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A;0

Abstract: A theorem on ¢-— , summability of infinite series, which generalises the

result dealing with W P, summability of infinite series, has been proved. This theorem

also contains some new results related to the . and |C ,1

A4,p, , summability methods for the

special cases of 9, (p,), (¢,), and (a,,).
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INTRODUCTION
A positive sequence (bn)is said to be almost increasing if there exist a positive increasing

sequence (cn) and two positive constants 4 and B such that Ac, <b, < Bc, [1]. Obviously, every

increasing sequence is almost increasing. However, the converse need not be true as can be seen by
. . _1\"
taking an example, viz. b, =ne' ™" .

Let Zav be an infinite numerical series with its partial sums s, =Zav. Let (p,) be a
v=0 v=0
sequence of positive numbers such that

P=Y p owasn—>w, (P,=p, =0,ixl). (1)
v=0
The sequence-to-sequence transformation
1 n
5, =3 ps, 2)
f)n v=0

defines the sequence (o) of the (]V , pn)mean of the sequence (s, ), generated by the sequence of

k=1L 3]

coefficients (p,) [2]. The series Zan is said to be summable W D,
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k-1
Z(%} 6,0, <= 3)
n=1 n

Let A= (anv) be a normal matrix, i.e. a lower triangular matrix of non-zero diagonal entries.

Then A4 defines the sequence-to-sequence transformation, mapping the sequence s=(s,) to
As =(4,(s)), where

A" (S):ianvsv’ nzoala--- (4)
v=0

Let (gon)be any sequence of positive real numbers. The series Zan is said to be summable

@—|4:6],, k=1and §>0, if [4]
0 Shaho |~ k
z@sk k "AAn(S)‘ <o, ©)
n=l
where
A An (S) = An (S) - An—l (S) (6)

A;0
, summability reduces to

A;6

If we take @, = P,/p, , then ¢ —
A;6
take 8=0 and ¢, =n for all n, then ¢—

, summability reduces to

A4,p,;0

, summability [6]. Also, if we

, summability [5].
For 8=0and ¢, =P, /p,, ¢p—

A, p,

, summability reduces to |A|k summability [7].

Additionally, when we take 8=0, ¢, =P,/p, and a,, = p, /P, , then we get W , pn‘k summability.

Furthermore, by taking =0, ¢, =n, a, = p,/P, and p, =1 for all values of n, we get|C,1

k
summability [8].

KNOWN RESULT

Bor [9] has proved the following theorem for W , pn‘k summability factors of infinite series.

Theorem 1. Let (X,) be an almost increasing sequence and let there be sequences (f,)and (4,)
such that

|A%,|< B, (7)
B, =0 as n— o, (8)
D n|ABJX, <o, 9)
n=l1
Al1X,=0(1). (10)
If
n S k
—=0(X,) as n—> o (11)
v=I v
and (p,)1s a sequence such that
B =0(np,), (12)
PAp,=0(p,p,.) (13)

. ~aPA . —
then the series ZM i1s summable ‘N , D,
n=1 npn

> k=1, where A4 =14, -4,,,.
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Remark. It should be noted that, from the hypotheses of Theorem 1, (4,) is bounded and
AL, =0(1/n) [10].

MAIN RESULTS

The aim of this paper is to generalise Theorem 1 for ¢ — , Summability method. Before
stating the main theorem, we must first introduce some further notations. Given a normal matrix

A=(a,,), we associate two lower semimatrices 4 =(a,,) and A =(a,,) as follows:

n
a,=>.a,, nv=0,1,.. (14)
i=v
and
oo = Qoo =dog> A, =d,, =,y n=12,.. (15)

It may be noted that 4 and A are the well-known matrices of series-to-sequence and series-
to-series transformations respectively. Then we have

Zaw , Zaw , (16)

and

AA (s)=) a,a,. (17)

v=0
Now the following theorem shall be proved.

Theorem 2. Let A=(a,,)be a positive normal matrix such that

a,=1, n=01.., (18)
a,_,za, for nzv+l, (19)
4
a =0| %1, 20
of2 .
a,..|=0(v|A,@,)), 1)
m+1 l)
> oA @,) O[qof" ?”] as m — oo, (22)
n=v+1 v

m+1

> o'la

n=v+l1

ok

O((pv) as m-—>w., (23)

nyv+l | T

1
Let (X,) be an almost increasing sequence, @, p, = O(Pn) and |ln| = 0[7] =0(1). If conditions
(7)-(9) and (12)-(13) of Theorem 1 and
Zcov

a P A
are satisfied, then the series ZM is summable ¢ —
n=1 ’q?n

:O(Xn) as n-—ow (24)

k>1and 0<6 <1/k, where

Av(anv) = aVIV _a

ny+l °
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It should be noted that if we take 8=0, ¢, =P,/p, and a, = p,/P,, then we get Theorem 1.

In this case condition (24) reduces to condition (11). Also, conditions (18)-(23) are automatically
satisfied.

We need the following lemmas for proof of Theorem 2.

Lemma 1 [11]. If (X,) is an almost increasing sequence, then under conditions (8)-(9), we have

nX, B,=0()as n— o, (25)
iﬂan <00, (26)

Lemma 2 [12]. If conditions (12) and (13) are satisfied, then we have

A[ 5 ]:O(lj 27)
np, n
Proof of Theorem 2

Let (/,) denote the A -transform of the series ZM—"R’ Then by (16) and (17), we have
np

n

v=l vp, =1 np, o
n—l1 ~ A
a AP a PA
p— nv-vo-v nn-n n
=> A s, + S,
v=1 wp, np,

| (a) =G, ALP

-1
nn n nS z v v v \"ny S + nv+] v v+] Z& (P ]SV
=1

D, v=l P, v=l (V + 1)pv+] vp,
= In,] + [n,Z + [n,3 + [n,4

To complete the proof of Theorem 2, it is sufficient to show that

i (pfk+k—l I
n=l1

First, by using Abel's transformation, we have

U Sk+k-1 U Sk+k—1
Yo, ] =Xe

n=l1 n=1

" Sk P
=0 o, ( p"
n=l1

“ <o, forr=1,2,3,4.

k k
Sk+k-1 1 P —
0(1>Z ( ] n—[p"J |2, 7 2, 118, [F

k-1 k
] i,m Is, =003 02

k

n,r

a

PA
nn_n_n

N

n

n

n
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= 0(1)mi|mn X, +0()|4, | X,

in view of (7), (10), (12), (20), (24) and (26).

Applying Holder’s inequality with indices k and k , where k>1 and
/k+1/k' =1, asin 1, we have

Uad Sk+k-1 k ] Sk+k-1
20 || =220,
n=2

n,2
n=2

k
§ RAA )

v
v=1 va

Lol Bl e

=2 v=l

k
izad Sk-tk-1 n-l P n
<o, {Z —|A,(a, )4, s, |}

n=2 v=I v

. -l R k-1
S .
v \"ny
v=1

n—1
z(an—l,v - anv) = an—l,O - an—l,O - anO + anO + ann
v=1

k

S

v

Now using (14), (15) and (19), we get

Z (a=Sa,

v= v=1

:l_an—l,O ~1+a,+a,,

=da 0 _an—l,O + ann

n

<a, . (28)

nn
k}

k
S

v

e k ml i nl p g
z q)n In 2 S qon a:(m_] —
n=2 ’ n=2 v=1\ VP,
l
= O(I)Z A
n=v+l

k
7 S P 1 k-1
) )
()V:lcov P(py] A

v

k

Alls

v

v

k
= O(I)Zqof" |AV|M =0() as m —> o,
v=1 v

by virtue of the hypotheses of Theorem 2 and Lemma 1.
Now using the fact that P, = O((v+1)p,,,) by (12), and Holder’s inequality, we have
. (ln v+l vR»+]
Z s,

L e PR L R g
I = 1 1 A
nzz;‘qon n3 Z::q)" — (V+1)p y O( )ZQ) {vzl:|an,v+l || j"v ||SV |}

m+l1 n—1 k-1
—O(I)ZCD Z|an v+l ||A//L ||S | X{Z|&n,v+] ||A/1’v |} .
=1

v

k

A

Using (14), (15) and (19), we have

n—l

n, v+l n L+l — Z am z an Li = nn Z (ani _an—l,i) < ann

i=v+1 i=v+1 i=v+1

a =a

n,v+l1

Then
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m+1 n—1
Sk+k-1 k-1 A
:O(l)zqon a, E |a,
n=2 v=1

5k n v+l | - O(l)z q)akvﬂ

m+l

z q):k+k—l I

n=2

k

n=v+1

k

m—1

= 0(1)2 AW, )ZCD

m—1

= 0(1)2 [AWBX, +OM)mp, X,

m—1

+O(l)mﬂ Z(p

v=l v=l

by virtue of the hypotheses of Theorem 2 and Lemma 1.

) P
Now since A[ L
vp,

1
] = 0(—] by Lemma 2, we have
\%
P n P
q)n an v+ AVA - SV
Z P (VPV ]
m+l 1 k-l
_0(1)2 ZV n,v+l1 ||)’ | |S | X{ Av(&nv)} .
v=l

v=1

m+1 Skt 1 1 k
O(l)zq)n {ZV| nv+l ||A’ ||S |}

v=1

m+1
Z Sk+k-1
n=2

By using (28), we get

m+l Sk+k-1 Sk+k—1 1
2%, O(DZ a,, ‘Z; e 12 s, 15
n=2 =1

then by (20), we obtain

i@u +h-1 n O(l)mzH (gonpn] z] &n’w] || ﬂ“v |k| SV |k

n

n

k

m+l

m ] B s m
= 0(1)2—% [ , 14,1 =0 ¢
v= v=l

25/(

v=1 v

n=v+1

k

S

v

= 0(1)mi|mv |Xv + 0(1)|ﬂ,m|Xm
v=I

m—1
=0()).BX,+0()|4,| X, =01) as m— o,
v=l
by (7), (10), (23), (24) and (26). This completes the proof of Theorem 2.

CONCLUSIONS

In this paper I have proved a main theorem dealing with a general absolute matrix
summability method of factored infinite series. A new result can be obtained for the

summability method by taking 8 =0 and ¢, = P,/p, . Also, if we take =0, ¢, =n, a,, =p,/P,
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and p =1 for all n» in Theorem 2, then we get another new result dealing with the

C,1

k
summability method.
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