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Abstract: In this study we first take the tangent vector of an involute curve in dual space
as a generating vector and define the dual Blaschke frame and Blaschke invariants of a
new type of tangent indicatrix of the involute curve. We then introduce the ruled surfaces
generated by the dual Blashke frame using Study’s transfer principle and compute the
geometric invariants of these surfaces, thus obtaining some important results about them.
We illustrate our method by presenting an example.
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INTRODUCTION

According to the Study principle [1], the dual points of a unit dual sphere have a one-to-one
correspondence with the oriented lines in E*. This spherical point geometry allows the construction
of oriented lines and surfaces in the line space using dual numbers. As is well known, all studies on
the kinematics and differential geometry of ruled surfaces in dual space are based on dual vectorial
calculations. Some major work has been written using such calculations [2-5].

Gursoy [6] showed that the dual integral invariant of a closed ruled surface is the dual angle
of pitch; it corresponds to the dual spherical surface area described by the dual spherical indicatrix
of the closed ruled surface. Yayli and Saracoglu [7] have given the dual angles and lengths of the
pitch of closed ruled surfaces using the dual spherical indicatrices of a curve. Recently, Bilici [8]
studied the ruled surfaces generated by Frenet vectors {R;, R, R3} of the closed involute curve in
dual space. Senyurt and Caliskan [9] expressed the vectorial moments of the alternative vectors in
terms of the alternative frame; thus, they examined the parametric equations of the closed ruled
surfaces corresponding to the dual curves and the integral invariants of these surfaces.
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In previous studies curves and ruled surfaces have been handled many times with the
Blaschke approach in dual space. For example, Kahraman et al. [10] defined the dual Smarandache
curves on a dual unit sphere according to the Blaschke frame. Sahiner et al. [11] examined the
motion of a robot end-effector by modelling the ruled surface generated by a fixed line on that end-
effector and applying the Blaschke approach. Abdel-Baky [12] and Yayli et al. [13] studied a ruled
surface as a curve on the dual unit sphere based on the Blaschke approach.

Looking at the existing literature, it is seen that the Blaschke frame and Blaschke invariants
have yet to be defined for the tangent indicatrix of an involute curve in dual space. In addition,
based on the Study principle, dual-ruled surfaces generated by the dual Blashke frame and their
integral invariants are among the topics that will be discussed for the first time in this article. In the
future, this work may be generalised from a dual curve to a new special type of surface construction
using the alternative frames of the new type of spherical curves.

PRELIMINARIES

The set of dual numbers that form a commutative ring is given by

D = {a + €a*|a,a* €R, e = 0}.
The set

D} =DxDxD={4=d+¢d'|dd €rR? e =0}
is a module that is named dual space or D-module over the ring D [4].

For any dual vectors 4 and ﬁ, the inner product and the vector product are defined by

(4,B) = (@, b) + ((@", b) + (d,b"))

and
ANB = dnb + E(fi*/\i)) + fi/\B*) (1)
respectively.
The scalar triple product (mixed product) of the dual vector A, B, C is a transformation of the
form

fD3xD3xD3—D
and is defined as
((4,B,C) = (AB,©)
= (dnb,¢) + ({(dnb, ¢*) + (Anb",©) + (d"Ab, €)).
Let A4 # (0,@") be the dual vector; the norm is defined by

14| = /(Z,Z) = |ldl| + gﬁ;?. )

If 4 is a unit dual vector and @ # 0, then ||d|| = 1, (@, @*) = 0.
In dual space the unit sphere is defined as

K={A=d+ed||4] =1+¢0,dd er3 e =0}.

Study’s transfer principle says that “There exists a one-to-one transformation between the dual
points on the unit dual sphere and the oriented lines in R3.” According to Study principle, we can
say that a differentiable closed curve on the dual unit sphere represents a closed ruled surface in R3.
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Let @:1— R® be the unit speed curve with Frenet frame {¢,7, b}; & 7, b are the unit

tangent, principal normal and binormal vectors respectively. If E :1 > R3 is the involute of &, then
we have

B(s) = d(s) + Af(s), A =c—s, ¢ = constant. (3)
With the assistance of &, E we can define two dual curves in D3. First, let define a dual curve &. In

the next section, we will define the involute curve 8 of the dual curve @. So let us have a closed
dual curve & of class C' in D3. Denoted by the unit tangent, the normal and binormal vectors of &

are T =+ et ,N =7+ eni",B = b + b" respectively. The functions i = k + ek and T = T +
eT* are called dual curvature and dual torsion of & respectively. Then the dual Frenet formulas may

RERR!

BLASCHKE ELEMENTS OF TANGENT INDICATRIX OF INVOLUTE

be expressed as

(4)

ds

|
Wl =Nl
w2~

In this section we firstly compute the Blaschke vectors {ﬁl, ﬁz, 33} and invariants which are
defined for the tangent indicatrix of the involute curve in dual space. Secondly, using the Study
principle, the ruled surfaces generated by the dual Blashke vectors and their integral invariants are
introduced. For these purposes, let us first make the following preliminary preparations.

The derivative formulas among the dual Frenet vectors of a dual curve are given by [14]:

t =Kn
n' = —«kt + th. (5)
b' = —tn

—

Since the vectors Z*,ﬁ*, b* are vectorial moments of the vectors E, n, B, we can write the following

expressions:
t=ant ¢ =xn
— —
n*=dATn, {n' =b—«kt +th" (0)
B =irb 5 =i
aAh b* =-n—-1n

The vector products of dual vectors T,N, B can be given as
TAT = (E+ et*) A (E+ et)
—int+e(IAE 4 EAD) =0

=EtAt=0, tAE +TAE=0, (7)
TAN = (z+£z*)/\(ﬁ’+eﬁ’*)

= tAT+e(EAT +E AT) = b+ b’

=IATi=b, EAT +U AT =D", (8)

n/\b+£(n/\b*+n /\B) t+et
=7AAb=t AAD +TAAb=10 9)
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—

BAT = (B+£B*) A (E+ et?)
=bAt+e(bAT +b" AL) =1+ ent”
=bAEt=T, bAT +b" AE=T1". (10)
On the other hand, let §:1 —»D? be the dual involute of @ in dual space. Senyurt et al. [15]
defined the involute curve f as
B(s) = a(s) + u?(s), u=c—s+ed, c,deR. (11)

The unit tangent of the involute curve 3 is E(s) = €,(s) + g€ (s), where the real part €, is

the unit tangent vector of § and the dual part €; = E A€, is the vectorial moment. The geometric
location of this vector draws a curve on the unit dual sphere K. This curve is called a dual tangent

indicatrix (E) of the involute curve with the equation 8z = E. The ruled surface [ E | = &5(s,v)

corresponds to the dual spherical curve (ﬁ), which is the generator vector E shown in Figure 1.

y 8(s) &(s +ds)

§x(s,v)

Figure 1. Ruled surface corresponding to tangent indicatrix of involute

The dual angle between two adjacent unit dual vectors E (s) and E (s + ds) is represented by
dp = dp + edp*, where dg is the angle between the directional lines €(s) and é(s + ds)
corresponding to the unit dual vectors E(s) and E (s + ds) and d¢* is the shortest distance between
the directional lines corresponding to the unit dual vectors E(s) and E (s + ds). In other words, this
is the dual spherical distance between the endpoints of the two unit dual vectors on the unit dual
sphere K.

Now we define Blaschke frame along BE as follows. Let now K be a moving dual unit
sphere generated by the frame

E-’ !
IE"]|

which is called Blaschke frame along the tangent indicatrix curve (ﬁ), and K’ be a fixed dual unit

,Q=q+eq" = @ are called the

sphere with the same centre. P =p + ¢ep* = ||§1’|
Blaschke invariants.
In order to examine the Blaschke elements of ruled surface [ﬁ] that represents the dual

spherical curve (ﬁ) geometrically, we must perform the following operations. We know that we
can construct the Blaschke frame as follows:
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E')3 =E')1/\E')Z =83+EE§ .
To find the elements of this frame one by one, as the first step, if § is the involute of @, we can
write
B=a+At(s), A=c—s, ceR. (12)

By taking the derivative of equation (12) with respect to s and applying the Frenet formulas (5), we
have

,_dﬁds*_l_,
B ds* ds K
,_—) dS*—A_)
B’ '=eq 5= Kn

and
M= 1s = -
1Bl = s = &

Thus, the tangent vector of the involute curve § is found as €; = 7. This is the real part of the
tangent indicatrix of dual involute curve 8. On the other hand, the dual part €} can be given by

¢, =freé; = (a+A) Al =7" + Ab.

So we have
E,=E=1n+¢(n" + 1b). (13)
The derivative of E using equations (5) and (6) is found as
E = —lcz+rB+e(—kf* +1b* — Hi(c —s)), (14)
and the norm of E’ from equation (2) is
|E'|| = Va2 + 22, (15)
Then using equations (14) and (15), the vector ﬁz is found as
— A —KZ+TB+£(—KZ*+TB* —rﬁ(c—s))
E, = — = . 16
2 ” F /” [—K2+‘L’2 ( )
Since E‘} = ﬁl A ﬁz and using equations (8) and (9), we have
E _ KB+TZ+£(KB*+TZ*—KH(C—S)) 17
3= e | {17
Blaschke’s invariants of the dual curve (ﬁ) can be given by
P = |[E|
= VK? + 12
=p+ep’, (p*=0). (18)

The derivative of E')ll using equations (5) and (6) can be found as

—

E, =—k't—?+12)R+1h
+e(tr(c — )t —1'(c — )i — 12(c — $)b — K't* + (—Kk? — )R + T’E*). (19)
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Using the formula Q and the properties of the mixed product, we find that

Q

_ det(E,ELE)

=——

_xt'-k'T
K2+12

=q+eq (q"=0). (20)

INTEGRAL INVARIANTS OF RULED SURFACES | E, |,[ E, ] and [ E; ]

The integral invariants of the closed ruled surfaces ﬁl, ﬁz and E’} are found as follows. The
dual vector D = $p is called the dual Steiner vector of the dual spherical motion K/K', where

Y= Qﬁl + PE')3 is called the instantaneous dual Pfaff vector. From the definition [6] of the angle
of closed ruled surface, we can write

/\E1= —(D,E1> = Ail — &L

/\E1= —%st,

=—¢qds—c$q*ds. (21)
Substituting the values of g and g* in (20) into equation (21), we get

El’

K't—xt’
Ng, = Sﬁ 2.2
1 K“+T

Corollary 1. The angle of pitch and the pitch of closed ruled surface [E')l | are

§ K't—xt’
K2 412

/131 = ds and Lz, = 0 respectively.
The dual angle of the pitch of closed ruled surface [ﬁz ] is
Ng, = —(D,E,) = 0.
Corollary 2. The angle of pitch and the pitch of closed ruled surface [ﬁz | are
/132 = 0 and Ly, = 0 respectively.

The dual angle of the pitch of closed ruled surface [E’} ] is
Ag, = —(D,E3) =0

Ng,=—$Pds=—¢$pds—e$p*ds. (22)
Substituting the values of p and p* in (18) into equation (22), we have

Ng,= — P VK + 72ds.

Corollary 3. The angle of pitch and the pitch of closed ruled surface [E’} ] are
Ag, = —$VK? + 72ds and Lz, = 0 respectively.

We can find the distribution parameters of the ruled surfaces [ﬁl],[ﬁz] and [33]
respectively as follows:

v
05,1 ="
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8 | = PP
[Ez] p2+q2’
T

O] =

Using the values of p,p* and g, q* given by equations (18) and (20) in the above equalities, we
have

Thus, we can give the following result characterising these ruled surfaces.

Corollary 4. The ruled surfaces [E')l |, [E')Z] and [33] is developable.

1 . . . ..
Example. Let a(s) = (—Ecoss, \/_sms, \/_) be a unit speed circular helix. Then it is easy to
show that
1 1
t = (Esms —Fcoss, F)
n = (coss, sins,0),
1 .
b= (—Esms,\/_coss, \/_)
1
K=T —-73.

From equation (3), the involute curve of a can be given as
B(s) = % (—coss + Asins, —sins — Acoss,c ),A = ¢ — s, ceP. (23)

The Frenet vectors of the involute curve 8 are given by
e, = (coss,sins,0),

e, = (—sins, coss,0),
e; = (0,0,1).

Now let us find the tangent indicatrix E = €, + €& of the dual involute curve § with the
aid of § in dual space D3. Here, the real part €; is the unit tangent vector of § and the dual part €;
can be found as

o 3o (€. c A
e;=fNe = (ﬁsms,ﬁcoss, ﬁ)
Thus, we have

E = (coss, sins,0) + ¢ (—isins ,\/_)

V2 V2
The first dual unit vector of Blaschke frame is ﬁl = E. The second and third dual unit vectors of
Blaschke frame can be found respectively as

COSS

- . . 1
E, = (—sins,coss,0) + ¢ (—%coss, — %sms, — E)
and
E‘} = (0,0,1) + e(—sins — Acoss, coss — Asins, 0).
The Blaschke’s invariants can be obtained asP =1, (p =1, p*=0)and Q =0,(q =q* =0).

Then we obtain the closed ruled surfaces {”gi (s,v) = [ﬁl] (i=123)for0<s<10, 0<v<2,

and ¢ = 6 corresponding to the spherical dual curves (ﬁ,) as
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&g, (sv) = e, Ne; +ve,

( )— i i + _i + i £
fEl S,V) = 7 SIns +~ VCosSs, COSS +— vsins, )

N
¢, (s,v) =€, Ae; +ve,

1

. 1
Eﬁz (s,v) = ( 7 COSS — vsins, —

V2
ffs (s,v) =€z Neé; +ves

sins + vcoss, c),

(1. 1 1, i )
fEs (s,v) = (ﬁ sins — — coss, 7 Sins — = coss, v),

which are shown in Figure 2.

Figure 2. Ruled surfaces Egl, Egz, Eﬁs (from left to right)

CONCLUSIONS

We have defined the dual Blaschke frame and Blaschke invariants of the tangent indicatrix
of the involute curve, then introduced the ruled surfaces generated by the dual Blashke frame using
the Study’s transfer principle and computed the geometric invariants of these surfaces. Finally, we
present a new approach to constructing developable surfaces by spherical indicatrix curve in dual
space. This study may open new horizons for studying developable surface construction derived
from special curves and alternative frames.

ACKNOWLEDGEMENTS

This project (project no. PYO.EGF.1904.19.005) was supported by the Commission for the
Scientific Research Projects of Ondokuz Mayis University.

REFERENCES

1. E. Study, “Geometrie der Dynamen”, B.G. Teubner, Leibzig, 1903 (in German).

2.  H. W. Guggenheimer, “Differential Geometry”, McGraw-Hill, New York, 1963.

3.  H. R. Muller, “Kinematik Dersleri”, Ankara University Press of Faculty of Xciences, Ankara,
1983 (in Turkish).

4. G. R. Veldkamp, “On the use of dual numbers, vectors and matrices in instantaneous, spatial
kinematics”, Mech. Mach. Theory, 1976, 11, 141-156.

5. W. Blaschke, “Vorlesungen iiber Differentialgeometriec und Geometrische Grundlagen von
Einsteins Relativitatstheorie. Band I: Elementare Differentialgeometrie, Dover, New York,
1945 (in German).

6. O. Gursoy, “The dual angle of pitch of a closed ruled surface”, Mech. Mach. Theory, 1990, 25,
131-140.



207

Maejo Int. J. Sci. Technol. 2022, 16(03), 199-207

7.

10.

11.

12.

13.

14.

15.

Y. Yayli and S. Saracoglu, “Ruled surfaces and dual spherical curves”, Acta Univ. Apulensis,
2012, 30, 337-354.

M. Bilici, “On the invariants of ruled surfaces generated by the dual involute Frenet trihedron”,
Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat., 2017, 66, 62-70.

S. Senyurt and A. Caliskan, “Curves and ruled surfaces according to alternative frame in dual
space” Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat., 2020, 69, 684-698.

T. Kahraman, M. Onder and H. H. Ugurlu, “Blaschke approach to dual Smarandache curves”,
J. Adv. Res. Dyn. Control Syst., 2013, 5, 13-25.

B. Sahiner, M. Kazaz and H. H. Ugurlu, “Blaschke approach to the motion of a robot end-
effector”, Int. J. Math. Combin., 2018, 3, 42-54.

R. A. Abdel-Baky, “On the Blaschke approach of ruled surface”, Tamkang J. Math., 2003, 34,
107-116.

Y. Yayli and S. Saracoglu, “Ruled surfaces with different Blaschke approach”,
Appl. Math. Sci., 2012, 6, 2945-2955.

0. Kose, S. Nizamoglu and M. Sezer, “An explicit characterization of dual spherical curves”,
Doga Turk. J. Math., 1988, 12, 105-113.

S. Senyurt, M. Bilici and M. Caliskan, “Some characterizations for the involute curves in dual
space”, Int. J. Math. Combin., 20185, 1, 113-125.

© 2022 by Maejo University, San Sai, Chiang Mai, 50290 Thailand. Reproduction is permitted for

noncommercial purposes.



