅ݏߣ ࢙݊݅ݏ− − ,࢙ݏ݋ܿߣ ܿ ), ߣ = ܿ − ,ݏ ܿ߳.            (23) 

 
The Frenet vectors of the involute curve ߚ are given by  

૚ࢋ                                                         = ,࢙ݏ݋ܿ) ,࢙݊݅ݏ 0 ), 
૛ࢋ                                                         = ,࢙݊݅ݏ−) ,࢙ݏ݋ܿ 0), 
૜ࢋ                                                         = (0,0,1). 

 
Now let us find the tangent indicatrix ࡱሬሬ⃗ = ሬ⃗ࢋ ૚ + ሬ⃗ࢋߝ ૚

∗  of the dual involute curve ߚ෨ with the 
aid of ߚ in dual space ॰૜. Here, the real part ࢋሬ⃗ ૚  is the unit tangent vector of ߚ and the dual part  ࢋሬ⃗ ૚

∗  
can be found as 

ሬ⃗ࢋ ૚
∗ = ߚ⃗ ∧ ሬ⃗ࢋ ૚ = ൬

ܿ
√2

,࢙݊݅ݏ
ܿ

√2
,࢙ݏ݋ܿ

ߣ
√2

൰. 

Thus, we have      

ሬሬ⃗ࡱ                                             = ,࢙ݏ݋ܿ) ,࢙݊݅ݏ 0 ) + ߝ ቀ− ௖
√ଶ

,࢙݊݅ݏ ௖
√ଶ

,࢙ݏ݋ܿ ఒ
√ଶ

ቁ. 
 
The first dual unit vector of Blaschke frame is ࡱሬሬ⃗ ૚ = ሬሬ⃗ࡱ . The second and third dual unit vectors of 
Blaschke frame can be found respectively as 
 
ሬሬ⃗ࡱ                                         ૛ = ,࢙݊݅ݏ−) ,࢙ݏ݋ܿ 0 ) + ߝ ቀ− ௖

√ଶ
,࢙ݏ݋ܿ − ௖

√ଶ
,࢙݊݅ݏ − ଵ

√ଶ
ቁ 

and 
ሬሬ⃗ࡱ                                             ૜ = (0,0,1 ) + ࢙݊݅ݏ−)ߝ − ,࢙ݏ݋ܿߣ ࢙ݏ݋ܿ − ,࢙݊݅ݏߣ 0). 
 
The Blaschke’s invariants can be obtained as ࡼ = 1, ݌) = 1, ∗݌ = 0) and  ࡽ = ݍ) ,0 = ∗ݍ = 0). 
Then we obtain the closed ruled surfaces ࡱߦሬሬ⃗  ࢏

,࢙) (࢜ = ሬሬ⃗ࡱ ൣ ࢏) ൧ ࢏ = 1,2,3) for 0 ≤ ࢙ ≤ 10, 0 ≤ ࢜ ≤ 2, 

and ܿ = 6 corresponding to the spherical dual curves ൫ࡱሬሬ⃗   ൯ as ࢏
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ሬሬ⃗ࡱߦ ૚ 
,࢙) (࢜ = ሬ⃗ࢋ ૚ ∧ ሬ⃗ࢋ ૚

∗ + ሬ⃗ࢋ࢜ ૚ 

ሬሬ⃗ࡱߦ ૚ 
,࢙) (࢜ = ቀ ఒ

√ଶ
࢙݊݅ݏ  + −   ,࢙ݏ݋ܿ࢜ ఒ

√ଶ
࢙ݏ݋ܿ  + ௖   ,ݏ݊݅ݏ࢜

√ଶ
ቁ, 

ሬሬ⃗ࡱߦ ૛ 
,࢙) (࢜ = ሬ⃗ࢋ ૛ ∧ ሬ⃗ࢋ ૛

∗ + ሬ⃗ࢋ࢜ ૛ 

ሬሬ⃗ࡱߦ  ૛ 
,࢙) (࢜ = ቀ− ଵ

√ଶ
࢙ݏ݋ܿ  − −   ,࢙݊݅ݏ࢜ ଵ

√ଶ
࢙݊݅ݏ  +  ,ቁܿ   ,ݏݏ݋ܿ࢜

ሬሬ⃗ࡱߦ ૜ 
,࢙) (࢜ = ሬ⃗ࢋ ૜ ∧ ሬ⃗ࢋ ૜

∗ + ሬ⃗ࢋ࢜ ૜ 

ሬሬ⃗ࡱߦ  ૜ 
,࢙) (࢜ = ቀ ఒ

√ଶ
࢙݊݅ݏ  − ଵ

√ଶ
−   ,࢙ݏ݋ܿ  ଵ

√ଶ
࢙݊݅ݏ  − ఒ

√ଶ
 ,ቁ࢜   ,࢙ݏ݋ܿ 

 
which are shown in Figure 2. 

 

  
                                 Figure 2.  Ruled surfaces ࡱߦሬሬ⃗ ૚

, ሬሬ⃗ࡱߦ ૛
, ሬሬ⃗ࡱߦ ૜ 

 (from left to right)  
 
CONCLUSIONS 
 
 We have defined the dual Blaschke frame and Blaschke invariants of the tangent indicatrix 
of the involute curve, then introduced the ruled surfaces generated by the dual Blashke frame using 
the Study’s transfer principle and computed the geometric invariants of these surfaces. Finally, we 
present a new approach to constructing developable surfaces by spherical indicatrix curve in dual 
space. This study may open new horizons for studying developable surface construction derived 
from special curves and alternative frames. 
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